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Abstract. We prove the Fargues-Rapoport conjecture for p-adic period domains in the non-

basic case with minuscule cocharacter. More precisely, we give a group theoretical criterion

for the cases when the admissible locus and weakly admissible locus coincide. This generalizes
the result of Hartl for the group GLn ([21]). In the last section, we also give a conjecture

about the intersection of weakly admissible locus and the Newton strata in the flag variety.
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Introduction

Let F be a finite extension ofQp, and let F̆ be the p-adic completion of the maximal unramified
extension of F with Frobenius σ. We consider the flag variety F(G,µ) assoicated to a pair (G,µ),
where G is a reductive group over F , and µ a minuscule cocharacter of G. It’s a projective variety
over the local reflex field E = E(G, {µ}), the field of definition of the geometric conjugacy class

{µ} of µ. We still denote by F(G,µ) the associated adic space over Ĕ. For any b ∈ G(F̆ )
satisfying certain conditions with respective to µ (cf. 2.2), we are interested in two open adic
subspaces

F(G,µ, b)a ⊆ F(G,µ, b)wa ⊆ F(G,µ)

inside F(G,µ), where F(G,µ, b)wa is the weakly admissible locus, defined by Rapoport and Zink
([32]) by removing a profinite number of Schubert varieties inside F(G,µ) which contradicts the
weakly admissibility condition defined by Fontaine (cf. section 2.2), and where F(G,µ, b)a is the
admissible locus, or called the p-adic period domain. It’s much more mysterious. The existence
of the admissible locus has been conjectured by Rapoport and Zink. It’s characterized by the
properties that it has the same classical points as the weakly admissible locus (see [9], in which
way weakly admissible locus is also considered as its algebraic approximation) and there exists
a local system with G-structures on it which interpret the crystalline representations on all
classical points. When the triple (G,µ, b) is of PEL type, the admissible locus F(G,µ, b)a is the
image of the p-adic period mapping from the Rapoport-Zink space associated to (G,µ, b) to the
flag variety F(G,µ). There is also direct construction of F(G,µ, b)a in special cases by Hartl
[21] and Faltings [12]. In the most general case, the existence of the admissible locus equipped
with the étale local system is known due to the work of Fargues-Fontaine ([17]), Kedlaya-Liu
([22]) and Scholze ([37]). In fact, the admissible locus is defined by semi-stable conditions on the
modification of the G-bundle associated to b of type µ on the Fargues-Fontaine curve. Moreover,
it can also be considered as the image of the p-adic period mapping from the local Shimura
variety associated to (G,µ, b) to the flag variety F(G,µ) ([36], [30]).
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We want to understand the structure of the p-adic period domains. As the structure of
its approximation, the weakly admissible locus, is well known, it’s natural to ask when the p-
adic period domain coincides with the weakly admissible locus. Hartl classified all the cases
for G = GLn in [21]. For general group G, Rapoport and Fargues have conjectured a group
theoretic criterion when b is basic, which has now become the following theorem.

Theorem (Fargues-Rapoport conjecture, [6], Theorem 6.1). Suppose b is basic. The equality
F(G,µ, b)wa = F(G,µ, b)a holds if and only if (G,µ) is fully Hodge-Newton decomposable.

Recently, Shen also generalizes the Fargues-Rapoport conjecture for non-minuscule cocharac-
ters in [40]. Here the fully Hodge-Newton-decomposability condition is purely group theoretic.
This notion is first introduced and systematically studied by Görtz, He and Nie in their article
[19], where they classified all the fully Hodge-Newton decomposable pairs and give more equiv-
alent conditions of fully Hodge-Newton decomposability. When G is a general linear group, the
triple (G,µ, b) is Hodge-Newton-indecomposable if all the breakpoints of the Newton polygon
defined by b do not touch the Hodge polygon defined by µ. Otherwise, the triple is called Hodge-
Newton-decomposable. Let B(G) be the set of σ-conjugacy classes of G(F̆ ). For b ∈ G(F̆ ), let
[b] ∈ B(G) be the σ-conjugacy class of b. An element [b] ∈ B(G) is called basic if the Newton
polygon of b is central. Kottwitz defined a subset B(G,µ) in B(G). When G is the general linear
group, [b] ∈ B(G,µ) if and only if the Newton polygon of [b] lies on or above the Hodge polygon
of µ and they have the same endpoint. The pair (G,µ) is fully Hodge-Newton decomposable
if for any non basic [b′] in the Kottwitz set B(G,µ), the triple (G,µ, b′) is Hodge-Newton-
decomposable. We refer to section 3 for the details of these notions.

The main result of this article is a generalized version of Fargues-Rapoport conjecture which
works for any b. It is inspired by the Fargues-Rapoport conjecture for basic elements and Hartl’s
result for GLn. For simplicity, we assume that G is quasi-split in the introduction. There is also
a similar description for the non-quasi-split case (Theorem 4.3) in Section 4.

Theorem (Theorem 4.1). Suppose M is the standard Levi subgroup of G such that [b] ∈ B(M,µ)
and (M, b, µ) is Hodge-Newton-indecomposable. Then the equality F(G,µ, b)wa = F(G,µ, b)a

holds if and only if (M, {µ}) is fully Hodge-Newton-decomposable and [b] is basic in B(M).

The key ingredients of the proof of the main theorem are Proposition 3.7 which describes the
relation of the (weakly) admissible locus for different groups G and its Levi subgroup M and
the following proposition.

Proposition (Proposition. 4.5). Suppose (G,µ, b) is Hodge-Newton-indecomposable. If b is not
basic, then F(G,µ, b)a 6= F(G,µ, b)wa.

Indeed, we know that on the flag variety there is a group action of J̃b. We prove that the
group action preserves the admissible locus but not the weakly admissible locus by producing
a point which is weakly admissible but not admissible. Such a point exists in the J̃b-orbit of a
non weakly admissible point.

We briefly describe the structure of this article. In section 1, we review the basic facts about
the Kottwitz set and G-bundles on the Fargues-Fontaine curve. In section 2, we review the
reduction of G-bundles and introduce the weakly admissible locus and admissible locus in the
flag variety in term of (weakly) semi-stable condition on the modification of G-bundles. In
section 3, we review the Hodge-Newton-decomposability condition and prove Proposition 3.7
which is one of the main ingredients for the proof of the main theorems. In section 4 we prove
Proposition 4.5 and the main theorems 4.1 and 4.3 by using the J̃b-action on the flag variety. In
section 5, we discuss the relation between the Newton strata and the weakly admissible locus.
We introduce a conjecture predicting which Newton strata contain weakly admissible points in
the basic case. We prove this conjecture in a very special case in Proposition 5.4. The full
conjecture is proved by Viehmann in [41] very recently.

Acknowledgments. We would like to thank Laurent Fargues, David Hansen, Xuhua He,
Sian Nie, Xu Shen, Jilong Tong, Eva Viehmann, Bingyong Xie for many helpful discussions.
Especially we would like to thank Eva Viehmann for her interest on this work and for her
comments on the previous version of the preprint. We thank the referee for careful reading and
useful comments. The author is partially supported by NSFC grant No.11671136, No.12071135
and STCSM grant No.18dz2271000.
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Notations

We use the following notations:

• F is a finite degree extension of Qp with residue field Fq and a uniformizer πF .

• F is an algebraic closure of F and Γ = Gal(F |F ).

• F̆ = F̂un is the completion of the maximal unramified extension with Frobenius σ.
• G is a connected reductive group over F and H is a quasi-split inner form of G equipped

with an inner twisting GF̆
∼−→ HF̆ .

• A ⊆ T ⊆ B, where A is a maximal split torus, T = ZH(A) is the centralizer of A in T ,
and B is a Borel subgroup in H.

• (X∗(T ),Φ, X∗(T ),Φ∨) is the absolute root datum with positive roots Φ+ and simple
roots ∆ with respect to the choice of B.

• W = NH(T )/T is the absolute Weyl group of T in H, and w0 is the longest length
element in W .

• (X∗(A),Φ0, X∗(A),Φ∨0 ) is the relative root datum with positive roots Φ+
0 and simple

(reduced) roots ∆0.
• If M is a standard Levi subgroup in H we denote by ΦM the corresponding roots or

coroots showing up in LieM , and by WM the Weyl group of M . If P is the standard
parabolic subgroup of H with Levi component M , sometimes we also write WP for WM .

1. Kottwitz set and G-bundles on the Fargues-Fontaine curve

In this section, we will recall the some basic facts about the G-bundles on the Fargues-Fontaine
curve which will be the main tool for our study of p-adic period domains.

1.1. The Fargues-Fontaine curve. Let K be a perfectoid field over Fq with ωK ∈ K satisfying
0 < |ωK | < 1. Let

YK = Spa(WOF (OK))\V (πF [ωK ])

be an adic space over F equipped with an automorphism ϕ induced from the Frobenius K|Fq.
The Fargues-Fontaine curve over F associated to K is the schema

X = XK := Proj(
⊕
d≥0

B
ϕ=πdF
K ),

where BK = H0(YK ,OYK ). The scheme X is a curve (which means it’s a one dimensional
noetherian regular scheme) over F ([17] thm 6.5.2, 7.3.3).

If we replace K by an affinoid perfectoid space S = Spa(R,R+) over Fq, we can similiarly
construct YS and XS over F which is called the relative Fargues-Fontaine curve (cf. [22]).

1.2. G-bundles. From now on, suppose K = C[ is the tilt of a complete algebraically closed
field C over F . Then the curve X is equipped with a closed point∞ with residue field k(∞) = C.
Let BunX be the category of vector bundles on X. The classification of vector bundles on X is
well known due to the work of Fargues-Fontaine.

Theorem 1.1 ([17] theorem 8.2.10). Every vector bundle on X is a direct sum of stable sub-
vector bundles, and the isomorphism classes of stable vector bundles on X are parametrized by
the slope in Q.

For λ ∈ Q, let O(λ) be a stable vector bundle on X of slope λ ∈ Q.
By [17], {∞} = V +(t) with t ∈ H0(X,O(1)). Then

X\{∞} = Spec(Be) and X̂∞ = Spec(B+
dR)

where Be = BK [ 1
t ]
ϕ=1 is a principal ideal domain, and B+

dR is a complete discrete valuation ring

with residue field C. Let BdR be the fraction field of B+
dR. The following proposition tells us

that a vector bundle on X is determined by its restrictions to X\{∞} and X̂∞ with a gluing
datum.

Proposition 1.2. [[17] Corollary 5.3.2]Let C be the category of triples (Me,MdR, u) where

• Me is a free Be-module of finite rank;
• MdR is a free B+

dR-module of finite rank;

• u : Me ⊗Be BdR
∼−→MdR ⊗B+

dR
BdR is an isomorphism of BdR-modules.
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Then there is an equivalence of categories

BunX
∼−→ C

E 7→ (Γ(X\{∞}, E), Ê∞, Id).

Let IsocF̆ |F be the category of isocrystals relative to F̆ |F . By [17] thm 8.2.10, there is an

essentially surjective functor

E(−) : IsocF̆ |F → BunX

where for any (D,ϕ) ∈ IsocF̆ |F , the vector bundle E(D,ϕ) on X is associated to the graded⊕
d≥0B

ϕ=πdF
K -module ⊕

d≥0

(D ⊗BK)ϕ⊗ϕ=πdF .

In fact, it maps a simple isocrystal of slope λ to O(−λ).

To any b ∈ G(F̆ ), we can associate an isocrystal with G-structures:

Fb : RepG −→ IsocF̆ |F

V 7→ (VF̆ , bσ).

Its isomorphism class only depends on the σ-conjugacy class [b] ∈ B(G) of b, where B(G) is

the set of σ-conjugacy classes in G(F̆ ). In this way, B(G) parametrises the set of isomorphism
classes of F -isocrystals with G-structure, cf. [31] Remarks 3.4 (i).

Recall that a G-bundle on X is a G-torsor on X which is locally trivial for the étale topology.
Equivalently, a G-bundle on X can also be viewed as an exact functor RepG → BunX where
RepG is the category of rational algebraic representations of G. The étale cohomology set
H1

ét(X,G) classifies the isomorphism classes of G-bundles on X.

For b ∈ G(F̆ ), we can associate to b a G-bundle on X.

Eb = E(−) ◦ Fb : RepG
Fb−→ IsocF̆ |F

E(−)−→ BunX .

By [15] theorem 5.1, there is a bijection of sets

B(G)
∼−→ H1

ét(X,G)

[b] 7→ [Eb].

In this way, the set B(G) also classifies G-bundles on X.

1.3. Kottwitz set. There are two invariants on the set B(G), the Newton map and the Kottwitz

map. For any b ∈ G(F̆ ), there is a composed functor

F : RepG
Fb−→ IsocF̆ |F −→ Q− grVectF̆

where Q − grVectF̆ is the category of Q-graded vector spaces over F̆ and the second functor is
given by the Dieudonné-Manin’s classification of isocrystals which decomposes an isocrystal into
isocline sub-isocrystals parametrized by Q. We can attach to F a slope morphism

νb : DF̆ = Aut⊗(ω)→ Aut⊗(ω ◦ F) = GF̆ ,

where ω : Q− grVectF̆ → VectF̆ is the natural forgetful functor and D is the pro-algebraic torus

over F̆ with X∗(D) = Q.
The conjugacy class of the slope morphism νb is defined over F and it only depends on the

σ-conjugacy class of b. We thus obtain the Newton map

ν : B(G) −→ N (G)

[b] 7→ [νb],

where N (G) = N (H) = X∗(A)+
Q is the Newton chamber. The σ-conjugacy class [b] ∈ B(G)

is called basic if νb is central. Denote by B(G)basic the subset of basic σ-conjugacy classes in
B(G).

