FARGUES-RAPOPORT CONJECTURE FOR p-ADIC PERIOD DOMAINS IN
THE NON-BASIC CASE

MIAOFEN CHEN

ABSTRACT. We prove the Fargues-Rapoport conjecture for p-adic period domains in the non-
basic case with minuscule cocharacter. More precisely, we give a group theoretical criterion
for the cases when the admissible locus and weakly admissible locus coincide. This generalizes
the result of Hartl for the group GL, ([21]). In the last section, we also give a conjecture
about the intersection of weakly admissible locus and the Newton strata in the flag variety.
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INTRODUCTION

Let F' be a finite extension of Q,,, and let F be the p-adic completion of the maximal unramified
extension of F' with Frobenius 0. We consider the flag variety F(G, u1) assoicated to a pair (G, ),
where G is a reductive group over F', and p a minuscule cocharacter of G. It’s a projective variety
over the local reflex field E = E(G, {u}), the field of definition of the geometric conjugacy class
{u} of u. We still denote by F(G,pu) the associated adic space over E. For any b € G(F)
satisfying certain conditions with respective to u (cf. 2.2), we are interested in two open adic
subspaces

F(Gp,b)" € F(G, 1, )™ C F(Gyp)

inside F(G, ), where F(G, u, b)** is the weakly admissible locus, defined by Rapoport and Zink
([32]) by removing a profinite number of Schubert varieties inside F (G, ) which contradicts the
weakly admissibility condition defined by Fontaine (cf. section 2.2), and where F(G, i, b)® is the
admissible locus, or called the p-adic period domain. It’s much more mysterious. The existence
of the admissible locus has been conjectured by Rapoport and Zink. It’s characterized by the
properties that it has the same classical points as the weakly admissible locus (see [9], in which
way weakly admissible locus is also considered as its algebraic approximation) and there exists
a local system with G-structures on it which interpret the crystalline representations on all
classical points. When the triple (G, y, b) is of PEL type, the admissible locus F(G, u1, b)® is the
image of the p-adic period mapping from the Rapoport-Zink space associated to (G, i, b) to the
flag variety F(G, ). There is also direct construction of F(G, u,b)® in special cases by Hartl
[21] and Faltings [12]. In the most general case, the existence of the admissible locus equipped
with the étale local system is known due to the work of Fargues-Fontaine ([17]), Kedlaya-Liu
([22]) and Scholze ([37]). In fact, the admissible locus is defined by semi-stable conditions on the
modification of the G-bundle associated to b of type u on the Fargues-Fontaine curve. Moreover,
it can also be considered as the image of the p-adic period mapping from the local Shimura
variety associated to (G, u, b) to the flag variety F(G, ) ([36], [30]).
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We want to understand the structure of the p-adic period domains. As the structure of
its approximation, the weakly admissible locus, is well known, it’s natural to ask when the p-
adic period domain coincides with the weakly admissible locus. Hartl classified all the cases
for G = GL,, in [21]. For general group G, Rapoport and Fargues have conjectured a group
theoretic criterion when b is basic, which has now become the following theorem.

Theorem (Fargues-Rapoport conjecture, [6], Theorem 6.1). Suppose b is basic. The equality
F(G, pu, b)** = F(G, 1, b)* holds if and only if (G, p) is fully Hodge-Newton decomposable.

Recently, Shen also generalizes the Fargues-Rapoport conjecture for non-minuscule cocharac-
ters in [40]. Here the fully Hodge-Newton-decomposability condition is purely group theoretic.
This notion is first introduced and systematically studied by Gortz, He and Nie in their article
[19], where they classified all the fully Hodge-Newton decomposable pairs and give more equiv-
alent conditions of fully Hodge-Newton decomposability. When G is a general linear group, the
triple (G, u,b) is Hodge-Newton-indecomposable if all the breakpoints of the Newton polygon
defined by b do not touch the Hodge polygon defined by p. Otherwise, the triple is called Hodge-
Newton-decomposable. Let B(G) be the set of o-conjugacy classes of G(F). For b € G(F), let
[b] € B(G) be the o-conjugacy class of b. An element [b] € B(G) is called basic if the Newton
polygon of b is central. Kottwitz defined a subset B(G, ) in B(G). When G is the general linear
group, [b] € B(G, u) if and only if the Newton polygon of [b] lies on or above the Hodge polygon
of p and they have the same endpoint. The pair (G, ) is fully Hodge-Newton decomposable
if for any non basic [b'] in the Kottwitz set B(G,u), the triple (G, pu,b’) is Hodge-Newton-
decomposable. We refer to section 3 for the details of these notions.

The main result of this article is a generalized version of Fargues-Rapoport conjecture which
works for any b. It is inspired by the Fargues-Rapoport conjecture for basic elements and Hartl’s
result for GL,,. For simplicity, we assume that G is quasi-split in the introduction. There is also
a similar description for the non-quasi-split case (Theorem 4.3) in Section 4.

Theorem (Theorem 4.1). Suppose M is the standard Levi subgroup of G such that [b] € B(M, 1)
and (M, b, u) is Hodge-Newton-indecomposable. Then the equality F(G,u,b)"* = F(G, u,b)*
holds if and only if (M,{p}) is fully Hodge-Newton-decomposable and [b] is basic in B(M).

The key ingredients of the proof of the main theorem are Proposition 3.7 which describes the
relation of the (weakly) admissible locus for different groups G and its Levi subgroup M and
the following proposition.

Proposition (Proposition. 4.5). Suppose (G, u,b) is Hodge-Newton-indecomposable. If b is not
basic, then F(G, u,b)* # F(G, pu, b)"*.

Indeed, we know that on the flag variety there is a group action of J,. We prove that the
group action preserves the admissible locus but not the weakly admissible locus by producing
a point which is weakly admissible but not admissible. Such a point exists in the Jy-orbit of a
non weakly admissible point.

We briefly describe the structure of this article. In section 1, we review the basic facts about
the Kottwitz set and G-bundles on the Fargues-Fontaine curve. In section 2, we review the
reduction of G-bundles and introduce the weakly admissible locus and admissible locus in the
flag variety in term of (weakly) semi-stable condition on the modification of G-bundles. In
section 3, we review the Hodge-Newton-decomposability condition and prove Proposition 3.7
which is one of the main ingredients for the proof of the main theorems. In section 4 we prove
Proposition 4.5 and the main theorems 4.1 and 4.3 by using the J,-action on the flag variety. In
section 5, we discuss the relation between the Newton strata and the weakly admissible locus.
We introduce a conjecture predicting which Newton strata contain weakly admissible points in
the basic case. We prove this conjecture in a very special case in Proposition 5.4. The full
conjecture is proved by Viehmann in [41] very recently.
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NOTATIONS

We use the following notations:

F' is a finite degree extension of @, with residue field IF, and a uniformizer .
F is an algebraic closure of F' and I' = Gal(F|F).