The other invariant is the Kottwitz map ([25] 4.9, 7.5, [31] 1.15):

κG : B(G) −→ π1(G)Γ

[b] 7→ κG([b]),
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where π1(G) = π1(H) = X∗(T )/〈Φ∨〉 is the algebraic fundamental group of G, and π1(G)Γ

is the Galois coinvariants. For G = GLn, κGLn([b]) = vp(det(b)) ∈ Z = π1(GLn)Γ where vp
denotes the p-adic valuation on F̆ . For general G, the Kottwitz map is characterized by the
unique natural transformation κ(−) : B(−) → π1(−)Γ of set valued functors on the category of
connected reductive groups over F such that κGLn is defined as above. Let B(G)basic be the
subset of basic elements in B(G), then the restriction of κG on B(G)basic induces a bijection

κG : B(G)basic
∼−→ π1(G)Γ.

Moreover if [b] ∈ B(G)basic with κG([b]) = µ] ∈ π1(G)Γ with µ ∈ X∗(T )+, then [νb] = AvΓAvWµ
where AvW (resp. AvΓ) denotes the W -average (resp. Γ-average).

The elements in B(G) are determined by the Newton map and Kottwitz map. Namely, the
map

(ν, κG) : B(G) −→ N (G)× π1(G)Γ(1.3.1)

is injective ([25] 4.13).

Definition 1.3. (1) Let [b] ∈ B(G) and µ ∈ X∗(T )+, we define the Kottwitz sets

B(G,µ) := {[b] ∈ B(G)|[νb] ≤ µ�, κG(b) = µ]}
A(G,µ) := {[b] ∈ B(G)|[νb] ≤ µ�}

which are finite subsets in B(G), where
• µ� := AvΓ(µ) ∈ N (G) is the Galois average of µ,
• µ] ∈ π1(G)Γ is the image of µ via the natural quotient map X∗(T )→ π1(G)Γ,
• the order ≤ on N (G) is the usual order: ν1 ≤ ν2 if and only if ν2 − ν1 ∈ Q≥0Φ+

0 .
(2) We define a partial order on A(G,µ): For [b1], [b2] ∈ A(G,µ), we say [b1] ≤ [b2] if

[νb1 ] ≤ [νb2 ].

We will also need the following generalized Kottwitz set defined in [6].

Definition 1.4. For ε ∈ π1(G)Γ and δ ∈ X∗(A)+
Q we set

B(G, ε, δ) = {[b] ∈ B(G) | κG(b) = ε and [νb] ≤ δ}.

Remark 1.5. (1) We following the notations in [6]. For the generalized Kottwitz set B(G, ε, δ),
the term ε is written in an additive way while the term δ is written in a multiplicative
way.

(2)

B(G,µ) = B(G,µ], µ�)

A(G,µ) =
∐

ε∈π1(G)Γ,tor

B(G,µ] + ε, µ�),

where π1(G)Γ,tor denotes the subgroup of torsion elements in π1(G)Γ.

Definition 1.6. Suppose G is quasi-split. Let M be a standard Levi subgroup of G. We define a
partial order �M in π1(M)Γ and in π1(M)Γ,Q as follows: for y1, y2 ∈ π1(M)Γ (resp. π1(M)Γ,Q),
we write y1 �M y2 if and only y2 − y1 is a non-negative integral linear combination of images
in π1(M)Γ (resp. π1(M)Γ,Q) of coroots corresponding to the simple roots of T in N with N the
unipotent radical of the standard parabolic subgroup of G with Levi component M .

We have the following characterization of the generalized Kottwitz set.

Lemma 1.7. Suppose G is quasi-split. Let M be a standard Levi subgroup of G. Let b ∈M(F̆ )
such that [b]M ∈ B(M) is basic. Then [b] ∈ B(G, ε, δ) if and only if

κG(b) = ε and κM (b) �M δ] in π1(M)Γ,Q,

where δ] denotes for the image of δ via the natural map X∗(A)Q → π1(M)Γ,Q by abuse of
notation.

Moreover, for elements in the Kottwitz set B(G,µ), we can have an simpler characterization:
[b] ∈ B(G,µ) if and only if κM (b) �M µ] in π1(M)Γ where µ] denotes the image of µ in π1(M)Γ

by abuse of notation.
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Proof. The proof is the same as [26] Proposition 4.10. We repeat the proof for generalized
Kottwitz set here, while the proof for B(G,µ) is similar. The necessity is obvious. For the
sufficiency, the inequality κM (b) �M δ] in π1(M)Γ,Q implies

[νb] = AvΓAvWM
(κ̃M (b)) ≤ AvΓAvWM

δ ≤ δ,

where κ̃M (b) denotes a preimage of κM (b) via the natural map X∗(T )→ π1(M)Γ and the second
inequality is due to the fact that δ is dominant. �

The following lemma will be used in the proof of the main theorem.

Lemma 1.8. Suppose G is quasi-split and µ ∈ X∗(T )+ is minuscule. Let M be a standard Levi

subgroup of G and b ∈M(F̆ ).

(1) Then the natural map π1(M)Γ,tor → π1(G)Γ,tor is injective.
(2) Suppose [b] ∈ B(G,µ), then there exists µ′ ∈ X∗(T ) such that [b]M ∈ B(M,µ′) and µ′ is

conjugate to µ in G.
(3) Suppose [b] ∈ B(G,µ] + ε, µ�) with ε ∈ π1(G)Γ,tor, then

ε ∈ Im(π1(M)Γ,tor → π1(G)Γ,tor)

and there exists w ∈ W such that [b] ∈ B(M, (wµ)],M + ε, (wµ)�,M ), here we view ε as
an element in π1(M)Γ,tor.

Proof. For (1), the map π1(M)Γ,tor → π1(G)Γ,tor can be identified with the map H1(F,M) →
H1(F,G) which is injective(cf. [38] Exercise 1 in III §2.1).

The part (2) of the lemma is proved by [33] Lemma 8.1 (2) when G is unramified. For the
general case, we want to reduce to the unramified case. Without loss of generality, we may
assume that G is adjoint and simple by [25] 6.5. Moreover, after replacing M by a smaller Levi
subgroup, we may assume that [b]M ∈ B(M)basic. Then by Lemma 1.7,

[b] ∈ B(G,µ)⇔ κM (b) �M µ] in π1(M)Γ.

We want to show that there exists µ′ ∈ X∗(T ) which is conjugate to µ such that κM (b) = (µ′)]

in π1(M)Γ.
Let Q := Ker(π1(M)→ π1(G)).

Claim: QΓ = Ker(π1(M)Γ → π1(G)Γ).
Let A := Ker(π1(M)Γ → π1(G)Γ) which is torsion free by the proof of [6] Lemma 4.11. As

the functor (−)Γ is right exact, there exists a natural surjection QΓ → A. We need to show
it’s injective. Therefore it suffices to show rankQAQ = rankQQΓ,Q. Since the functor (−)Γ,Q is
canonically isomorphic to the functor (−)Γ

Q, we have

AQ ' Ker(π1(M)Γ
Q → π1(G)Γ

Q) = QΓ
Q.

The Claim follows.
By the Claim, µ− κM (b) ∈ QΓ. We need to show there exists µ′ ∈ X∗(T ) which is conjugate

to µ such that

µ− κM (b) = µ− µ′ in QΓ.

It’s a question only about root system with Galois action. Indeed, by the classification of k-forms
of G, we can construct an unramified group G̃ over F which is a form of G and they both have
same Tits-indices. More precisely, we can find T̃ ⊂ B̃ ⊂ G̃ over F where T̃ is a maximal torus
and B̃ is a Borel subgroup such that

• X∗(T ) ' X∗(T̃ ) and via this identification ∆G = ∆G̃;
• ∆G and ∆G̃ have the same Galois orbits.

Then the absolute Weyl group of (G,T ) and (G̃, T̃ ) are isomorphic. Let M̃ be the standard Levi

subgroup of G̃ such that ∆M̃ = ∆M . The isomorphism between the character groups induces

an identification π1(M̃)Γ = π1(M)Γ. Let µ̃ ∈ X∗(T̃ ) be the cocharacter corresponding to µ via

the idendtification X∗(T ) ' X∗(T̃ ). Let [b̃] ∈ B(M̃)basic such that κM̃ (b̃) ∈ π1(M̃)Γ maps to

κM (b) ∈ π1(M)Γ via the identication π1(M̃)Γ = π1(M)Γ. As G̃ is unramified, we can find µ̃′ for

[b̃] ∈ B(G̃, µ̃). Then µ′ is the cocharcter of G corresponding to µ̃′.
For (3), as before, we may assume [b] ∈ B(M)basic after replacing M by a smaller group.

Then [νb] ≤ µ� implies that

κM (b) �M µ],M in π1(M)Γ,Q.
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Hence there exists ε′ ∈ π1(M)Γ,tor such that

κM (b)− ε′ �M µ],M in π1(M)Γ.

Let [b′] ∈ B(M)basic such that κM (b′) = κM (b) − ε′. Then [b′] ∈ B(G,µ). By (2), there exists
w ∈W such that [b′] ∈ B(M,wµ). Therefore [νb]M = [νb′ ]M ≤ (wµ)�,M and

µ] = κG(b′) = κG(b)− ε′ = µ] + ε− ε′ in π1(G)Γ,

where ε′ is considered to be an element in π1(G)Γ,tor via the natural map in (1). Hence ε = ε′

and

κM (b) = κM (b′) + ε = (wµ)] + ε in π1(M)Γ.

�

1.4. Classification of G-bundles in terms of ϕ-modules over B̄. Let

Bb,+ := WOF (OK)[
1

πF
],

B̄ := (Bb,+/[ωK ])red.

Here B̄ is a local F -algebra with residue field WOF (kK)Q.
The Frobenius on OK induces an automorphism ϕ on Bb,+ and on B̄.
Let ϕ−ModB̄ (resp. ϕ−ModWOF (kK)Q) be the category of free B̄-modules (resp. WOF (kK)Q-

vector spaces) of finite rank equipped with a semi-linear isomorphism.

Theorem 1.9 ([17] Theorem 11.1.7 and 11.1.9). There is an equivalence of additive tensor
categories:

BunX
∼−→ ϕ−ModB̄ .

For (M,ϕ) ∈ ϕ−ModB̄ , the Harder-Narasimham filtration of the corresponding vector bundle
gives a Q-filtration (M≥λ)λ∈Q of M which is called the Harder-Narasimham filtration of M (cf.
[15] 5.4.1).

For any β ∈ G(B̄), we define

Eβ : RepG −→ ϕ−ModB̄
∼−→ BunX

(V, ρ) 7→ (V ⊗F B̄, ρ(β)ϕ)

Proposition 1.10 ([15] Proposition 5.11). The functor β 7→ Eβ induces a bijection between the
set of ϕ-conjugacy classes in G(B̄) and the set of isomorphism classes of G-bundles on X.

We also define a functor redB̄,F̆ as composition of two functors:

redB̄,F̆ : ϕ−ModB̄
⊗B̄WOF (kK)Q−→ ϕ−ModWOF (kK)Q

∼−→ IsocF̆ |F

where the second functor is a quasi-inverse of the functor

(−)⊗F̆ WOF (kK)Q : IsocF̆ |F
∼−→ ϕ−ModWOF (kK)Q

which is an equivalence of categories due to Dieudonné-Manin’s theorem of classification of
isocrystals.

1.5. The automorphism group J̃b. For [b] ∈ B(G), let J̃b = Aut(Eb) be the pro-étale sheaf of
automorphisms of Eb on the category of affinoid perfectoid spaces PerfFq over Fq. More precisely,

for any affinoid perfectoid space S over Fq, one has J̃b(S) = Aut(Eb|XS ).

In this subsection, we review the structure of the group J̃b(K) studied in [15] section 5.4.2.
Suppose Eb corresponds to the ϕ-conjugay class of β ∈ G(B̄) as in Proposition 1.10. Then

J̃b(K) ' {g ∈ G(B̄)|gβ = βϕ(g)}.

We will identify these two groups via this isomorphism. In order to study the structure of J̃b(K),

we need to use a parabolic subgroup of G⊗ B̄ that contains J̃b(K).
Consider the functor

RepG −→ ϕ−ModB̄ −→ Q− filtered B̄ −modules

(V, ρ) 7→ (V ⊗F B̄, ρ(β)ϕ)
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where the second functor is given by the Harder-Narasimham filtration. By [43] theorem 4.40,

this functor corresponds to a parabolic subgroup P ⊂ G⊗F B̄ with J̃b(K) ⊂ P(B̄). The structure
of P is well understood. Let

Ad : G→ GL(g)

be the adjoint representation with g := LieG. Then (g ⊗F B̄,Ad(β)ϕ) is the ϕ-module over B̄
corresponds to the vector bundle Ad(Eβ) := Eβ ×G,Ad g. Hence it has the Harder-Narasimham

filtration (g≥λ
B̄

)λ∈Q. In particular, for λ 6= 0, the dimension of grλgB̄ equals to the number of
roots α ∈ Φ such that 〈α, νb〉 = λ. Then

P = {g ∈ GB̄ |Ad(g)(g≥•
B̄

) = g≥•
B̄
}

LieP = g≥0
B̄

Moreover, the parabolic subgroup P is filtered by (P≥λ)λ∈Q≥0
such that

P>0 = RuP;

∀λ > 0,P≥λ/P>λ ∼→ grλgB̄ ⊗Ga;

P≥λ = {g ∈ GB̄ |(Ad(g)− Id)(g≥•
B̄

) = g≥•+λ
B̄

}.

Let J̃≥λb (K) = J̃b(K) ∩ P≥λ(B̄) for all λ ∈ Q≥0, then we can understand the graded pieces:

J̃b(K)/J̃>0
b (K) ' Jb = {g ∈ G(F̆ )|bσ(g) = gb};

∀λ > 0, J̃≥λb (K)/J̃>λb (K) ' (grλgB̄)Ad(β)ϕ=Id

where (grλgB̄)Ad(β)ϕ=Id is dim grλgB̄
h copies of H0(X,OX(λ)) if λ = d

h with (d, h) = 1. In

particular J̃≥λb (K) ' J̃>λb (K) if there exists α ∈ Φ such that 〈α, νb〉 = λ > 0.

1.6. Modifications of a G-bundle on X.

Definition 1.11. Let E be a G-bundle on X. A modification of G-bundles of E (on ∞) is a
pair (E ′, u), where E ′ is a G-bundles on X and

u : E|X\{∞}
∼−→ E ′|X\{∞}

is an isomorphisme of G-bundles on X\{∞}. Two modifications (E ′, u) and (Ẽ ′, ũ) of E are said

to be equivalent if there exists an isomorphism f : E ′ ∼→ Ẽ ′ such that ũ = f |X\{∞} ◦ u.

Consider the BdR-affine Grassmannian GrBdRG attached to G (cf. [36]). We only need its
C-points

GrdRG (C) := G(BdR)/G(B+
dR).

For any b ∈ B(G), let Eb be the associated G-bundle on X. For any x ∈ GrdRG (C), we can
construct a modification Eb,x of Eb à la Beauville-Laszlo given by gluing Eb|X\{∞} and the trivial

bundle on Spec(B+
dR) via the gluing datum given by x (cf. [5] Theorem 3.4.5 and [14] 4.2, [13]

Proposition 3.20). Moreover, by [13] Proposition 3.20, there is a bijection

GrdRG (C)
∼−→ {equivalent classes of modifications of Eb}(1.6.1)

x 7−→ equivalent class of (Eb,x, Id)

For µ ∈ X∗(T )+, the corresponding affine Schubert cell is

GrBdRG,µ (C) = G(B+
dR)µ(t)−1G(B+

dR)/G(B+
dR) ⊂ GrBdRG (C).

Here we use the non standard notion of affine Schubert cell associated to anti-dominant µ−1.
This affine Schubert cell is closely related to the modification of G-bundles of type µ as in the
following definition.

Definition 1.12. A modification of Eb is of type µ if its equivalent class falls in the affine
Schubert cell GrBdRG,µ (C) via (1.6.1).

The natural action of J̃b(K) = Aut(Eb) on the set of modifications of Eb induces via (1.6.1)

an action of J̃b(K) on GrBdRG (C).

Let Êb∞ be the local completion of Eb at ∞. It is canonically trivialized. Hence there is a
natural morphism

αb,G : J̃b(K) = Aut(Eb)→ Aut(Êb∞) = G(B+
dR)
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The action of J̃b(K) on GrBdRG (C) is given by left multiplication via αb,G.

Lemma 1.13. Let γ ∈ J̃b(K). For any x ∈ GrBdRG (C), the automorphism γ : Eb
∼→ Eb induces

an automorphism

γ̃ : Eb,x
∼→ Eb,γ(x)

such that the following diagram is commutative:

Eb|X\{∞}
γ //

Id

��

Eb|X\{∞}

Id

��
Eb,x|X\{∞}

γ̃ // Eb,γ(x)|X\{∞}

.

Proof. By Tannakian formalism, it suffices to deal with the case when G = GLn. Then G-
bundles on X is the same thing as vector bundles of rank n. Suppose Eb corresponds to the
triple (Me,MdR, u) as in Proposition 1.2, then x ∈ GrBdRG (C) corresponds to a B+

dR-lattice Mx

in MdR⊗B+
dR
BdR and Eb,x corresponds to the triple (Me,Mx, u). The automorphism γ : Eb

∼→ Eb
corresponds to a pair (γe, γdR) of automorphisms compatible with u, where

γe : Me
∼−→Me, γdR : MdR

∼−→MdR.

Then Eb,γ(x) corresponds to the triple (Me, γdR(Mx), u) where γdR(Mx) is the image of Mx via

γdR ⊗B+
dR
BdR : MdR ⊗B+

dR
BdR

∼→ MdR ⊗B+
dR
BdR. We define γ̃ : Eb,x

∼→ Eb,γ(x) to be the

automorphism corresponds to

γe : Me
∼−→Me, γdR : Mx

∼−→ γdR(Mx).

The commutativity of the diagram can be verified directly. �

Recall that we have the Bialynicki-Birula map (cf. [5] Propostion 3.4.3)

πG,µ : GrBdR

G,µ (C) −→ F(G,µ)(C).

By Tannakian formalism, we may reduce the construction to the case when G = GLn. In this
case, GrBdR

G,µ (C) paramatrizes the lattices in BndR that has relative position µ−1 with the standard

lattice B+,n
dR . Write µ = (k1, · · · , kn) with k1 ≥ k2 ≥ · · · ≥ kn. Suppose Λ ∈ GrBdR

G,µ (C). We

define an increasing filtration Fil•Λ of Cn as follows: for any m ∈ Z,

FilmΛC
n := (B+

dR)n ∩ t−mΛ/((tB+
dR)n ∩ t−mΛ) ⊆ (B+

dR)n/(tB+
dR)n = Cn.

It’s easy to check that

dimCFilmΛC
n = max{1 ≤ i ≤ n|ki ≥ −m}.

Therefore πG,µ(Λ) := Fil•Λ ∈ F(G,µ)(C).
From now on, suppose µ is minuscule. Then the Bialynicki-Birula map πG,µ is an isomorphism

by [5] Lemma 3.4.4. For x ∈ F(G,µ)(C), we denote by Eb,x the modification Eb,π−1
G,µ(x) of Eb of

type µ.
When [b] ∈ B(G) is basic, the isomorphism classes of the modifications of Eb can be classified

as follows.

Proposition 1.14 ([30] A.10, [6] Prop. 5.2). Let [b] ∈ B(G) be basic. Let

B(G, κG(b)− µ], νbµ−1) := B(G, κG(b)− µ], νb(w0µ
−1)�) ⊆ B(G).

(Here we write the element νb(w0µ
−1)� in X∗(A)+

Q in the multiplicative form but not the usual

additive form.) The map [b′] 7→ [Eb′ ] gives a bijection

B(G, κG(b)− µ], νbµ−1) ' {Eb,x| x ∈ F(G,µ)(C)}/ ∼ .

The action of J̃b(K) on GrBdR

G,µ (C) defined by the multiplication on the left via the morphism

αb,G induces an action of J̃b(K) on F(G,µ)(C) via the Bialynicki-Birula map πG,µ. For any

γ ∈ J̃b(K), we have an automorphism (still denoted by)

γ̃ : Eb,x
∼→ Eb,γ(x)

of G-bundles for any x ∈ F(G,µ)(C).
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2. Admissible locus and weakly admissible locus

2.1. Reductions of G-bundles.

Definition 2.1. (1) Let H ⊆ G be a closed subgroup of G. Suppose E is a G-bundle on X.

A reduction of E to H is a pair (EH , ι) where EH is a H-bundle and ι : EH ×H G
∼→ E

is an isomorphism of G-bundles. We will also write EH for such a reduction if we don’t
need to emphasis ι.

(2) Two reductions (EH , ι) and (E ′H , ι′) of E to H are called equivalent if there exists an

isomorphism u : EH
∼→ E ′H such that ι = ι′ ◦ (u×H G).

Remark 2.2. The equivalence classes of redcutions of E to H are in bijection with the sections
of the fibration H\E → X.

We will assume G quasi-split in the rest of this subsection.

Definition 2.3. Let b ∈ G(F̆ ). For a Levi subgroup M of G, a reduction of b to M is a pair

(bM , g) with bM ∈ M(F̆ ) and g ∈ G(F̆ ) such that b = gbMσ(g)−1. We also write bM for such
a reduction if we don’t need to emphasize g. Two reductions (bM , g) and (b′M , g

′) of b to M

are equivalent if and only if there exists h ∈ M(F̆ ) such that (b′M , g
′) = (hbMσ(h)−1, gh−1).

Similarly, we can define the same notion for parabolic subgroups.

There is a natural injective map

{equivalent classes of reductions of b to M} −→ {equivalent classes of reductions of Eb to M}.
This map is in general not surjective.

Example 2.4. Let G = GL5 with Levi subgroup M = GL3 × GL2. Let b ∈ G(F̆ ) with New-
ton slopes ( 1

3 ,
1
3 ,

1
3 ,

1
2 ,

1
2 ). Then there exists a unique equivalent class of reductions of b to M .

However, as the decomposition of Eb = O(− 1
3 ) ⊕ O(− 1

2 ) on semi-stable vector bundles is not

canonical because of the existence of morphisms O(− 1
2 )→ O(− 1

3 ), there exist infinite equivalent
classes of reductions of Eb to M .

The following lemma will be used frequently in the sequel.

Lemma 2.5. [[6] Lemma 2.4] Let E and E ′ be two G-bundles on X with a modification E|X\{∞}
∼→

E ′|X\{∞}. Then for any parabolic subgroup P of G, we have a bijection

{Reductions of E to P} −→ {Reductions of E ′ to P}.

Let E be a G-bundle on X, by [15] 5.1, there exists the canonical reduction EP of E to a
unique standard parabolic subgroup P of G such that

• the assoicated M -bundle EP ×P M is semi-stable, where M is the Levi component of P ,
• for any χ ∈ X∗(P/ZG)\{0} ∩ N∆G, we have degχ∗EP > 0.

Using the Harder-Narasimham reduction EP , we can define the slope

νE ∈ X∗(A)Q

of E by the Galois invariant morphism X∗(P )→ Z which maps χ ∈ X∗(P ) to degχ∗EP combined
with the inclusion

HomZ(X∗(P ),Z)Γ = X∗(M
ab)Γ ⊂ X∗(AM )Q ⊆ X∗(A)Q,

where Mab is the cocenter of M and AM ⊆ A is a maximal split central torus of M .

Proposition 2.6 ([17] Proposition 6.6, [5] Lemma 3.5.5). Let [b] ∈ B(G) and x ∈ GrBdRG,µ (C).
Then

(1) we have an equality in the positive Weyl chamber

νEb = −w0[νb],

where w0 is the element of longest length in the Weyl group W ;
(2)

cG1 (Eb,x) = µ] − κG(b) ∈ π1(G)Γ,

where cG1 denotes the G-equivariant first Chern class. In particular, cG1 (Eb) = −κG(b).

Recall the following fact:
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Theorem 2.7 ([34] theo. 4.5.1). Let E be a G-bundle on X.

(1) Suppose EQ is a reduction of E to the standard parabolic subgroup Q. Consider the vector

v : X∗(Q) −→ Z
χ 7−→ degχ∗EQ

seen as an element of X∗(A)Q. Then one has v ≤ νE . Moreover, if this inequality is an
equality, then Q ⊂ P and EP ' EQ ×Q P , where EP is the canonical reduction of E.

(2) The vector νE can be defined as being the supremum of all such vectors v associated to
all possible reductions EQ in the poset X∗(A)Q.

Remark 2.8. If we view v as an element in X∗(A)Q, then v = AvWMQ
(νEMQ ), where MQ is

the Levi component of Q and EMQ
= EQ ×QM .

Corollary 2.9. Suppose E is a G-bundle with EP a reduction to P . Let E ′ = (EP ×P M)×M G.
Then νE � νE′ . In particular, if EP ×P M is a trivial M -bundle, then E is a trivial G-bundle.

Remark 2.10. When G = GLn, this corollary is shown in [23] Lemma 3.4.17.

Proof of Corollary 2.9. Suppose EQ is a reduction of E to a standard parabolic subgroup Q.
Suppose

sP : X → P\E , sQ : X → Q\E

are the corresponding sections for EP and EQ respectively. Then the relative position map:

Q\G× P\G → Q\G/P = WQ\W/WP

(Qg1, Pg2) 7→ Qg1g
−1
2 P

gives

X
(sQ,sP )−→ Q\E × P\E →WQ\W/WP .