F = Fun is the completion of the maximal unramified extension with Frobenius o.

G is a connected reductive group over F' and H is a quasi-split inner form of G equipped

with an inner twisting G » = H e

e ACT C B, where A is a maximal split torus, 7' = Zg(A) is the centralizer of A in T,
and B is a Borel subgroup in H.

o (X*(T),®,X.(T),®") is the absolute root datum with positive roots &+ and simple
roots A with respect to the choice of B.

o W = Ny(T)/T is the absolute Weyl group of T in H, and wy is the longest length
element in W.

o (X*(A), g, X.(A),®Y) is the relative root datum with positive roots ®J and simple
(reduced) roots Ay.

e If M is a standard Levi subgroup in H we denote by ®,,; the corresponding roots or

coroots showing up in Lie M, and by W), the Weyl group of M. If P is the standard

parabolic subgroup of H with Levi component M, sometimes we also write Wp for W),.

1. KOTTWITZ SET AND (G-BUNDLES ON THE FARGUES-FONTAINE CURVE

In this section, we will recall the some basic facts about the G-bundles on the Fargues-Fontaine
curve which will be the main tool for our study of p-adic period domains.

1.1. The Fargues-Fontaine curve. Let K be a perfectoid field over IFy with wg € K satisfying
0 < |wk]| < 1. Let

Yk = Spa(Wo, (Ok))\V (mplwk])
be an adic space over F equipped with an automorphism ¢ induced from the Frobenius K|F,.
The Fargues-Fontaine curve over F' associated to K is the schema

X = Xi = Proj( @D BE™),
d>0
where B = H°(Vk, Oy, ). The scheme X is a curve (which means it’s a one dimensional
noetherian regular scheme) over F([17] thm 6.5.2, 7.3.3).
If we replace K by an affinoid perfectoid space S = Spa(R, R*") over F,, we can similiarly
construct Vs and Xg over F' which is called the relative Fargues-Fontaine curve (cf. [22]).

1.2. G-bundles. From now on, suppose K = C” is the tilt of a complete algebraically closed
field C over F. Then the curve X is equipped with a closed point oo with residue field k(oc0) = C.
Let Bunx be the category of vector bundles on X. The classification of vector bundles on X is
well known due to the work of Fargues-Fontaine.

Theorem 1.1 ([17] theorem 8.2.10). Ewvery vector bundle on X is a direct sum of stable sub-
vector bundles, and the isomorphism classes of stable vector bundles on X are parametrized by
the slope in Q.

For A € Q, let O()) be a stable vector bundle on X of slope A € Q.
By [17], {oo} = V*(¢) with t € H°(X,O(1)). Then

X\{oo} = Spec(B,) and Xo, = Spec(By)
where B, = B K[%]‘P:l is a principal ideal domain, and B;R is a complete discrete valuation ring
with residue field C. Let Bggr be the fraction field of B;‘R. The following proposition tells us

that a vector bundle on X is determined by its restrictions to X\{oo} and )/(:o with a gluing
datum.

Proposition 1.2. [[17] Corollary 5.3.2/Let C be the category of triples (Mo, Mar,u) where

o M, is a free B.-module of finite rank;
e Myr is a free B;R—module of finite rank;

o u:M,®p, Bar — Mg ®B§R Bggr is an isomorphism of Bgg-modules.
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Then there is an equivalence of categories
Buny — C

& (T(X\{0}, ), Eno, Id).

Let Isocj p be the category of isocrystals relative to F|F. By [17] thm 8.2.10, there is an
essentially surjective functor
E(—) : Isocjp p — Bunx
where for any (D,¢) € Isocjp, the vector bundle £(D, ¢) on X is associated to the graded
_d
B0 Bi F-module
@(D ® BK)W®¢:7T%.
d>0
In fact, it maps a simple isocrystal of slope A to O(=\).
To any b € G(F'), we can associate an isocrystal with G-structures:
Fy : RepG — ISOCF|F
V= (VF’ b(f)
Its isomorphism class only depends on the o-conjugacy class [b] € B(G) of b, where B(G) is
the set of o-conjugacy classes in G(F). In this way, B(G) parametrises the set of isomorphism
classes of F-isocrystals with G-structure, cf. [31] Remarks 3.4 (i).

Recall that a G-bundle on X is a G-torsor on X which is locally trivial for the étale topology.
Equivalently, a G-bundle on X can also be viewed as an exact functor RepG — Buny where
RepG is the category of rational algebraic representations of G. The étale cohomology set
H} (X, Q) classifies the isomorphism classes of G-bundles on X.

For b € G(F'), we can associate to b a G-bundle on X.

Fb E(-)
E =E&(—) o Fp : RepG — IsocF‘F — Buny.
By [15] theorem 5.1, there is a bijection of sets
B(G) = Hy (X, G)
[6] = [E].
In this way, the set B(G) also classifies G-bundles on X.

1.3. Kottwitz set. There are two invariants on the set B(G), the Newton map and the Kottwitz
map. For any b € G(F'), there is a composed functor

F : RepG EiN ISOCF‘F — Q — grVect

where Q — grVect is the category of Q-graded vector spaces over F and the second functor is
given by the Dieudonné-Manin’s classification of isocrystals which decomposes an isocrystal into
isocline sub-isocrystals parametrized by Q. We can attach to F a slope morphism
vy D = Aut® (w) = Aut®(wo F) = G,

where w : Q — grVect . — Vect; is the natural forgetful functor and D is the pro-algebraic torus
over F with X*(D) = Q.

The conjugacy class of the slope morphism v, is defined over F' and it only depends on the
o-conjugacy class of b. We thus obtain the Newton map

v: B(G) — N(G)
(0] =[],
where N'(G) = N(H) = X.(A)§ is the Newton chamber. The o-conjugacy class [b] € B(G)
is called basic if v, is central. Denote by B(G)pesic the subset of basic o-conjugacy classes in
B(G).
The other invariant is the Kottwitz map ([25] 4.9, 7.5, [31] 1.15):

RG - B(G) — 7T1(G)F
[b] = ke ([b]),
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where m1(G) = m(H) = X,(T)/{®") is the algebraic fundamental group of G, and m (G)r
is the Galois coinvariants. For G = GL,, kaL, ([b]) = vp(det(d)) € Z = m(GL,,)r where v,
denotes the p-adic valuation on F. For general GG, the Kottwitz map is characterized by the
unique natural transformation x(_y : B(—) — m1(—)r of set valued functors on the category of
connected reductive groups over F' such that kg, is defined as above. Let B(G)pasic be the
subset of basic elements in B(G), then the restriction of kg on B(G)pasic induces a bijection

RG B(G)basic - 71—I(G)F'

Moreover if [b] € B(G)pasic With kg ([b]) = pf € 71(G)r with u € X.(T)T, then [1p] = AvrAvyp
where Avyy (resp. Avr) denotes the W-average (resp. I'-average).