Let WQẇWP be the image of the generic point of X, where ẇ is the minimal length representative
of the double coset WQẇWP . Let X ′ ⊆ X be the preimage of WQẇWP . It’s an open subscheme
of X.

By Theorem 2.7(2), the corollary follows from the following Claim.
Claim: EQ induces a reduction E ′Q of E ′ to the parabolic subgroup Q such that EQ and E ′Q has

the same vector v as defined in Theorem 2.7.
Now it remains to prove the Claim. The composition of morphisms

EP → E
×ẇ→ E

induces a monomorphism

P ∩ ẇ−1Qẇ\EP → Q\E .

The pullback by the section sQ : X → Q\E of this morphism gives a section of

P ∩ ẇ−1Qẇ\(EP )|X′ → X ′.

Combined with the natural morphism

P ∩ ẇ−1Qẇ\EP → P ′M\E ′M
induced by the projection to the Levi quotient, where E ′M = EP×PM and P ′M = M∩ẇ−1Qẇ, we
get a reduction (E ′M,P ′M

)|X′ of (E ′M )|X′ to its standard parabolic subgroup P ′M . The composition

of morphisms

E ′M → E ′
×ẇ→ E ′

induces a morphism

(P ′M\E ′M )|X′ → (Q\E ′)|X′ ,

and we get a reduction E ′|X′,Q of E ′|X′ to Q induced from E ′M,P ′M
via this morphism. Then the

desired reduction E ′Q of the Claim is obtained by the application of the valuative criterion of

properness to Q\E ′ → X as Q\G is proper and X is a Dedekind scheme.
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Now it remains to show that EQ and E ′Q has the same vector v as defined in Theorem 2.7.

By the construction of E ′Q, this results from the commutativity of the following diagram for any

χ ∈ X∗(Q)

P ∩ ẇ−1Qẇ
adẇ //

prM

��

Q
χ // Gm

P ′M
adẇ // Q

χ // Gm

(2.1.1)

where prM is restriction to P ∩ w−1Qw of the projection of P to its Levi component M . �

Remark 2.11. Notations as in the above corollary. When G = GLn and M = GLn1×GLn2 with
n1 + n2 = n, then E corresponds to a vector bundle of rank n over X, and E ×P M corresponds
to a pair of a vector bundle of rank n1 and a vector bundle of rank n2 over X which admits an
extension by E. Therefore the above corollary gives a necessary condition of whether a vector
bundle over Fargues-Fontaine curve X is an extension of two given vector bundles over X.

The converse side of the corollary is the following conjecture.

Conjecture 2.12. Let P be a standard parabolic subgroup of G with Levi component M . Let E
be a G-bundle and E ′M be a semi-stable M -bundle with νE � νE′ where E ′ = E ′M ×M G. Suppose
νE′M is G-anti-dominant. Then E has a reduction EP to P such that EP ×P M ' E ′M .

Remark 2.13. When G = GLn, the conjecture is proved in [1]. Recently, this conjecture is
proved by Viehmann in [41]. Note that in the conjecture the G-anti-dominant assumption for
νE′M is necessary since H1(X,O(λ)) = 0 for λ ≥ 0. The assumption that E ′M is semi-stable (i.e.

which corresponds to a basic element in B(M)) is also necessary which is explained in [8].

Let bM be a reduction of b to M , where M is a standard Levi subgroup of G. Let P be the
standard parabolic subgroup with Levi component M . Recall that for any w ∈ W , there is an
affine fibration

prw : F(G,µ)(C)w := P (C)wPµ(C)/Pµ(C)→ F(M,wµ)(C)

by projection to the Levi quotient. We have the following fact.

Lemma 2.14 ([6] Lemma 2.6). For x ∈ P (C)wPµ(C)/Pµ(C) there is an isomorphism

(Eb,x)P ×P M ' EbM ,prw(x).

where bM is a reduction of b to M and (Eb,x)P is the reduction of Eb,x to P induced by the
reduction EbM ×M P of Eb to P .

2.2. Weakly admissible locus. Recall that {µ} is a geometric conjugacy class of a minuscule
cocharacter µ : Gm → GF̄ . After choosing a suitable representative in {µ}, we may assume
µ ∈ X∗(T )+ via inner twisting, where + stands for the dominant cocharacters. We consider the

adic space F(G,µ) associated to the flag variety over Spa(Ĕ). For b ∈ G(F̆ ), Rapoport and Zink
has defined a weakly admissible locus

F(G,µ, b)wa ⊆ F(G,µ)

associated to (G,µ, b). Now we recall its definition.

Let L|F̆ be a complete field extension. For any x ∈ F(G,µ)(L), we can associate a cocharacter

µx ∈ {µ} defined over L. Let ϕ − FilModL|F̆ be the category of filtered isocrystals over L|F̆ .

There is a functor

Ib,x : RepG −→ ϕ− FilModL/F̆

(V, ρ) 7→ (VF̆ , ρ(b)σ,Fil•ρ◦µxVL)

The pair (b, x) is called weakly admissible if for any (V, ρ) ∈ RepG, the filtered isocrystal
Ib,x(V, ρ) is weakly admissible in the sense of Fontaine. More precisely, a filtered isocrystal

V = (V, ϕ,Fil•VL) over L|F̆ is called weakly admissible if for any subobject V ′ of V with filtration
induced from V, we have

tH(V) = tN (V) and tH(V ′) ≤ tN (V ′),
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where tN (V) the πF -adic valuation of detϕ and

tH(V) :=
∑
i∈Z

i · dimL griFil•(VL).

Let

F(G,µ, b)wa(L) := {x ∈ F(G,µ)(L)|(b, x) is weakly admissible}.
This defines the weakly admissible locus F(G,µ, b)wa which is a partially proper open subspace

inside F(G,µ) by [32] Proposition 1.36.

Remark 2.15. (1) Let b, b′ ∈ G(F̆ ) with [b] = [b′] ∈ B(G), then F(G,µ, b)wa ' F(G,µ, b)wa.
(2) By [33] Proposition 3.1, F(G,µ, b)wa is non-empty if and only if [b] ∈ A(G,µ).

(3) Suppose the Frobenius maps on H(F̆ ) maps to g−1σ(−)g via the inner twisting HF̆

∼→ GF̆
with g ∈ G(F̆ ). We have a bijection B(G)

∼→ B(H) which maps [b] to [bH ] where bH maps

to bg ∈ G(F̆ ) via the inner twisting. By [10] Proposition 9.5.3, there is an identification

F(G,µ, b)wa = F(H,µ, bH)wa.

Therefore for the study of weakly admissible locus, it suffices to reduce to the quasi-split
case.

In the following proposition, we will use the modification of G-bundles on the curve X to give
an equivalent definition of the weakly admissibility of a pair (b, x) when G is quasi-split.

Proposition 2.16. [[6] Proposition 2.7] Assume that G is quasi-split. Let [b] ∈ A(G,µ) and
x ∈ F(G,µ)(L). Then the pair (b, x) is weakly admissible if and only if for any standard parabolic
P with Levi component M , any reduction bM of b to M , and any χ ∈ X∗(P/ZG)+ where ZG is
the center of G, we have

degχ∗(Eb,x)P ≤ 0,

where (Eb,x)P is the reduction to P of Eb,x induced by the reduction EbM ×M P of Eb by Lemma
2.5.

2.3. Admissible locus. Rapoport and Zink has conjectured in [32] the existence of an open
subspace

F(G,µ, b)a ⊆ F(G,µ, b)wa

with a étale-G-local system L on F(G,µ, b)a such that these two spaces have the same classical
points and the G-local system L interpolates a family of crystalline representations with value
in G(F ).

When the local Shimura datum (G,µ, b) corresponds to a Rapoport-Zink space M(G,µ, b)

over Ĕ, then the admissible locus F(G,µ, b)a is the image of the p-adic period mapping ([32]
Chapter 5)

π̆ :M(G,µ, b)→ F(G,µ),

and the G-local system L corresponds to the Tate module of the universal p-divisble group with
G-structures by descent via the p-adic period mapping.

For the general local Shimura datum (G,µ, b), the existence of the admissible locus is due to
the work of Fargues-Fontaine [17], Kedlaya-Liu [22] and Scholze [37].

Definition 2.17. Let F(G,µ, b)a be a subspace of F(G,µ) stable under generalization with C-
points defined as follows:

F(G,µ, b)a(C) = {x ∈ F(G,µ)(C)|νEb,x is trivial }

for any complete algebraically closed field C over F .

Remark 2.18. (1) F(G,µ, b)a is an open subset of F(G,µ) ([22]), and by definition

F(G,µ, b)a ⊂ F(G,µ, b)wa.

Moreover,

F(G,µ, b)a(K) = F(G,µ, b)wa(K)

for any finite extension K over Ĕ ([30] A.5, [9]). In particular, F(G,µ, b)a 6= ∅ if and
only if [b] ∈ A(G,µ).
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(2) For [b] ∈ A(G,µ), the admissible locus F(G,µ, b)a coincides with the image of the p-adic
period mapping from the local Shimura variety attached to (G,µ, b) to the flag variety
F(G,µ) ([36], [35]). It also coincides with the construction of admissible locus of Hartl
[21] and Faltings [12] when (G,µ, b) is a Hodge type local Shimura datum.

(3) Via the bijection B(G)
∼→ B(H) by inner twisting which maps [b] to [bH ], there is an

identification

F(G,µ, b)a = F(H,µ, bH)a.

Therefore for the study of admissible locus, we can also reduce to the quasi-split case.

For any [b] ∈ B(G), consider the Newton stratification:

F(G,µ) =
∐

[b′]∈B(G)

F(G,µ, b)[b′]

where F(G,µ, b)[b′] is a subspace of F(G,µ) stable under generalization with C-points defined
by

F [b′](C) = {x ∈ F(C)|Eb,x ' Eb′}
for any complete algebraically closed field C over F . Note that when [b] is basic, we know precisely
which strata show up in the Newton stratification by Proposition 1.14. But it’s unknown for
non-basic [b]. Each stratum in the Newton stratification is locally closed by Kedlaya-Liu [22].
And it’s clear that

F(G,µ, b)[1] = F(G,µ, b)a.

Remark 2.19. The J̃b(K)-action on F(G,µ)(C) induces an action on each stratum F(G,µ, b)[b′](C).

In particular, J̃b(K) acts on F(G,µ, b)a(C).

3. Hodge-Newton-decomposability

Let Mb = CentH([νb]) be the centralizer of [νb].

Definition 3.1. (1) A triple (G,µ, b) (resp. (G, δ, b) with δ ∈ X∗(A)+
Q) is called Hodge-

Newton-decomposable (or HN-decomposable for short) if [b] ∈ A(G,µ) (resp. [b] ∈
B(G, ε, δ) with ε = κG(b) ∈ π1(G)Γ) and there exists a strict standard Levi subgroup
M of the quasi-split inner form H of G containing Mb, such that µ� − [νb] ∈ 〈Φ∨0,M 〉Q
(resp. δ − [νb] ∈ 〈Φ∨0,M 〉Q). Otherwise, the triple (G,µ, b) (resp. (G, δ, b)) is called

Hodge-Newton-indecomposable (or HN-indecomposable for short).
(2) A pair (G,µ) is called fully Hodge-Newton decomposable (or fully HN-decomposable for

short) if for any non-basic [b] ∈ B(G,µ), the triple (G,µ, b) is HN-decomposable. In this
case, we also say the Kottwitz set B(G,µ) is fully Hodge-Newton decomposable.

(3) The generalized Kottwtiz set B(G, ε, δ) is called fully HN-deomposable, if for any non-
basic [b] ∈ B(G, ε, δ), the triple (G, δ, b) is HN-decomposable.

Remark 3.2. The notion of fully Hodge-Newton decomposability is first introduced and system-
atically studied by Görtz, He and Nie in [19]. They give equivalent conditions for a pair (G,µ)
to be fully HN-decomposable and classify all such pairs.

In the quasi-split case, we have the following equivalent definition for the HN-decomposability.

Lemma 3.3. [comp. [6] Lemma 4.11]Suppose G is quasi-split. Let [b] ∈ B(G,µ] + ε, µ�) for
some ε ∈ π1(G)Γ,tor. Then the following three conditions are equivalent:

(1) the triple (G,µ, b) is HN-decomposable,
(2) there exist a strict standard Levi subgroup M containing Mb and a unique element εM ∈

π1(M)Γ,tor such that [bM ] ∈ B(M,µ] + εM , µ
�) and εM maps to ε via the natural map

π1(M)Γ → π1(G)Γ, where bM is the reduction of b to M deduced from its canonical
reduction to Mb combined with the inclusion Mb ⊆M ,

(3) there exist a strict standard Levi subgroup M containing w0Mbw
−1
0 and a unique element

ε̃M ∈ π1(M)Γ,tor such that [b̃M ] ∈ B(M, (w̃0µ)] + ε̃M , (w̃0µ)�) and w0ε̃M maps to ε via

the natural map π1(M)Γ → π1(G)Γ, where b̃M is the reduction of b to M deduced from its
canonical reduction w0bMb

w−1
0 to w0Mbw

−1
0 combined with the inclusion w0Mbw

−1
0 ⊆M

and w̃0µ = (w0µ)M−dom is the M -dominant representative in WMw0µ.
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Proof. The proof of the equivalence of (1) and (2) is similar as that of [6] Lemma 4.11. Indeed, by
definition, (G,µ, b) is HN-decomposable if and only if [bM ] ∈ A(M,µ) for some strict standard
Levi subgroup of G. By Remark 1.5, we may assume [bM ] ∈ B(M,µ] + εM , µ

�) for some
εM ∈ π1(M)Γ,tor which maps to ε ∈ π1(G)Γ. The uniqueness of εM follows from Lemma 1.8(1).

The equivalence between (2) and (3) is due to the fact that there is a bijection between
B(M,µ] + εM , µ

�) and B(w0Mw−1
0 , (w̃0µ)] + w0εM , (w̃0µ)�) induced by the conjugation by

w0. �

Corollary 3.4. Suppose G is quasi-split. Let [b] ∈ A(G,µ). Then the following three conditions
are equivalent:

(1) the triple (G,µ, b) is HN-indecomposable,
(2) µ] − κMb

(bMb
) ∈ π1(Mb)Γ ⊗Q is a linear combination of

{α∨,] ∈ π1(Mb)Γ ⊗Q|α ∈ ∆0, 〈α, [νb]〉 > 0}
with coefficients of positive integers,

(3) for all α ∈ ∆0, 〈α, [νb]〉 > 0 implies the coefficient of α∨ in µ� − [νb] is positive.

Corollary 3.5. Suppose G is quasi-split. Suppose [b] ∈ B(G,µ]+ ε, µ�) for some ε ∈ π1(G)Γ,tor

and (G,µ, b) is HN-decomposable. Then there exists a unique strict standard Levi subgroup M ,

a unique element εM ∈ π1(M)Γ,tor and a reduction b̃M such that

(1) ε is the image of w0εM under the natural map π1(M)Γ → π1(G)Γ,

(2) [b̃M ] ∈ B(M, (w̃0µ)] + εM , (w̃0µ)�),

(3) (M, w̃0µ, b̃M ) is HN-indecomposable.

Proof. Let M1 be the standard Levi subgroup of G such that its simple roots are described as
follows:

∆M1,0 = ∆Mb,0 ∪ {α ∈ ∆0|nα > 0},
where µ� − [νb] =

∑
α∈∆0

nαα
∨ with nα ≥ 0. Let bM1 be the reduction of b to M1 deduced

from its canonical reduction to Mb combined with the inclusion Mb ⊆ M1. Then it’s easy to
see (M1, µ, bM1

) is HN-indecomposable and M1 is the unique standard Levi subgroup with this
property. Let M = w0M1w

−1
0 . The rest of the assertions can be proved in the same way as

Lemma 3.3. �

Remark 3.6. Notations as in Corollary 3.5, as w0ε is the image of εM under the natural
injective map π1(M)Γ → π1(G)Γ, we may identify εM and w0ε.

The following proposition is a key ingredient to the proof of the main result.

Proposition 3.7. Suppose G is quasi-split. Let [b] ∈ A(G,µ) such that (G,µ, b) is HN-

decomposable. Let M ⊆ G be the strict standard Levi subgroup such that (M,w0µ, b̃M ) is HN-
indecomposable as in Corollary 3.5. Then

pr−1
w̃0

(F(M, w̃0µ, b̃M )a(C)) = F(G,µ, b)a(C),

pr−1
w̃0

(F(M, w̃0µ, b̃M )wa(C)) = F(G,µ, b)wa(C).

Remark 3.8. The appearence of w̃0 in the statement is due to the fact that νEb = −w0[νb] by
Proposition 2.6.

The remaining of this section is devoted to the proof of this proposition. Suppose (G,µ, b)
is HN-decomposable with G quasi-split. Suppose M is the Levi subgroup of G such that
(M, w̃0µ, b̃M ) is HN-indecomposable as in Corollary 3.5. Let P be the standard parabolic sub-
group of G with M as Levi component.

Lemma 3.9. F(G,µ, b)wa(C) ⊆ P (C)w0Pµ(C)/Pµ(C).

Proof. Suppose F(G,µ, b)wa(C) ∩ P (C)wPµ(C)/Pµ(C) 6= ∅ for some w ∈W . We want to show
w0 ∈WPwWPµ . For any x ∈ F(G,µ, b)wa(C) ∩ P (C)wPµ(C)/Pµ(C), we have

(Eb,x)P ' Eb̃M ,prw(x)

by Lemma 2.14. The weak semi-stability of Eb,x implies that degχ∗(Eb̃M ,prw(x)) ≤ 0 for any

χ ∈ X∗(M/ZG)+. On the other side, using the fact that [b̃M ] ∈ A(M, w̃0µ), we have

cM1 (Eb̃M ,prw(x)) = (wµ)] − κM (b̃M ) = (wµ)] − (w0µ)] in π1(M)Γ ⊗Q,
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and degχ∗(EbM ,prw(x)) = 〈wµ − w0µ, χ〉 ≤ 0 for any χ ∈ X∗(M/ZG)+ by Proposition 2.6.

Therefore the equality holds for any χ and (wµ)] = (w0µ)] in π1(M)Γ. On the other hand, as
wµ ≥ w0µ, wµ and w0µ has the same image in π1(M). The result follows. �

Notations as in Corollary 3.5. Let EGε be the G-bundle such that νEGε is trivial and cG1 (EGε ) =

−ε. Similarly, let EMw0ε be the M -bundle such that νEMw0ε
is trivial and cM1 (EMw0ε) = −w0ε (cf.

Remark 3.6). Let EPw0ε := EMw0ε ×
M P . When [b] ∈ B(G,µ) (i.e., ε = 0), we have EGε = EG1 ,

EMw0ε = EM1 and EPw0ε = EP1 are the trivial bundles.
Consider the following commutative diagram (cf. [28] [39]) of de Rham period maps for

different groups from local Shimura varieties at infinite level to flag varieties.

M(P, w̃0µ, b̃P )∞

ξM

uu

ξG

((
πPdR

����

M(M, w̃0µ, b̃M )∞

πMdR

����

M(G,µ, b)∞

πGdR

����

F(P, w̃0µ, b̃P )a

ξ̃G ((ξ̃Muu
F(M, w̃0µ, b̃M )a F(G,µ, b)a

where

• b̃P is the reduction of b to P induced by the reduction b̃M of b to M combined with the
inclusion M ⊆ P .

• M(G,µ, b)∞ (resp. M(M, w̃0µ, b̃M ), resp. M(P, w̃0µ, b̃P )) classifies modifications of
type µ (resp. w̃0µ, resp. w̃0µ) between EGb (resp. EMb , resp. EPb ) and EGε (resp. EMw0ε,

resp. EPw0ε).

• πGdR, πMdR, πPdR are the de Rham period maps. More precisely, for a modification in
M(G,µ, b)∞ its image by πGdR is x if EGb,x = EGε . Similarly for πMdR and πPdR. We define

F(P, w̃0µ, b̃P )a to be the image of πPdR.
• ξG (resp. ξM ) is the induced modification via the natural morphism P → G (resp. the

projection to the Levi quotient P →M).

• ξ̃G is induced from

F(P, w̃0µ) = P/Pw̃0µ ∩ P → Pw̃0Pµ/Pµ ⊆ G/Pµ = F(G,µ)(3.0.1)

aPw̃0µ ∩ P 7→ a(Pw̃0µ ∩ P )w̃0Pµ = aw̃0Pµ

• ξ̃M is induced from the natural projection P →M to the Levi component

F(P, w̃0µ) = P/Pw̃0µ →M/Mw̃0µ = F(M, w̃0µ)

By the proof of [6] Lemma 6.3, we have the following fact.

Lemma 3.10. Let E be a G-bundle and let P ′ ⊆ P be a standard parabolic subgroup of G
contained in P . There is a bijection between

• reductions EP ′ of E to P ′,
• reductions EP to P together with a reduction (EP ×P M)M∩P ′ of EP ×P M of M ∩ P ′.

Moreover, this bijection indentifies EP ′ ×P
′
M ′ and (EP ×P M)M∩P ′ ×M∩P

′
M ′, where M ′ is the

Levi component of P ′.

Now we can prove the following result.

Lemma 3.11. In the above diagram, we have ξ̃G is an isomorphism of adic spaces and

M(G,µ, b)∞ '
∐

Aut(EGε )/Aut(EPw0ε
)

M(P, w̃0µ, b)∞.
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Proof. We only deal with the case [b] ∈ B(G,µ). The proof for [b] ∈ A(G,µ) is similar. For the
first assertion, as F(P, w̃0µ)→ F(G,µ) is an open immersion, it suffices to show

F(P, w̃0µ, b̃P )a(C)→ F(G,µ, b)a(C)

is surjective for any complete algebraic closed field C. For any x ∈ F(G,µ, b)a(C), by Lemma
3.9, x ∈ P (C)ω0Pµ(C)/Pµ(C). Let (Eb,x)P be the reduction of Eb,x to P induced by the reduction
Eb̃P of Eb to P . Write (Eb,x)P = Eb̃P ,y where y is the preimage of x via (3.0.1). We want to

show y ∈ F(P, w̃0µ, b̃P )a(C). It’s equivalent to show (Eb,x)P = Eb̃P ,y is a trivial G-bundle. The

isomorphism of G-bundles Eb,x ' E1 induces a reduction (E1)P of E1 to P and an isomorphism
of P -bundles. (Eb,x)P ' (E1)P . We want to show that (E1)P is a trivial P -bundle. By corollary
2.9, it suffices to show that EM := (E1)P ×P M is a trivial M -bundle. We first show that

cM1 (EM ) = 0.(3.0.2)

We have the following equalities

cM1 ((EM ) = cM1 ((Eb,x)P ×P M)

Lemma2.14
= cM1 (Eb̃M ,prw0

(x))

= (w0µ)] − κM (b̃M )

= 0 ∈ π1(M)Γ,

where the last equality holds because [b̃M ] ∈ B(M, w̃0µ). Now it remains to show the slope
νEM = 0. Let (EM )P ′M be the canonical reduction of EM to a standard parabolic subgroup P ′M
of M . Write P ′ = P ′M · Ru(P ), where Ru(P ) denotes the unipotent radical of P . Note that P ′

is a standard parabolic subgroup of G with P ′ ∩M = P ′M . Let M ′ be the Levi component of
P ′M . By [15] Proposition 5.16,

ν
(EM )P ′

M
×P
′
MM ′

= νEM ∈ X∗(A)Q.

By Lemma 3.10, (EM )P ′M corresponds to a reduction of E1 to P ′. Hence the semi-stability of E1
implies that

〈χ, νEM 〉 ≤ 0, ∀χ ∈ X∗(M ′/ZG)+.

On the other hand, the equality (3.0.2) implies that νEM is a non-negative linear combination of
simple coroots in M . Hence

〈χ, νEM 〉 ≥ 0, ∀χ ∈ X∗(M ′/ZG)+.

It follows that νEM = 0.
The second assertion is obtained from the first assertion and the fact that M(G,µ, b)∞

(resp. M(P, w̃0µ, b̃P )∞) is the Aut(EGε )-torsor (resp. Aut(EPw0ε)-torsor) over F(G,µ, b)a (resp.

F(P, w̃0µ, b̃P )). �

Remark 3.12. This lemma was proved for unramified local Shimura datum of PEL type by
Mantovan [28] section 8.2 and Shen [39] corollary 6.4.

In order to prove Proposition 3.7, we also need the following Lemmas.

Lemma 3.13. Suppose G is quasi-split. We consider F(M,w0µ) as a subspace of F(G,µ) via
the natural injective morphism F(M, w̃0µ)→ F(G,µ). Then we have

F(M, w̃0µ, b̃M )a ⊆ F(G,µ, b)a,

F(M, w̃0µ, b̃M )wa ⊆ F(G,µ, b)wa.

Proof. The first assertion is clear. For the second one, let x ∈ F(M, w̃0µ, b̃M )wa(C) and let
xG be its image via the natural morphism F(M, w̃0µ) → F(G,µ). Suppose Q is a standard
parabolic subgroup with Levi component MQ. Let bMQ

be a reduction of b to MQ. Let w ∈WΓ

and b1 ∈M1(F̆ ) with M1 = M ∩w−1MQw as in Lemma 3.14. Let Q1 be the standard parabolic
subgroup of M with Levi component M1. Since

(Eb1 ×M1 Q1)×Q1,ad(w) Q ' EbMQ ×
MQ Q

by Lemma 3.14, we have

(Eb,xG)Q ' (Eb̃M ,x)Q1 ×Q1 Q,
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where Q1 → Q is induced by the adẇ and where (Eb,xG)Q (resp.(Eb̃M ,x)Q1
) is the reduction of

Eb,xG (resp. Eb̃M ,x) to Q (resp. Q1) induced by the reduction EbMQ×
MQQ (resp. Eb1×M1Q1) of Eb

(resp. Eb̃M ) toQ (resp. Q1). For any χ ∈ X∗(Q/ZG)+, we have degχ∗(Eb,xG)Q = degχ′∗(Eb̃M ,x)Q1

with χ′ = χ◦adẇ ∈ X∗(Q1). Write χ′ = χ′1+χ′2 with χ′1 = AvWM
(χ′) the WM average of χ′. Up

to replacing χ by a multiple mχ for m ∈ N big enough, we may assume χ′1 ∈ (Φ∨M )⊥ = X∗(M),
χ′2 ∈ X∗(M1/ZM ). Moreover, the choice of w implies wβ ∈ Φ+

G for any β ∈ Φ+
M . Hence

χ′2 ∈ X∗(M1/ZM )+, here + stands for M -dominant. Then

degχ∗(Eb,x)Q = degχ′∗(Eb̃M ,x)Q1

= degχ′1∗(Eb̃M ,x)︸ ︷︷ ︸
=0

+ degχ′2∗(Eb̃M ,x)Q1︸ ︷︷ ︸
≤0

≤ 0

since [b̃M ] ∈ B(M, w̃0µ) combined with the weak admissibility of x. �

Recall that M and b̃M are as in Corollary 3.5. The following lemma reflects the fact that the
category of isocrystals is semi-simple. If we can decompose an isocrystal in two different ways,
then we can decompose it in a way that is finer than the previous two decompositions.