The elements in B(G) are determined by the Newton map and Kottwitz map. Namely, the
map

(1.3.1) (v,kq) : B(G) — N(G) x m1(G)r

is injective ([25] 4.13).

Definition 1.3. (1) Let [b] € B(G) and p € X.(T)", we define the Kottwitz sets
B(G,p) = {[t] € B(G)|[m] < 1°, ki (b) = 1}
A(G, p) == {[b] € B(G)[[m] < 1}

whzch are finite subsets in B(G), where
= Avr(u) € N(G) is the Galois average of p,
. uu € m1(G)r is the image of p via the natural quotient map X, (T) — m1(G)r,
o the order < on N(G) is the usual order: v1 < vy if and only if vo — vy € QZ()(I)S’.
(2) We define a partial order on A(G,p): For [bi],[b2] € A(G,u), we say [b1] < [be] if
[Vbl] < [l/b2]'

We will also need the following generalized Kottwitz set defined in [6].

Definition 1.4. For e € m1(G)r and § € X, (A)Q we set
B(G,¢,0) ={[b] € B(G) | kg(b) =€ and [vp] < §}.

Remark 1.5. (1) We following the notations in [6]. For the generalized Kottwitz set B(G, €, d),
the term € is written in an additive way while the term 0 is written in a multiplicative
way.

(2)
B(G,p) = B(GvﬂuMO)
AGp =[] BG#+er),

e€m1(G)r tor
where 71 (G)r 1or denotes the subgroup of torsion elements in w1 (G)r.

Definition 1.6. Suppose G is quasi-split. Let M be a standard Levi subgroup of G. We define a
partial order <pr in w1 (M)p and in w1 (M)r,g as follows: for yi,ys € m(M)r (resp. m1(M)rg),
we write Y1 =pr Y2 if and only yo — y1 s a non-negative integral linear combination of images
in w1 (M)r (resp. m1(M)rg) of coroots corresponding to the simple roots of T in N with N the
unipotent radical of the standard parabolic subgroup of G with Levi component M .

We have the following characterization of the generalized Kottwitz set.

Lemma 1.7. Suppose G is quasi-split. Let M be a standard Levi subgroup of G. Let b € M(F')
such that [b]ar € B(M) is basic. Then [b] € B(G,¢,0) if and only if

ka(b) =€ and rpr(b) <pr 8% in T (M)r g,

where 6% denotes for the image of § via the natural map X.(A)g — m(M)rg by abuse of
notation.

Moreover, for elements in the Kottwitz set B(G, 1), we can have an simpler characterization:
[b] € B(G,p) if and only if kpr(b) =<ar i in 7 (M)r where p¥ denotes the image of p in 7 (M)r
by abuse of notation.
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Proof. The proof is the same as [26] Proposition 4.10. We repeat the proof for generalized
Kottwitz set here, while the proof for B(G, ) is similar. The necessity is obvious. For the
sufficiency, the inequality s (b) <as 6% in 7y (M )r,@ implies

[Z/b] = AVFAVWM (Ii]y[(b)) S AVFAVWMé S (5,

where r/(b) denotes a preimage of ks (b) via the natural map X, (T) — 71 (M)r and the second
inequality is due to the fact that § is dominant. O

The following lemma will be used in the proof of the main theorem.

Lemma 1.8. Suppose G is quasi-split and p € X,(T)V is minuscule. Let M be a standard Levi

.

subgroup of G and b € M(F).
(1) Then the natural map w1 (M)r 1or — T1(G)r or 1S injective.
(2) Suppose [b] € B(G, ), then there exists ' € X..(T) such that [blpr € B(M, ') and u' is
conjugate to p in G.
(3) Suppose [b] € B(G, u* + €, u°) with € € m1(G)r tor, then

€c Im(ﬂ'l(M)F,tor — 7Tl(CVY)l",tor)

and there exists w € W such that [b] € B(M, (wp)*™ + €, (wu)*M), here we view € as
an element in w1 (M) tor-

Proof. For (1), the map 71 (M)r or — 71(G)r tor can be identified with the map H!(F, M) —
H(F,G) which is injective(cf. [38] Exercise 1 in III §2.1).

The part (2) of the lemma is proved by [33] Lemma 8.1 (2) when G is unramified. For the
general case, we want to reduce to the unramified case. Without loss of generality, we may
assume that G is adjoint and simple by [25] 6.5. Moreover, after replacing M by a smaller Levi
subgroup, we may assume that [b]y; € B(M)pasic. Then by Lemma 1.7,

[b] € B(G, 1) < kar(b) <ar pf in 7wy (M)r.

We want to show that there exists y/ € X, (T) which is conjugate to p such that wps(b) = (/)"
in T1 (M)F

Let Q := Ker(m (M) — m1(Q)).
Claim: Qr = Ker(m(M)r — m1(G)r).

Let A := Ker(m (M)r — m1(G)r) which is torsion free by the proof of [6] Lemma 4.11. As
the functor (—)r is right exact, there exists a natural surjection Qr — A. We need to show
it’s injective. Therefore it suffices to show rankgAg = rankgQr,g. Since the functor (—)r g is
canonically isomorphic to the functor (f)a, we have

Ag ~ Ker(m (M)(B — 771(G)5) = Qa.

The Claim follows.
By the Claim, pu — xpr(b) € Qr. We need to show there exists p/ € X, (T') which is conjugate
to u such that
pr—rar(b) = p— ' in Qr.
It’s a question only about root system with Galois action. Indeed, by the classification of k-forms
of GG, we can construct an unramified group G over F which is a form of G and they both have
same Tits-indices. More precisely, we can find T C B C G over F where T is a maximal torus
and B is a Borel subgroup such that
e X*(T)~ X*(T) and via this identification Ag = Ag;
e Ag and Az have the same Galois orbits.
Then the absolute Weyl group of (G, T) and (G, T) are isomorphic. Let M be the standard Levi
subgroup of G such that A 7 = Aum. The isomorphism between the character groups induces

an identification 71 (M)r = w1 (M)r. Let fi € X,.(T') be the cocharacter corresponding to y via

the idendtification X, (T) =~ X.(T). Let [b] € B(M)pasic such that (b)) € 71 (M)r maps to

rar(b) € 1 (M) via the identication 7 (M)r = m1(M)r. As G is unramified, we can find i’ for
[b] € B(G,[i). Then ;' is the cocharcter of G corresponding to fi'.