Lemma 3.14. Suppose G is quasi-split. Let bMQ
be a reduction of b to MQ, where MQ is the

Levi component of a standard parabolic subgroup Q. Then there exist w ∈WΓ (where WΓ can be

identified with the relative Weyl group of G), g1 ∈M(F̆ ), g′1 ∈ (w−1MQw)(F̆ ) and b1 ∈M1(F̆ )
with M1 = w−1MQw ∩M such that

(1) w is the minimal length element in WΓ
MQ

wWΓ
M ;

(2) (b1, g1) is a reduction of b̃M to M1;

(3) (b1, g
′
1) is a reduction of ẇ−1bMQ

σ(ẇ) to M1 with ẇ ∈ N(T )(F̆ ) a representative of w.

Moreover, WMQ
wWM is the generic relative position between the reduction Eb̃M ×

M P of Eb to

P and the reduction EbMQ ×
MQ Q of Eb to Q.

Proof. The last assertion is implied by the conditions (2) and (3). We first show that there exists
elements satisfying condition (2) and (3). More precisely, we claim that there exists w̃ ∈ WΓ,

g̃1 ∈M(F̆ ), g̃′1 ∈ w̃−1MQw̃(F̆ ) and b̃1 ∈ M̃1(L) with M̃1 = w̃−1MQw̃ ∩M such that

(2) (b̃1, g̃1) is a reduction of b̃M to M̃1;

(3) (b̃1, g̃
′
1) is a reduction of ˙̃w−1bMQ

σ( ˙̃w) to M̃1 with ˙̃w ∈ N(T )(F̆ ) a representative of w̃.

Note that a representative ˙̃w of w̃ can be chosen in N(T )(F̆ ) by Steinberg’s theorem ([38] III
2.3).

By definition, b̃M is induced from w0bMb
w−1

0 via the natural inclusion w0Mbw
−1
0 ⊆M . There-

fore, without loss of generality, we may assume M = w0Mbw
−1
0 . Since bMQ

is a reduction of b to
MQ, Up to σ-conjugation, we may assume νbMQ : D→MQ is defined over F and has image in the

split maximal torus A which is MQ-anti-dominant. Choose w̃ ∈WΓ such that w̃−1νbMQ = w0[νb]

is G-anti-dominant. Then Centw̃−1MQw̃(ν ˙̃w−1bMQσ( ˙̃w)) = w̃−1MQw̃∩M = M̃1 and ˙̃w−1bMQ
σ( ˙̃w)

has a canonical reduction (b̃1, g̃
′
1) to M̃1. Then (3) follows.

Let b̃′1 be the image of b̃1 via the inclusion M̃1 ⊆ M . For (2), it suffices to show [b̃′1] = [b̃M ]
in B(M). Clearly,

[νb̃′1
]M = [νb̃M ]M = (w0[νb])M−dom ∈ N (M).

By the injectivity of the map (1.3.1)

(ν, κM ) : B(M)→ N (M)× π1(M)Γ,

it suffices to show κM (b̃′1) = κM (b̃M ) ∈ π1(M)Γ. Since

κM (a) = νa in π1(M)Γ ⊗Z Q, ∀a ∈M(F̆ ),

we have κM (b̃′1)− κM (b̃M ) ∈ π1(M)Γ,tor. As b̃1 and b̃M are both reductions of b, we have

κG(b̃′1) = κG(b̃1) = κG(b̃M ) in π1(G)Γ.

The result follows by the injectivity of the map π1(M)Γ,tor → π1(G)Γ,tor (cf. proof of Lemma 3.3).
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Let w = w1w̃w2 be the unique minimal length element in WΓ
MQ

w̃WΓ
M with w1 ∈ WΓ

MQ
and

w2 ∈ WΓ
M . Then w ∈ WΓ and we can choose representatives ẇ2 ∈ M(F̆ ), ẇ ∈ G(F̆ ) of w2 and

w respectively again by Steinberg’s theorem. Let

b1 := ẇ−1
2 b̃1σ(ẇ2) ∈M1(F̆ ),

g1 := g̃1ẇ2 ∈M(F̆ ),

g′1 := ẇ−1 ˙̃wg̃′1ẇ2 ∈ w−1MQw(F̆ ).

They satisfy the desired properties (1)-(3). �

Now we are ready to prove the main result of this section.

Proof of proposition 3.7. We only deal with the case [b] ∈ B(G,µ). The proof for [b] ∈ A(G,µ)

is similar. By Lemma 3.9 and Lemma 3.11, we have the equality of morphisms: prw̃0
= ξ̃M ◦ ξ̃−1

G

and

F(G,µ, b)a ⊆ pr−1
w0

(F(M,w0µ, b̃M )a).

Now it remains to show that Eb,x is a trivial G-bundle for any x ∈ pr−1
w̃0

(F(M, w̃0µ, b)
a(C)). By

Lemma 2.14, (Eb,x)P ×P M ' Eb̃M ,prw̃0
(x) which is a trivial M -bundle. The result then follows

by Corollary 2.9.
The proof for the weak admissibility is similar. Suppose x ∈ F(G,µ, b)wa(C). Then x ∈

P (C)w0Pµ(C)/Pµ(C) by Lemma 3.9. We show that prw̃0
(x) ∈ F(M, w̃0µ, b̃M )wa(C). Suppose

M ′ ⊂ M is a standard Levi subgroup of M with b′ ∈ M ′(L) a reduction of b̃M to M ′. Let
P ′M ⊆ M (resp. P ′ ⊆ G) be the standard parabolic subgroup of M (resp. G) with Levi
component M ′. We need to show that

degχ∗(Eb̃M ,prw̃0
(x))P ′M ≤ 0,∀χ ∈ X∗(P ′M/ZM )+

where (Eb̃M ,prw̃0
(x))P ′M is the reduction to P ′M of EMb′M ,prw̃0

(x) induced by the reduction Eb′×M
′
P ′M

of Eb̃M . By Remark 2.8, it’s equivalent to show

AvWM′ (νEM′ ) ≤M 0 in X∗(A)Q,(3.0.3)

where EM ′ := (Eb̃M ,prw0
(x))P ′M ×

P ′M M ′. By Theorem 2.7,

AvWM′ (νEM′ ) ≤M νEM in X∗(A)Q,(3.0.4)

where EM := Eb̃M ,prw0
(x). On the other hand, by Lemma 2.14 and Lemma 3.10, we have

EM ′ = (Eb̃M ,prw0
(x))P ′M ×

P ′M M ′ ' ((Eb,x)P ×P M)P ′M ×
P ′M M ′ ' (Eb,x)P ′ ×P

′
M ′,

where (Eb,x)P ′ is the reduction to P ′ of Eb,x induced by the reduction Eb′×M
′
P ′ of Eb. The weak

semi-stability of Eb,x implies that

AvWM′ (νEM′ ) ≤G 0 in X∗(A)Q.(3.0.5)

Hence the inequality (3.0.3) follows from (3.0.4) and (3.0.5) combined with the fact that

AvWM
(νEM ) = 0

since [b̃M ] ∈ B(M, w̃0µ).

For the other side, suppose x ∈ P (C)w0Pµ(C)/Pµ(C) with prw̃0
(x) ∈ F(M, w̃0µ, b̃M )wa(C).

We want to show x ∈ F(G,µ, b)wa(C). Suppose Q is a standard parabolic subgroup of G with
Levi-component MQ. Let bMQ

be a reduction of b to MQ. We need to show

degχ∗(Eb,x)Q ≤ 0,∀χ ∈ X∗(Q/ZG)+,(3.0.6)

where (Eb,x)Q is the reduction to Q of Eb,x induced by the reduction EbMQ ×
MQ Q to Q of Eb.

By the proof of Corollary 2.9, the reduction (Eb,x)Q to Q of Eb,x induces a reduction

(Eb̃M ,prw0
(x) ×

M G)Q

of Eb̃M ,prw0
(x) ×M G to Q. Moreover, we have

degχ∗(Eb,x)Q = degχ∗(Eb̃M ,prw0
(x) ×

M G)Q.

Hence the inequality (3.0.6) follows by the weak admissibility of prw0
(x) and Lemma 3.13. �
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4. The action of J̃b on the modifications of G-bundles

Now we state the main results of this article. We first state the main result in the quasi-split
case.

Suppose G is quasi-split and [b] ∈ A(G,µ). Recall that by Remark 1.5, we may assume
[b] ∈ B(G,µ] + ε, µ�) for some ε ∈ π1(G)Γ,tor. By Lemma 3.3 (cf. also Corollary 3.5), there
exists a unique standard Levi subgroup M of G with a reduction bM of b to M such that (M,µ, b)
is HN-indecomposable and ε is in the image of the injective map π1(M)Γ,tor → π1(G)Γ,tor. So
we may consider ε as an element in π1(M)Γ,tor. In the following, sometimes we also identify bM
with b.

Theorem 4.1. Suppose G is quasi-split and µ is minuscule. Let [b] ∈ B(G,µ] + ε, µ�). Suppose
M is the standard Levi subgroup of G such that (M,µ, b) is Hodge-Newton-indecomposable. Then
the equality F(G,µ, b)wa = F(G,µ, b)a holds if and only if B(M,µ] + ε, µ�) is fully Hodge-
Newton-decomposable and [b] is basic in B(M).

In particular, for [b] ∈ B(G,µ), the equality F(G,µ, b)wa = F(G,µ, b)a holds if and only if
the pair (M,µ) is fully Hodge-Newton-decomposable and [b] is basic in B(M).

Remark 4.2. For GLn and [b] ∈ B(G,µ), this theorem is proved by Hartl [21] Theorem 9.3.

We have a similar description when the group G is non-quasi-split .

Theorem 4.3. Suppose µ is minuscule and [b] ∈ B(G,µ). Let [bH ] ∈ B(H) be the image of [b]
via the natural morphism B(G) ' B(H). Let MH be the standard Levi subgroup of H with a
reduction bHM of bH to MH such that [bHM ] ∈ A(MH , µ) and (MH , µ, bHM ) is HN-indecomposable.
Then

(1) the Levi-subgroup MH of H corresponds to a Levi-subgroup M of G via the inner twisting,
(2) the equality F(G,µ, b)wa = F(G,µ, b)a holds if and only if the pair (M,µ) is fully HN-

indecomposable and [bM ] is basic in B(M), where [bM ] corresponds to [bHM ] via B(M) '
B(MH).

In order to prove the main theorems, we need some preparations.

Lemma 4.4. Suppose M is a standard Levi subgroup of H defined over F . Let ẇ0 ∈ G(F̆ ) be
a representative of w0. Then the map

M(F̆ ) ' (w0Mw−1
0 )(F̆ )

g 7→ ẇ0gσ(ẇ0)−1

induces the bijections

B(M) ' B(w0Mw−1
0 ),

B(M)basic ' B(w0Mw−1
0 )basic,

B(M,µ) ' B(w0Mw−1
0 , w̃0µ),

B(M,µ] + ε, µ�) ' B(w0Mw−1
0 , (w̃0µ)] + w0ε, (w̃0µ)�),

where w̃0µ := (w0µ)w0Mw−1
0 −dom

is the w0Mw−1
0 -domominant representative of w0µ in its

Ww0Mw−1
0

-orbit. Moreover B(M,µ] + ε, µ�) is fully HN-decomposable if and only if so is

B(w0Mw−1
0 , (w̃0µ)] + w0ε, (w̃0µ)�).

Proof. We may assume that w̃0 is the minimal length representative in Ww0Mw−1
0
w0. Note that

for any g ∈M(F̆ ),

[νẇ0gσ(ẇ0)−1 ] = w̃0[νg] ∈ N (w0Mw−1
0 ).

The other assertions can be checked easily. �

We also need the following proposition which is a key ingredient of the proof of the main
result.

Proposition 4.5. Suppose G quasi-split. Suppose [b] ∈ A(G,µ) and (G,µ, b) is HN-indecomposable.
If b is not basic, then F(G,µ, b)a 6= F(G,µ, b)wa.

Before proving this proposition, we first show how to use it combined with Proposition 3.7 to
prove the main theorem.
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Proof of theorem 4.1. For the sufficiency, suppose B(M,µ]+ε, µ�) is fully HN-decomposable and

[bM ] is basic in B(M). Then B(M̃, (w̃0µ)] +w0ε, (w̃0µ)�) is fully HN-decomposable and [b̃M ] is

basic in B(M̃) with M̃ = w0Mw−1
0 and b̃M = w0bMσ(w0)−1 by Lemma 4.4. After applying [6]

Theorem 6.1 and its proof for the non quasi-split case to the triple (M̃, w̃0µ, b̃M ), we get that

F(M̃, w̃0µ, b̃M )a = F(M̃, w̃0µ, b̃M )wa. The result follows by Proposition 3.7.
For the necessity, if bM is not basic in M or B(M,µ] + ε, µ�) is not fully HN-indecomposable,

it’s equivalent to say that b̃M is not basic in M̃ or B(M̃, (w̃0µ)] + w0ε, (w̃0µ)�) is not fully
HN-indecomposable, then after applying Proposition 4.5 (in the first case) or [6] Theorem 6.1

and its proof for non quasi-split case to the triple (M̃, w̃0µ, b̃M ), we get F(M, w̃0µ, b̃M )a 6=
F(M, w̃0µ, b̃M )wa. And F(G,µ, b)wa = F(G,µ, b)a follows again by Proposition 3.7. �

Proof of theorem 4.3. The reduction to the quasi-split case is similar to the proof of [6] Theorem
6.1. We may assume that G is adjoint, then G = Jb∗ is an extended pure inner form of H, where
[b∗] ∈ B(H)basic. We have

F(G,µ, b)a = F(H,µ, bH)a,

F(G,µ, b)wa = F(H,µ, bH)wa,

and [bH ] ∈ B(H,µ] + κ(b∗), µ�). By Lemma 1.8,

κ(b∗) ∈ Im(π1(MH)Γ,tor → π1(H)Γ,tor)

and if we view κ(b∗) as an element in π1(MH)Γ,tor, we have

[bHM ] ∈ B(MH , µ] + κ(b∗), µ�).

Let [b∗M ]MH ∈ B(MH)basic with κMH (b∗M ) = κ(b∗) ∈ π1(MH)Γ. Then [b∗] = [b∗M ] ∈ B(H) and

we may assume b∗ = b∗M ∈MH(F̆ ). It follows that M = Jb∗M is a pure inner form of MH which
is also a Levi subgroup of G. Therefore (1) follows.

For (2), by Theorem 4.1, F(H,µ, bH)a = F(H,µ, bH)wa if and only if [bHM ] is basic in H and
B(MH , µ] + κ(b∗), µ�) is fully HN-indecomposable. The later condition is equivalent to (M,µ)
fully HN-indecomposability. �

The rest of the section is devoted to prove Proposition 4.5. Suppose G is quasi-split. In order
to distinguish the roots for different groups, we will write ∆G and ∆G,0 for ∆ and ∆0 respectively.
For any β ∈ ∆G, let Mβ be the stardard Levi subgroup of G such that ∆Mβ

= ∆G\Γβ. For any
α ∈ ∆G,0, let Mα := Mβ for any β ∈ ∆G such that β|A = α.

Lemma 4.6. Suppose G is quasi-split. Let [b] ∈ B(G,µ] + ε, µ�) be a non basic element, where
ε ∈ π1(G)Γ,tor. Suppose (G,µ, b) is HN-indecomposable. Then there exist α̃ ∈ ∆0, w ∈ W and
x ∈ F(Mα̃, wµ)(C) satisfying the following conditions:

(1) 〈α̃, [νb]〉 > 0,
(2) wµ is Mα̃-dominant,
(3) ε ∈ Im(π1(Mα̃)Γ,tor ↪→ π1(G)Γ,tor, (hence we may view ε ∈ π1(Mα̃)Γ,tor)
(4) EbMα̃ ,x ' Eb′Mα̃ , where bMα̃

is the reduction of b to Mα̃ deduced from its canonical reduc-

tion bMb
to Mb combined with the inclusion Mb ⊆Mα̃, and b′Mα̃

∈ B(Mα̃)basic such that

κMα̃
(b′Mα̃

) = −(β̃∨)] + ε with β̃ ∈ ∆ and β̃|A = α̃.

Proof. By Lemma 1.8 [bMb
] ∈ B(Mb, (w1µ)] + ε, (w1µ)�) for some w1 ∈ W . Moreover, ε ∈

Im(π1(Mb)Γ,tor ↪→ π1(G)Γ,tor. Hence (3) holds for anyMα̃ containingMb. For any α ∈ ∆G,0 such
that 〈α, [νb]〉 > 0, let [bMα ] be the image of [bMb

] via the natural map B(Mb) → B(Mα). Then
[bMα ] ∈ A(Mα, (w1µ)Mα−dom). As (b, µ) is not HN-decomposable, we have (w1µ)Mα−dom 6= µ.
Therefore there exists β ∈ ∆G such that β|A = α and 〈β, (w1µ)Mα−dom〉 < 0. Let

Rα := {(sβ(w1µ)Mα−dom)Mα−dom ∈Wµ|β ∈ ∆G, β|A = α, 〈β, (w1µ)Mα−dom〉 < 0},

where sβ ∈W is the reflection corresponding to β. Let wµ be a maximal element in the subset⋃
α∈∆G,0,〈α,[νb]〉>0

Rα ⊂Wµ.

Suppose wµ ∈ Rα for any α ∈ ∆G,0, then (α,wµ) satisfies (1) and (2). It remains to find
x ∈ F(Mα̃, wµ)(C) satisfying condition (4) for some α̃ with wµ ∈ Rα̃.
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It’s equivalent to find α̃ ∈ ∆G,0, y ∈ F(Mα̃, (wµ)−1)(C) such that EbMα̃ ' Eb′Mα̃ ,y and

wµ ∈ Rα̃.
By Proposition 1.14, we need to find α̃ ∈ ∆G,0 such that wµ ∈ Rα̃ and

[bMα̃
] ∈ B(Mα̃, κMα̃

(b′Mα̃
) + (wµ)], νb′Mα̃

(wµ)�).

By Lemma 1.7, the later is equivalent to the conditions

κMα̃
(bMα̃

) = (wµ− β̃∨)] + ε in π1(Mα̃)Γ,(4.0.1)

κMb
(bMb

) �Mb
−AvΓAvWMα̃

(β̃∨) + AvΓ(wµ) in π1(Mb)Γ,Q.(4.0.2)

Let (βj)j∈J be a set of representatives of Galois orbits in ∆G\∆Mb
. Let

wµ− w1µ =
∑
j∈J

njβ
∨
j in π1(Mb)Γ

with nj ∈ N for all j ∈ J .
Claim 1: nj ≥ 1,∀j ∈ J .

Suppose nj0 = 0 for some j0 ∈ J . Let α0 = βj0 |A. Then (wµ)Mα0
−dom = (w1µ)Mα0

−dom.

Again by HN-indecomposability, (wµ)Mα0−dom 6= µ. Then there exists β ∈ Γβj0 such that

〈β, (wµ)Mα0
−dom〉 < 0. It follows that

(sβ(w1µ)Mα0
−dom)Mα0

−dom � wµ.

This contradicts with the maximality of wµ. Hence Claim 1 follows.
By definition, suppose wµ ∈ Rα for some α and wµ = (sβ(w1µ)Mα−dom)Mα−dom, where

α ∈ ∆G,0 with 〈α, [νb]〉 > 0 and β ∈ ∆G with β|A = α. Suppose β ∈ Γβj0 for some j0 ∈ J , then
nj0 = 1 by the definition of wµ. If the subset

J1 := {j ∈ J |nj = 1}

of J consists of the single element of j0. Let α̃ := α, β̃ := β. We will verify that α̃ satisfies the
desired properties. Since [bMb

] ∈ B(Mb, (w1µ)] + ε, (w1µ)�), we have

κMα̃(bMα̃) = (w1µ)] + ε = (wµ− β̃∨)] + ε in π1(Mα̃)Γ.

The equality (4.0.1) follows. For the inequality (4.0.2), we have

AvΓ(wµ)− κMb
(bMb

)−AvΓAvWMα̃
(β̃∨)

= (wµ− w1µ)−AvWMα̃
(β̃∨)

<Mb
0

in π1(Mb)Γ,Q, where the last inequality follows from Lemma 4.7 (1) (because E8 case does not
occur as there is only trivial minuscule cocharacters in that case) combined with the fact that
nj ≥ 2 for any j ∈ J\{j0}.

It remains to deal with the case when J1 has at least two elements. By Claim 1, for any
j ∈ J , up to replacing βj by some other representative in the same Galois orbit, we may assume
βj appears in the linear combination of wµ− w1µ.
Claim 2: wµ = µ = (sβj′ (w1µ)Mβ

j′
−dom)Mβ

j′
−dom for any j′ ∈ J1.

We want to show wµ is G-dominant. Suppose j′0 ∈ J1 with j0 6= j′0. Let wµ = w3sβj′0
w2w1µ

with w2, w3 ∈WMβ
j′0

. Then we have

(sβj′0
(w1µ)Mβ

j′0
−dom)Mβ

j′0
−dom < sβj′0

w2w1µ.

Since both sides are in Wµ with difference a linear combination of coroots in Mβj′0
, we have⋃

α

Rα 3 (sβj′0
(w1µ)Mβ

j′0
−dom)Mβ

j′0
−dom = (sβj′0

w2w1µ)Mβ
j′0
−dom < wµ.

By the maximality of wµ, we deduce that wµ is both Mβj0
-dominant and Mβj′0

-dominant.

Therefore

wµ = (sβj′0
w2w1µ)Mβ

j′0
−dom

is G-dominant and Claim 2 follows.
Let (Ii)0≤i≤r be the increasing sequence of subsets in ∆G as in Lemma 4.7. Suppose i0 is the

smallest integer such that {βj |j ∈ J1} ∩ Ii0 is not an empty set. Choose β̃ ∈ {βj |j ∈ J1} ∩ Ii0 .
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Let α̃ := β̃|A. By the same arguments as before we can verify that α̃ satisfies the condition
(4.0.1). For the condition (4.0.2), let

AvWMα̃
(β̃∨) :=

∑
j∈J

mjβ
∨
j in π1(Mb)Γ,Q,

with mj ∈ Q for all j ∈ J . By Lemma 4.7, 0 ≤ mj ≤ 2 (as E8 case will not occur) for all j ∈ J ,
and 0 ≤ mj ≤ 1 for all j ∈ J1. Then

AvΓ(wµ)− κMb
(bMb

)−AvΓAvWMα̃
(β̃∨)

= (wµ− w1µ)−AvWMα̃
(β̃∨)

=
∑
j∈J

(nj −mj)β
∨
j

<Mb

∑
j∈J1

(1−mj)β
∨
j +

∑
j∈J\J1

(2−mj)β
∨
j

<Mb
0.

�

Lemma 4.7. Suppose G is quasi-split. Let β ∈ ∆G. Suppose

AvMβ
β∨ = β∨ +

∑
γ∈(∆Mβ

)Γ

nβ,γγ
∨ in X∗(T )Γ,Q.(4.0.3)

Then

(1) 0 ≤ nβ,γ ≤ 3 for all γ ∈ (∆G)Γ. Moreover, if all the connected components of the Dynkin
diagram of G is not of type E8, then 0 ≤ nβ,γ ≤ 2 for all γ ∈ (∆G)Γ.

(2) There exist r ∈ N≥1 and an increasing sequence of Γ-invariant subsets in ∆G

∅ = I0 ⊂ I1 ⊂ · · · ⊂ Ir−1 ⊂ Ir = ∆G

such that if β ∈ Ii for some i, then nβ,γ ≤ 1 for all γ /∈ (Ii−1)Γ. In particular, if r = 1,
then nβ,γ ≤ 1 for all β ∈ ∆G, γ ∈ (∆G)Γ.

Proof. This lemma only depends on the absolute root system of G with Galois action. After
considering separately each connected component of the Dynkin diagram of G, we may assume
the Dynkin diagram of G is connected. The first assertion can be checked directly case by case.
Indeed, it suffices to compute explicitely all the nβ,γ in (4.0.3). As 〈AvMβ

β∨, α〉 = 0 for any
α ∈ ∆Mβ

, it follows that

〈β∨, α〉+
∑

γ∈(∆Mβ
)Γ

nβ,γ〈γ∨, α〉 = 0

for any α ∈ ∆Mβ
. Then {nβ,γ} is the unique solution of this system of linear equations.

For the second assertion, we list the increasing sequence of Γ-invariant subsets in ∆G case by
case according to the type of Dynkin diagram of G. We can check directly that this increasing
sequence of subsets satisfies the desired property. We left the details of the verification to the
readers.
Case An: In the 1An case or 2An case with n even, take r = 1. Otherwise, we are in the 2An
case with n odd, then take r = 2 and I1 = ∆G\{β} where β is the unique Γ-invariant root in
∆G.
Case Bn: take r = 2 and I1 is the subset of long roots in ∆G.
Case Cn: take r = 1.
Case Dn: In the 1Dn case with n > 4, take r = 2 and ∆G\I1 consists of two roots which are
the end points of the Dynkin diagram and are neighbors to the same simple root.