For (3), as before, we may assume [b] € B(M)pqsic after replacing M by a smaller group.
Then [vp] < p® implies that

.M

HM(b) jM 12 in 7T1(M)F7Q.
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Hence there exists € € 1 (M)r 1or such that
k(D) — € <ar M in 7w (M)p.
Let [b'] € B(M)pasic such that kpr(b') = kar(b) — €. Then [V] € B(G, u). By (2), there exists
w € W such that [b'] € B(M,wpu). Therefore [vy]ar = [vy]ar < (wp)®M and
= ka(t) = ra(b) — € = pf + e — € in 7 (Q)r,

where €' is considered to be an element in 71 (G)r o via the natural map in (1). Hence € = ¢
and

rar(b) = k(b)) + € = (wp)? + € in w1y (M)r.

d
1.4. Classification of G-bundles in terms of p-modules over B. Let
1
Bt = Wo, (Ok)[—],
TF

B:= (Bb’+/[WK])red~

Here B is a local F-algebra with residue field Wo,. (kk )g.

The Frobenius on O induces an automorphism ¢ on B** and on B.

Let ¢ —Modp (resp. ¢ —Modwy,  (k),) be the category of free B-modules (resp. Wo,.(kx)g-
vector spaces) of finite rank equipped with a semi-linear isomorphism.

Theorem 1.9 ([17] Theorem 11.1.7 and 11.1.9). There is an equivalence of additive tensor
categories:
Buny — ¢ — Modp.

For (M, ) € ¢—Mod g, the Harder-Narasimham filtration of the corresponding vector bundle
gives a Q-filtration (M=*),cq of M which is called the Harder-Narasimham filtration of M (cf.
[15] 5.4.1). i

For any 8 € G(B), we define

&z : RepG — ¢ — Modp — Buny
(V.p) = (V @r B, p(B)p)

Proposition 1.10 ([15] Proposition 5.11). The functor 8+ Eg induces a bijection between the
set of -conjugacy classes in G(B) and the set of isomorphism classes of G-bundles on X.

We also define a functor red 5 ; as composition of two functors:

®pWor (kx)o
=

redp 1 : ¢ —Modg ¢ = Modw, (k) — Is0Cj 5

where the second functor is a quasi-inverse of the functor
(—) ®}$ W(QF (k‘K)Q . ISOCF|F ;> ® — MOdWOF(kK)Q

which is an equivalence of categories due to Dieudonné-Manin’s theorem of classification of
isocrystals.

1.5. The automorphism group J,. For [b] € B(G), let .J, = Aut(E,) be the pro-étale sheaf of
automorphisms of &, on the category of affinoid perfectoid spaces Perfﬁq over F,. More precisely,
for any affinoid perfectoid space S over F,, one has Jy(S) = Aut(Epxg)-

In this subsection, we review the structure of the group Jy(K) studied in [15] section 5.4.2.
Suppose &, corresponds to the p-conjugay class of 5 € G(B) as in Proposition 1.10. Then

J(K) ~ {g € G(B)|gB = Bplg)}.

We will identify these two groups via this isomorphism. In order to study the structure of Jp(K),
we need to use a parabolic subgroup of G ® B that contains Jj,(K).
Consider the functor

RepG — ¢ — Mod — Q — filtered B — modules
(V,p) = (V @r B, p(B)p)
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where the second functor is given by the Harder-Narasimham filtration. By [43] theorem 4.40,
this functor corresponds to a parabolic subgroup P € G&p B with J,(K) C P(B). The structure
of P is well understood. Let

Ad: G — GL(g)

be the adjoint representation with g := LieG. Then (g @ B, Ad(8)y) is the p-module over B
corresponds to the vector bundle Ad(p) := 5 xAd g. Hence it has the Harder-Narasimham
filtration (g%’\))\@@. In particular, for A # 0, the dimension of gr'*gs equals to the number of
roots & € ® such that (o, 15,) = A. Then

P ={g € GplAd(9)(e35") = 05"}
LieP = g%o
Moreover, the parabolic subgroup P is filtered by (P=?) AeQs, such that
P>0 = R,P;
VYA > 0,P22 /P> 5 artgs @ G
Pt = {g € Gpl(Ad(g) — 1d)(g5") = 05"
Let jbz)‘(K) = J,(K) N'PZN(B) for all A\ € Qx, then we can understand the graded pieces:
To(K) /Ty (K) = Jy = {g € G(F)|bo(g) = gb};
YA > 0, J7NE) [ J7NE) ~ (grigg)tdP)e=1d
where (grigp)AdA)e=1d g % copies of HO(X,0x (X)) if A = ¢ with (d,h) = 1. In
particular jbz’\(K) 2 J7M(K) if there exists a € ® such that (a,1) = A > 0.
1.6. Modifications of a G-bundle on X.

Definition 1.11. Let £ be a G-bundle on X. A modification of G-bundles of € (on o0) is a
pair (E',u), where £ is a G-bundles on X and

w: Elx\ oo} — €|\ {00}

is an isomorphisme of G-bundles on X\{oo}. Two modifications (€', u) and (E',0) of & are said
to be equivalent if there exists an isomorphism f: & = &' such that @ = Flx\{oc} © u-

Consider the Byg-affine Grassmannian Gro®® attached to G (cf. [36]). We only need its

C-points
Grg'(C) := G(Bar)/G(Bp)-

For any b € B(G), let & be the associated G-bundle on X. For any z € Gr*(C), we can
construct a modification & , of & a la Beauville-Laszlo given by gluing & x\ (o0} and the trivial
bundle on Spec(Bjy) via the gluing datum given by x (cf. [5] Theorem 3.4.5 and [14] 4.2, [13]
Proposition 3.20). Moreover, by [13] Proposition 3.20, there is a bijection
(1.6.1) Gréf(C) =5 {equivalent classes of modifications of &}

x +—— equivalent class of (& 4,Id)
For € X, (T)*, the corresponding affine Schubert cell is
Grdii (C) = G(Bip)n(t) ' G(Bp) [G(By) € Grg(C).
Here we use the non standard notion of affine Schubert cell associated to anti-dominant p~*.

This affine Schubert cell is closely related to the modification of G-bundles of type p as in the
following definition.

Definition 1.12. A modification of & is of type p if its equivalent class falls in the affine
Schubert cell Grgfj’(C’) via (1.6.1).

The natural action of J,(K) = Aut(&,) on the set of modifications of &, induces via (1.6.1)
an action of J,(K) on GrgdR ().

Let EA'bOO be the local completion of & at oco. It is canonically trivialized. Hence there is a
natural morphism

apq 1 Jo(K) = Aut(&) = Aut(Ee) = G(BR)
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The action of J,(K) on Grg*®(C) is given by left multiplication via ay .

Lemma 1.13. Let v € J,(K). For any x € Grng(C), the automorphism vy : & = &, induces
an automorphism

:Y : 51),;8 = gbﬁ(w)

such that the following diagram is commutative:

Eb/x\ (o0} — > Ebjx\ {00}

Idl ~ im

5
Eb,21 X\ {00} — b,y ()| X\ {00}

Proof. By Tannakian formalism, it suffices to deal with the case when G = GL,. Then G-

bundles on X is the same thing as vector bundles of rank n. Suppose &, corresponds to the
Bar

triple (M., Myr,u) as in Proposition 1.2, then z € Grg?#(C) corresponds to a B ,-lattice M,
in Mygr ®BI Bigr and &, ,; corresponds to the triple (M, M, u). The automorphism v : & 5 &
R
corresponds to a pair (Ye,v4r) of automorphisms compatible with u, where
Ye : Me — Mec,var : Mar — Myg.

Then &, () corresponds to the triple (M., var(M,),u) where yar(My) is the image of M, via
YdR ®BIR Bar : Mur ®B;R Byr = Mur ®B;R Bar. We define 7 : &, = 5(,7,),(33) to be the
automorphism corresponds to
Ye : Me ;) MeafydR : Ml‘ L) ’YdR(Mm)
The commutativity of the diagram can be verified directly. O
Recall that we have the Bialynicki-Birula map (cf. [5] Propostion 3.4.3)
wapu: Grgit(C) — F(G, 1)(C).

By Tannakian formalism, we may reduce the construction to the case when G = GL,,. In this
case, Grgdﬁ (C) paramatrizes the lattices in B, that has relative position u~! with the standard

lattice B7'. Write o = (k1,--- ,kn) with ky > kg > -+ > k,. Suppose A € Grg‘fﬁ'(C’). We
define an increasing filtration Fil} of C™ as follows: for any m € Z,
Fil{'C™ = (Bip)" Nt~ A/((tBj)" Nt~™A) € (Bip)"/(tBgp)" = C".
It’s easy to check that
dimcFily'C"™ = max{1 < i < n|k; > —m}.
Therefore m¢ ,,(A) := Fil} € F(G, u)(C).

From now on, suppose p is minuscule. Then the Bialynicki-Birula map 7g , is an isomorphism
by [5] Lemma 3.4.4. For z € F(G, ;t)(C), we denote by &, the modification &, 5k (@) of & of
’ Y

type u.
When [b] € B(G) is basic, the isomorphism classes of the modifications of &, can be classified
as follows.

Proposition 1.14 ([30] A.10, [6] Prop. 5.2). Let [b] € B(G) be basic. Let
B(G, 5 (b) — i, Y) = B(G, kalb) — b, m(won1)°) € B(G).
(Here we write the element vy(wop=1)° in X, (A)a in the multiplicative form but not the usual
additive form.) The map [b'] — [Ey] gives a bijection
B(G, 5 (b) — i i) =~ (&0l 7 € F(GL)(C)}/ ~
The action of J,(K) on Grg‘jﬁ(C) defined by the multiplication on the left via the morphism
oy, induces an action of J,(K) on F(G,u)(C) via the Bialynicki-Birula map 7¢,,. For any
v € Jp(K), we have an automorphism (still denoted by)
’N)/ : 5571 :> 51,,7(35)
of G-bundles for any z € F(G, p)(C).
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2. ADMISSIBLE LOCUS AND WEAKLY ADMISSIBLE LOCUS
2.1. Reductions of G-bundles.

Definition 2.1. (1) Let H C G be a closed subgroup of G. Suppose € is a G-bundle on X.
A reduction of & to H is a pair (Eg,t) where Eg is a H-bundle and 1 : Eg xH G 5 &
is an isomorphism of G-bundles. We will also write Eg for such a reduction if we don’t
need to emphasis .

(2) Two reductions (Ep, 1) and (E,") of € to H are called equivalent if there exists an
isomorphism u : Eg — E}y such that 1 = ' o (u x7 G).

Remark 2.2. The equivalence classes of redcutions of £ to H are in bijection with the sections
of the fibration H\E — X.

We will assume G quasi-split in the rest of this subsection.

Definition 2.3. Let b € G(F') For a Levi subgroup M of G, a reduction of b to M is a pair
(bar, g) with by, € M(F) and g € G(F) such that b = gbyo(g)~t. We also write by for such
a reduction if we don’t need to emphasize g. Two reductions (bar,g) and (D, ¢') of b to M
are equivalent if and only if there exists h € M(F) such that (by;,¢') = (hbpro(h)™', gh™").
Similarly, we can define the same notion for parabolic subgroups.

There is a natural injective map
{equivalent classes of reductions of b to M} — {equivalent classes of reductions of &, to M}.

This map is in general not surjective.

Example 2.4. Let G = GLj with Levi subgroup M = GL3 x GLy. Let b € G(F) with New-

ton slopes (%, %, %, %, %) Then there exists a unique equivalent class of reductions of b to M.

However, as the decomposition of & = O(—3%) ® O(—3) on semi-stable vector bundles is not
canonical because of the existence of morphisms O(—%) — O(—3), there exist infinite equivalent
classes of reductions of & to M.

The following lemma will be used frequently in the sequel.

Lemma 2.5. [[6] Lemma 2.4] Let £ and £’ be two G-bundles on X with a modification &|x\ {co} —
E'|x\{oo}- Then for any parabolic subgroup P of G, we have a bijection

{Reductions of € to P} — {Reductions of &' to P}.

Let £ be a G-bundle on X, by [15] 5.1, there exists the canonical reduction Ep of &€ to a
unique standard parabolic subgroup P of G such that

e the assoicated M-bundle Ep x© M is semi-stable, where M is the Levi component of P,
e for any x € X*(P/Za)\{0} NNAg, we have degx.Ep > 0.

Using the Harder-Narasimham reduction £p, we can define the slope
ve € X, (A)Q

of £ by the Galois invariant morphism X*(P) — Z which maps x € X*(P) to degx.Ep combined
with the inclusion

Homy(X*(P),Z)" = X.(M*)"' ¢ X.(Aum)o C X.(A)g,
where M is the cocenter of M and Ay C A is a maximal split central torus of M.

Proposition 2.6 ([17] Proposition 6.6, [5] Lemma 3.5.5). Let [b] € B(G) and = € Grg:’f(C).
Then

(1) we have an equality in the positive Weyl chamber
Ve, = —wo[vp),
where wq 1s the element of longest length in the Weyl group W ;
(2)
f' (E,0) = 1F = r(b) € T (G)r,
where ¢§ denotes the G-equivariant first Chern class. In particular, ¢ (&) = —ra(b).