In the 2Dn case or 1D4 case, take r = 1.
In the 3D4 case, take r = 2 and I1 = ∆G\{β} where β is the unique Γ-invariant root in ∆G.

Case En: Suppose the Dynkin diagram of E8 is as follows:

β1

β2

β3 β4 β5 β6 β7 β8

In the E7 (resp. E6) case, we remove β8 (resp. β7 and β8) in the diagram.
In the 1E6 case, take r = 3, I1 = {β4}, I2 = {β2, β3, β4, β5}.
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In the 2E6 case, take r = 4, I1 = {β3, β5}, I2 = I1 ∪ {β1, β6}, I3 = I2 ∪ {β4}.
In the E7 case, take r = 4, I1 = {β4}, I2 = {β3, β4, β5}, I3 = ∆G\{β7}.
In the E8 case, take r = 5, I1 = {β4}, I2 = {β4, β5}, I3 := I2 ∪ {β3, β6}, I4 = ∆G\{β8}.

Case F4: Suppose the Dynkin diagram is as follows:

β1 β2 β3 β4

Take r = 3, I1 = {β2}, I2 = {β1, β2, β3}.
Case G2: Take r = 2, I1 is the set of unique long root in ∆G. �

Now we can prove Proposition 4.5.

Proof of Proposition 4.5. As b is not basic, there exist α ∈ ∆0, w ∈ W and x ∈ F(Mα̃, wµ)(C)
satisfies the properties (1)-(3) in Lemma 4.6 which follows. Let bMα̃

and b′Mα̃
as in loc. cit.

Let xG ∈ F(G,µ)(C) be the image of x via the natural morphism:

F(Mα̃, wµ)(C) → F(G,µ)(C)
a(Mα̃ ∩ wPµw−1) 7→ awPµ

Then Eb,xG ' Eb′Mα̃×
Mα̃G ' Eb′ where [b′] ∈ B(G) is the image of [b′Mα̃

] ∈ B(Mα̃) via the natural

map B(Mα̃) → B(G). Hence xG /∈ Fa(C). Moreover, xG /∈ Fwa(C). Indeed, the canonical
reduction (Eb′)Pα̃ of Eb′ to the standard parabolic subgroup Pα̃ corresponding to Mα̃ induces the
reduction EbMα̃ ×

Mα̃ Pα̃ of Eb to Pα̃. Take χ ∈ X∗(Pα̃/ZG)+, then degχ∗(Eb′)Pα̃ > 0.

For any element γ ∈ J̃b(K), we have γ(xG) /∈ Fa(C). Choose γ ∈ J̃≥λmaxb (K)\{1} with
λmax = maxγ∈Φ〈νb, γ〉, it remains to show that γ(xG) ∈ Fwa(C).

Suppose the pair (b, γ(xG)) is not weakly admissible. There exist a standard maximal para-
bolic subgroup Q, a reduction bMQ

of b to the Levi component MQ of Q and χ ∈ X∗(Q/ZG)+

such that

degχ∗(Eb,γ(xG))Q > 0,

where (Eb,γ(xG))Q is the reduction of Eb,γ(xG) to Q induced by a reduction Eγb,Q of Eb to Q,

where Eγb,Q := Eb̃MQ ×
MQ Q is induced by a reduction b̃MQ

of b to MQ (and hence to Q). The

isomorphism γ : Eb
∼→ Eb induces an isomorphism Eb/Q

∼→ Eb/Q, hence by Remark 2.2, Eb,Q
induces a reduction Eγb,Q of Eb to Q and an isomorphism Eb,Q

∼→ Eγb,Q satisfying the commutative
diagram

Eb
γ

∼
//

∼
��

Eb

∼
��

Eb,Q ×Q G
∼ // Eγb,Q ×Q G

Suppose the reduction (Eb,xG)Q to Q of Eb,xG is induced by the reduction (Eb,γ(xG))Q to Q of
Eb,γ(xG) by Lemma 1.13 and Remark 2.2. We get a cubic commutative diagram

Eb,Q
∼ //

zz

��
�O

�O

�O

�O

�O

Eγb,Q

��

xx
Eb

∼
γ

//

��

Eb

��

(Eb,xG)Q

zz

∼ // (Eb,γ(xG))Q

xx
Eb,xG

∼ // Eb,γ(xG)

where the vertices of the front face are the G-bundles and vertices of the back face are the
corresponding reductions of G-bundles to Q, the vertical waved arrows denote the modification
of G or Q-bundles. It follows that degχ∗(Eb,xG)Q = degχ∗(Eb,γ(xG))Q > 0.
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According to theorem 2.7 the vector

v : X∗(Q/ZG) −→ Z
χ 7−→ degχ∗(Eb,xG)Q

seen as an element of X∗(A)Q satisfies v ≤ νEb,xG = νEb′ with v 6= 0. As νEb′ ∈ NG\{0} is

minimal, one deduces that v = νb,xG , Q = Pα̃ and (Eb,xG)Q is the HN canonical reduction of
Eb,xG . Therefore Eb,Q = EbMα̃ ×

Mα̃ Pα̃ to Q of Eb. Pushing forward via the natural projection

Pα̃ →Mα̃, the isomorphism of Pα̃-bundles Eb,Pα̃ ' E
γ
b,Pα̃

induces an isomorphism of Mα̃-bundles,

hence we have [bMα̃
] = [b̃MQ

] ∈ B(Mα̃). According to the following lemma 4.8, the two reductions

bMα̃
and b̃Mα̃

:= b̃MQ
of b to MQ are equivalent. In particular, the reductions Eb,Q and Eγb,Q of

Eb to Q are equivalent. Hence they give the same sub-vector bundle

Eb,Q ×Q,Ad LieQ = Eγb,Q ×
Q,Ad LieQ

over X of Ad(Eb) = Eb ×G,Ad g. By theorem 1.9, this sub-vector bundle corresponds to a sub-

B̄-module q in gB̄ which is stable under the action of Ad(γ), where we identify J̃b(K) with a
subgroup of G(B̄) (cf. section 1.5). Recall that in loc. cit., we have also defined a filtration

(g≥λ
B̄

)λ∈Q on gB̄ , As νbMα̃ = νb, the non-zero elements of q are in the −〈γ, νb〉 graded pieces of

gB̄ for some absolute root γ in Q = Pα̃. In particular q ∩ g≥λmax
B̄

= 0. On the other side, since

γ 6= 1, we can always choose an element y ∈ q ∩ g≥0
B̄

such that Ad(γ)(y) 6= y. Note that

0 6= Ad(γ)(y)− y ∈ g≥λmax
B̄

,

which implies q ∩ g≥λmax
B̄

6= 0. We get a contradiction. �

Lemma 4.8. Suppose b ∈ G(F̆ ). Suppose α̃ ∈ ∆0 such that 〈α̃, νb〉 > 0. Let (bMα̃
, g) and

(b̃Mα̃ , g̃) be two reductions of b to Mα̃ with [bMα̃ ] = [b̃Mα̃ ] ∈ B(Mα̃) and νbMα̃ = νb. Then the

two reductions (bMα̃
, g) and (b̃Mα̃

, g̃) are equivalent.

Proof. As [bMα̃
] = [b̃Mα̃

] ∈ B(Mα̃), we may assume bMα̃
= b̃Mα̃

. Then

g̃g−1 ∈ Jb = {h ∈ G(F̆ )|bσ(h) = hb}.

Since 〈α̃, νb〉 > 0, Jb ⊆Mα̃(F̆ ). It follows that (bMα̃
, g) and (b̃Mα̃

, g̃) are equivalent. �

5. Newton stratification and weakly admissible locus

In this section, we suppose G is quasi-split and [b] ∈ A(G,µ) is basic. Under this condition,
the proof of [6] Theorem 6.1 in fact shows the following finer result.

Theorem 5.1 ([6]). Let [b′] ∈ B(G, κG(b)− µ], νbµ−1).

(1) If (G, νb(w0µ
−1)�, b′) is HN-decomposable, then F(G, b, µ)[b′] ∩ F(G, b, µ)wa = ∅;

(2) If (G, νb(w0µ
−1)�, b′) is HN-indecomposable and [b′] a minimal element in the set B(G, κG(b)−

µ], νbµ
−1)\[1] for the dominance order, then F(G, b, µ)[b′] ∩ F(G, b, µ)wa 6= ∅.

Inspired by this theorem, we have the following conjecture.

Conjecture 5.2. Suppose [b′] ∈ B(G, κG(b)−µ], νbµ−1) with (G, νb(w0µ
−1)�, b′) HN-indecomposable,

then

F(G, b, µ)[b′] ∩ F(G, b, µ)wa 6= ∅.

Remark 5.3. The full conjecture is proved by Viehmann in [41] very recently.

In the rest of the section, we will prove this conjecture for the linear algebraic groups for
special µ.

For r, s ∈ Z with r > 0, let O([ sr ]) := O( sr )d if d = (s, r). Then degO([ sr ]) = s and
rankO([ sr ]) = r.

Proposition 5.4. Let G = GLn. Suppose [b′] ∈ B(G, κG(b)−µ], νbµ−1) with (G, νb(w0µ
−1)�, b′)

HN-indecomposable. If Eb′ ' O([ 2
r1

])⊕O([−2
r2

]) or O([ 1
r1

])⊕O([ 0
r2

])⊕O([−1
r3

]) for some r1, r2, r3 >
0, then

F(G, b, µ)[b′] ∩ F(G, b, µ)wa 6= ∅.
In particular, the conjecture 5.2 holds when µ = (1(r), 0(n−r)) with r(n− r) ≤ 2n.
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Proof. For the last assertion, if µ = (1(r), 0(n−r)) with r(n− r) ≤ 2n, then by Proposition 1.14,
[b′] ∈ B(G, κG(b)−µ], νbµ−1)\[1] implies Eb′ ' O([ 2

r1
])⊕O([−2

r2
]) or O([ 1

r1
])⊕O([ 0

r2
])⊕O([−1

r3
])

for some r1, r3 > 0 and r2 ≥ 0. So the last assertion follows from the first one combined with
Theorem 5.1 (when r2 = 0). Now it remains to prove the first assertion.

We claim that there exists an exact sequence of vector bundles

0→ E ′ → Eb → E ′′ → 0(5.0.1)

satisfying a commutative diagram

0 // E ′ // Eb // E ′′ // 0

0 // Ẽ ′ //
?�

OO

Eb′ //?�

OO

Ẽ ′′ //
?�

OO

0

where E ′ and E ′′ are semi-stable vector bundles and the vertical arrows are the modifications of
minuscule type. Indeed, suppose Eb = O([ sr ]). If Eb′ ' O([ 2

r1
])⊕O([−2

r2
]), then r = r1 + r2. Let

Ẽ ′ = O([ 2
r1

]), Ẽ ′′ = O([−2
r2

]). If s ≤ r2, then let E ′ = O([ 2
r1

]) and E ′′ = O([ s−2
r2

]). Otherwise, let

E ′ = O([ s+2−r2
r1

]) and E ′′ = O([ r2−2
r2

]). If E ′b ' O([ 1
r1

])⊕O([ 0
r2

])⊕O([−1
r3

]), then r1 +r2 +r3 = r.
We can easily check that one of the following two equalities holds:

s− 1

r − r1
≤ r3 − 1

r3
,
s− r3 + 1

r − r3
≥ 1

r1
.

(Otherwise, the equalities give upper and lower bounds for s. The comparison of the two bounds
leads to a contradiction r < r1 + r3). In the former case, let

E ′ = O([ 1
r1

]), E ′′ = O([ s−1
r−r1 ]),

Ẽ ′ = O([ 1
r1

]), Ẽ ′′ = O([ 0
r2

])⊕O([−1
r3

])

In the later case, let

E ′ = O([ s−r3+1
r−r3 ]), E ′′ = O([ r3−1

r3
]),

Ẽ ′ = O([ 1
r1

])⊕O([ 0
r2

]), Ẽ ′′ = O([−1
r3

])

The existence of the extension 5.0.1 is due to [1], and the existence of the modifications given
by the left and right vertical arrows are given by Proposition 1.14. The vertical arrow in the
middle of the commutative diagram gives a point in x ∈ F(G, b, µ)[b′](C). It suffices to show
x ∈ Fwa(C). Suppose G ⊆ Eb′ is any sub-vector bundle of Eb′ corresponding to a reduction
(Eb,x)P of Eb′ to a maximal parabolic subgroup P such that degG > 0. Let G′ ⊆ Eb be the
corresponding sub-vector bundle of Eb corresponding to the reduction (Eb)P induced by (Eb,x)P .
We want to show that G′ does not come from subisocrystals.

Suppose G′ comes from subisocrystals. The fact that degG > 0 combined with the particular
choice of b′ implies that G ⊇ Ẽ ′ or G ⊆ Ẽ ′. Then G′ ⊇ E ′ or G′ ⊆ E ′. The later case is obviously
impossible. For the former one, E ′′ = Eb/E ′ must have a direct summand of slope s

r which is
also impossible as E ′′ is semi-stable. �
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