Recall the following fact:
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Theorem 2.7 ([34] theo. 4.5.1). Let £ be a G-bundle on X.
(1) Suppose Eq is a reduction of € to the standard parabolic subgroup Q. Consider the vector
v: X*(Q) — Z
X — deg x+€Q
seen as an element of X.(A)g. Then one has v < vg. Moreover, if this inequality is an
equality, then Q@ C P and Ep ~ &g x®@ P, where Ep is the canonical reduction of &.

(2) The vector ve can be defined as being the supremum of all such vectors v associated to
all possible reductions Eq in the poset X, (A)g.

Remark 2.8. If we view v as an element in X, (A)g, then v = AV, (VgMQ), where Mg is
the Levi component of Q and En, = Eq x®@ M.

Corollary 2.9. Suppose € is a G-bundle with Ep a reduction to P. Let & = (Ep xT M) xM G.
Then ve < ver. In particular, if Ep xT M is a trivial M -bundle, then & is a trivial G-bundle.

Remark 2.10. When G = GL,,, this corollary is shown in [23] Lemma 3.4.17.

Proof of Corollary 2.9. Suppose £g is a reduction of £ to a standard parabolic subgroup Q.
Suppose

sp: X = P\&, sg: X = Q\E
are the corresponding sections for £p and &g respectively. Then the relative position map:
Q\GxP\G — Q\G/P =Wo\W/Wp
(Qg1.Pg2) = Qgigy'P
gives
X U2 O\& x P\E — Wo\W/Wp.

Let WowWp be the image of the generic point of X, where w is the minimal length representative
of the double coset WouwWp. Let X’ C X be the preimage of WouwWp. It’s an open subscheme
of X.

By Theorem 2.7(2), the corollary follows from the following Claim.
Claim: Eg induces a reduction Sé of &' to the parabolic subgroup Q such that Eg and Sé has
the same vector v as defined in Theorem 2.7.
Now it remains to prove the Claim. The composition of morphisms
EpoEXE
induces a monomorphism
Pna tQu\Ep — Q\E.
The pullback by the section sg : X — Q\E of this morphism gives a section of
PN w_lle\(gp)|X/ — X',
Combined with the natural morphism
Pnuwt'Qu\Ep — Py \ENy

induced by the projection to the Levi quotient, where £}, = Ep x¥' M and P, = M N~ 1Qu, we
get a reduction (&£}, P}w)‘x' of (£);)|x+ to its standard parabolic subgroup P;,. The composition
of morphisms
Ey—& ¢
induces a morphism
(lew\gjlvf)\x’ - (Q\g/)p(',
and we get a reduction E(X,Q of E(X, to @ induced from 5;\/1,% via this morphism. Then the

desired reduction ‘%2 of the Claim is obtained by the application of the valuative criterion of
properness to Q\E' — X as Q\G is proper and X is a Dedekind scheme.
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Now it remains to show that £ and & has the same vector v as defined in Theorem 2.7.
By the construction of Eé, this results from the commutativity of the following diagram for any

X € X*(Q)
X

(2.1.1) Pna~ Qi 2% Q — X~ G,,

PrM\L

P],VI adw Q X Gm

where pr,, is restriction to P Nw~1Qw of the projection of P to its Levi component M. O

Remark 2.11. Notations as in the above corollary. When G = GL,, and M = GL,,, x GL,,, with
ny +ng = n, then £ corresponds to a vector bundle of rank n over X, and & x¥ M corresponds
to a pair of a vector bundle of rank ny, and a vector bundle of rank ny over X which admits an
extension by £. Therefore the above corollary gives a mecessary condition of whether a vector
bundle over Fargues-Fontaine curve X is an extension of two given vector bundles over X.

The converse side of the corollary is the following conjecture.

Conjecture 2.12. Let P be a standard parabolic subgroup of G with Levi component M. Let €
be a G-bundle and £}, be a semi-stable M -bundle with ve < ve, where &' = &y, xM G. Suppose
ver 18 G-anti-dominant. Then € has a reduction Ep to P such that Ep x¥ M ~ Enr-

Remark 2.13. When G = GL,,, the conjecture is proved in [1]. Recently, this conjecture is
proved by Viehmann in [41]. Note that in the conjecture the G-anti-dominant assumption for
ver is necessary since H' (X, O(X)) = 0 for A > 0. The assumption that £}, is semi-stable (i.e.
which corresponds to a basic element in B(M)) is also necessary which is explained in [8].

Let by be a reduction of b to M, where M is a standard Levi subgroup of G. Let P be the
standard parabolic subgroup with Levi component M. Recall that for any w € W, there is an
affine fibration

pry, : F(G, 1)(C)" := P(C)wP,(C)/Pu(C) = F(M, wp)(C)
by projection to the Levi quotient. We have the following fact.
Lemma 2.14 ([6] Lemma 2.6). For x € P(C)wP,(C)/P,(C) there is an isomorphism
(gb,w)P XP M ~ ng,prw(x)~

where byr is a reduction of b to M and (Ey4)p s the reduction of &, to P induced by the
reduction &,, x™ P of & to P.

2.2. Weakly admissible locus. Recall that {u} is a geometric conjugacy class of a minuscule
cocharacter u : G,, — Gp. After choosing a suitable representative in {u}, we may assume
p € X.(T)" via inner twisting, where * stands for the dominant cocharacters. We consider the
adic space F(G, ) associated to the flag variety over Spa(E). For b € G(F), Rapoport and Zink
has defined a weakly admissible locus

F(G, 1, b)" C F(G, p)

associated to (G, u,b). Now we recall its definition.

Let L|F be a complete field extension. For any = € F(G, 1)(L), we can associate a cocharacter
pie € {p} defined over L. Let ¢ — FilMod,  be the category of filtered isocrystals over L|F.
There is a functor

Zyz : RepG — ¢ — FilModL/F

(Vi p) = (Vip, p(b)a, Fil5,, Vi)

pOL

The pair (b,z) is called weakly admissible if for any (V,p) € RepG, the filtered isocrystal

T, »(V,p) is weakly admissible in the sense of Fontaine. More precisely, a filtered isocrystal

V = (V,p,Fil*Vy) over L\F’ is called weakly admissible if for any subobject V' of V with filtration
induced from V, we have

tH(V) = tN(V) and tH(V/) < tN(V/),
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where tn (V) the mp-adic valuation of det ¢ and

ta(V) = i-dimg grige (VL)
i€z
Let
F(G, p,b)*(L) :={z € F(G, u)(L)|(b, z) is weakly admissible}.
This defines the weakly admissible locus F(G, i, b)* which is a partially proper open subspace
inside F(G, p) by [32] Proposition 1.36.

Remark 2.15. (1) Letb, b € G(F) with [b] = [V'] € B(G), then F(G, j1,b)** ~ F(G, i, b)“*.
(2) By [33] Proposition 3.1, F(G, p,b)"® is non-empty if and only if [b] € A(G, p).

(3) Suppose the Frobenius maps on H(F) maps to g~ o(=)g via the inner twisting Hy: 5 Gp

with g € G(F). We have a bijection B(G) = B(H) which maps [b] to [b¥] where b maps

to bg € G(F) via the inner twisting. By [10] Proposition 9.5.3, there is an identification
F(G, ) = F(H, p, b1y,

Therefore for the study of weakly admissible locus, it suffices to reduce to the quasi-split
case.

In the following proposition, we will use the modification of G-bundles on the curve X to give
an equivalent definition of the weakly admissibility of a pair (b, 2) when G is quasi-split.

Proposition 2.16. [[6] Proposition 2.7] Assume that G is quasi-split. Let [b] € A(G,u) and
x € F(G,n)(L). Then the pair (b, z) is weakly admissible if and only if for any standard parabolic
P with Levi component M, any reduction by; of b to M, and any x € X*(P/Zg)T where Zg is
the center of G, we have

degX*(gb,x)P S 07

where (Ey ) p s the reduction to P of &, induced by the reduction &,, xM P of & by Lemma
2.5.

2.3. Admissible locus. Rapoport and Zink has conjectured in [32] the existence of an open
subspace

F(G,p,0)" € F(G, p, b)"
with a étale-G-local system £ on F(G, u, b)* such that these two spaces have the same classical
points and the G-local system L interpolates a family of crystalline representations with value
in G(F).

When the local Shimura datum (G, i, b) corresponds to a Rapoport-Zink space M(G, u,b)
over E, then the admissible locus F(G, p,b)* is the image of the p-adic period mapping ([32]
Chapter 5)

T M(G, p1,b) = F(G, ),
and the G-local system L corresponds to the Tate module of the universal p-divisble group with
G-structures by descent via the p-adic period mapping.

For the general local Shimura datum (G, i, b), the existence of the admissible locus is due to
the work of Fargues-Fontaine [17], Kedlaya-Liu [22] and Scholze [37].

Definition 2.17. Let F(G, u,b)* be a subspace of F(G, 1) stable under generalization with C-
points defined as follows:

F(G, 1, 0)*(C) = {zx € F(G,n)(C)|ve,, is trivial }
for any complete algebraically closed field C' over F'.
Remark 2.18. (1) F(G, p,b)* is an open subset of F(G, ) ([22]), and by definition
F(G,u,b)* C F(G, p,b)* .

Moreover,
F(G, 1, 0)*(K) = F(G, 1, b)) (K)

for any finite extension K over E ([30] A.5, [9]). In particular, F(G, pu,b)* # 0 if and
only if [b] € A(G, ).
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(2) For [b] € A(G, ), the admissible locus F(G, u,b)® coincides with the image of the p-adic
period mapping from the local Shimura variety attached to (G, u,b) to the flag variety
F(G, 1) ([36], [35]). It also coincides with the construction of admissible locus of Hartl
[21] and Faltings [12] when (G, u,b) is a Hodge type local Shimura datum.

(3) Via the bijection B(G) = B(H) by inner twisting which maps [b] to [b¥], there is an
identification

F(G,p,b)* = F(H, 1, b")".
Therefore for the study of admissible locus, we can also reduce to the quasi-split case.

For any [b] € B(G), consider the Newton stratification:

FG =[] FG ubt
[b']eB(G)

where F (G, u,b) '] is a subspace of F (G, i) stable under generalization with C-points defined
by
FUUC) = {z € F(O)|&b = &1}
for any complete algebraically closed field C over F. Note that when [b] is basic, we know precisely
which strata show up in the Newton stratification by Proposition 1.14. But it’s unknown for
non-basic [b]. Each stratum in the Newton stratification is locally closed by Kedlaya-Liu [22].
And it’s clear that
F(G.pu b)) = F(Gp,b)".

Remark 2.19. The Jo(K)-action on F(G, p)(C) induces an action on each stratum F(G, p, b)P'1(C).
In particular, Jp(K) acts on F(G, 1, b)*(C).

3. HODGE-NEWTON-DECOMPOSABILITY

Let My = Centg([vp]) be the centralizer of [v).

Definition 3.1. (1) A triple (G, p,b) (resp. (G,d,b) with § € X*(A)E) is called Hodge-
Newton-decomposable (or HN-decomposable for short) if [b] € A(G,u) (resp. [b] €
B(G,€,6) with e = kg(b) € m1(G)r) and there exists a strict standard Levi subgroup
M of the quasi-split inner form H of G containing My, such that p° — [vp] € (@4 5/)0
(resp. 0 — [w] € (B¢ pr)q). Otherwise, the triple (G, pu,b) (resp. (G,6,b)) is called
Hodge-Newton-indecomposable (or HN-indecomposable for short).

(2) A pair (G, ) is called fully Hodge-Newton decomposable (or fully HN-decomposable for
short) if for any non-basic [b] € B(G, u), the triple (G, u,b) is HN-decomposable. In this
case, we also say the Kottwitz set B(G, ) is fully Hodge-Newton decomposable.

(3) The generalized Kottwtiz set B(G,¢,9) is called fully HN-deomposable, if for any non-
basic [b] € B(G,¢,0), the triple (G, 9,b) is HN-decomposable.

Remark 3.2. The notion of fully Hodge-Newton decomposability is first introduced and system-
atically studied by Gortz, He and Nie in [19]. They give equivalent conditions for a pair (G, u)
to be fully HN-decomposable and classify all such pairs.

In the quasi-split case, we have the following equivalent definition for the HN-decomposability.

Lemma 3.3. [comp. [6] Lemma 4.11]Suppose G is quasi-split. Let [b] € B(G,u* + €, u®) for
some € € 1 (G)r,tor. Then the following three conditions are equivalent:

(1) the triple (G, u,b) is HN-decomposable,

(2) there exist a strict standard Levi subgroup M containing My and a unique element ep €
71 (M)r tor such that [byr] € B(M, pf + enr, p°) and enr maps to € via the natural map
m1(M)r — m(G)r, where by is the reduction of b to M deduced from its canonical
reduction to My combined with the inclusion M, C M,

(3) there exist a strict standard Levi subgroup M containing woMbwa1 and a unique element
€m € T (M)r ior such that [I;M] € B(M, (wopu)* + Enr, (Wop)®) and woénr maps to € via
the natural map m (M)r — 71 (G)r, where by is the reduction of b to M deduced from its
canonical reduction wobewo_l to woMwa_1 combined with the inclusion woMwa_1 cM
and Wop = (Wolt) M —dom 1S the M-dominant representative in Waswo .
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Proof. The proof of the equivalence of (1) and (2) is similar as that of [6] Lemma 4.11. Indeed, by
definition, (G, p,b) is HN-decomposable if and only if [bys] € A(M, ) for some strict standard
Levi subgroup of G. By Remark 1.5, we may assume [by;] € B(M, u* + epr,p®) for some
em € m1(M)r 10 which maps to € € m1(G)r. The uniqueness of ej; follows from Lemma 1.8(1).

The equivalence between (2) and (3) is due to the fact that there is a bijection between
B(M, pi* + enr, p1°) and B(woMuwg*, (wop)* + woenr, (Wop)°) induced by the conjugation by
wo. O

Corollary 3.4. Suppose G is quasi-split. Let [b] € A(G, u). Then the following three conditions
are equivalent:
(1) the triple (G, u,b) is HN-indecomposable,
(2) p* — kg, (bag,) € T (My)r ® Q is a linear combination of
{a\/,ﬁ € Trl(Mb)F ® Q|(X € AO? <Oé, [VbD > O}

with coefficients of positive integers,

(3) for all v € Ay, (e, [vp]) > 0 implies the coefficient of ¥ in u® — [vp] is positive.
Corollary 3.5. Suppose G is quasi-split. Suppose [b] € B(G, u* + ¢, u°) for some € € 71(G)r tor
and (G, u,b) is HN-decomposable. Then there exists a unique strict standard Levi subgroup M,
a unique element epr € T (M) 1or and a reduction bar such that

(1) € is the image of woeprr under the natural map 71 (M)r — 71 (G)r,

(2) [ba] € B(M, (wWop)* + enr, (wop)®),

(3) (M, wou,bpr) is HN-indecomposable.

Proof. Let M; be the standard Levi subgroup of G such that its simple roots are described as
follows:
AMl,O = AMb,O U {Oé S Ao‘na > 0},

where p® — [vp] = ZaEAO nea” with ng, > 0. Let by, be the reduction of b to M; deduced
from its canonical reduction to M}, combined with the inclusion M, C M;. Then it’s easy to
see (Mjy, i, by, ) is HN-indecomposable and M is the unique standard Levi subgroup with this
property. Let M = woMjwy ! The rest of the assertions can be proved in the same way as
Lemma 3.3. O

Remark 3.6. Notations as in Corollary 3.5, as wge is the image of epr under the natural
injective map w1 (M)r — w1 (G)r, we may identify epr and woe.

The following proposition is a key ingredient to the proof of the main result.
Proposition 3.7. Suppose G is quasi-split. Let [b] € A(G,u) such that (G,u,b) is HN-

decomposable. Let M C G be the strict standard Levi subgroup such that (M, wqu, EM) is HN-
indecomposable as in Corollary 3.5. Then

pry ! (F(M, op, bar)*(C)) = F(G. 1, b)(©),
DT (F(M, o, bar)“*(C)) = F(G, p,0)**(C).
Remark 3.8. The appearence of Wy in the statement is due to the fact that ve, = —wo[v] by
Proposition 2.6.

The remaining of this section is devoted to the proof of this proposition. Suppose (G, u,b)
is HN-decomposable with G quasi-split. Suppose M is the Levi subgroup of G such that
(M, o, EM) is HN-indecomposable as in Corollary 3.5. Let P be the standard parabolic sub-
group of G with M as Levi component.

Lemma 3.9. F(G, 1, b)"*(C) C P(C)woP,(C)/P.(C).
Proof. Suppose F(G, p1,b)"*(C) N P(C)wP,(C)/P.(C ) # () for some w € W. We want to show
wo € WpwWp, . For any z € F(G, p1,0)*(C) N P( JwP,(C)/P,(C), we have

(Ev2)p = &y, pr ()
by Lemma 2.14. The weak semi-stability of &, , implies that degx*(SBM)prw(I)) < 0 for any
X € X*(M/Zg)". On the other side, using the fact that [by] € A(M,wou), we have

M (& e o) = (wp)t = s (Bar) = (wp)t — (wop)? in m (M)r ©Q,
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and degx«(Epyy pr, (@) = (Wi — wop,x) < 0 for any x € X*(M/Zg)* by Proposition 2.6.
Therefore the equality holds for any x and (wp)! = (wop)? in 71 (M)r. On the other hand, as
wp > wop, wi and wop has the same image in 71 (M). The result follows. O

Notations as in Corollary 3.5. Let £F be the G-bundle such that vee is trivial and §(ES) =

—e. Similarly, let £} be the M-bundle such that vem 18 trivial and ¢}’ (€M) = —woe (cf.
Remark 36) Let 5505 = &M . xM P. When [b] € B(G,p) (ie., € = 0), we have EF = £f,
EM . =¢&M and £ . = &L are the trivial bundles.

Consider the following commutative diagram (cf. [28] [39]) of de Rham period maps for
different groups from local Shimura varieties at infinite level to flag varieties.

M(P7 ﬁ)O,UJa BP)OO

fu \

M(M7 @Oung)oo T(inDR M(Gauvb)oo
Tan F(P,1wop, bp)® 75
F (M, op, bar)® F(G,p,b)°

where

° I~)p is the reduction of b to P induced by the reduction b a of b to M combined with the
inclusion M C P.

e M(G,pu,b)s (resp. M(M, ﬁ)ou,Z;M), resp. M(P, ﬁ)o,u,l;p)) classifies modifications of
type u (vesp. Wopu, resp. wWou) between EF (resp. EM, resp. EF) and EF (resp. Swoe,
resp. 8505)

° 7T§R, 7TdR, wdR are the de Rham period maps. More precisely, for a modification in

M(G, p,b) s its image by 75y is z if Slfz = £, Similarly for 725 and 7f,. We define
F(P,1bop, bp)® to be the image of 715.
e &o (resp. &) is the induced modification via the natural morphism P — G (resp. the
projection to the Levi quotient P — M).
e {; is induced from
(3.0.1) F(P,wop) = P/Pg,, NP — PwyP,/P,CG/P,=F(G,n)
aPmoN NP — a(Pu;W N P)'lI)OPM = CHI]()PM

° 5  is induced from the natural projection P — M to the Levi component
]:(P71D0/,L) = P/Pﬂ}ou — M/MQDO# = ]:(M,?I]()p,)
By the proof of [6] Lemma 6.3, we have the following fact.

Lemma 3.10. Let £ be a G-bundle and let P C P be a standard parabolic subgroup of G
contained in P. There is a bijection between

e reductions Ep: of £ to P’
e reductions Ep to P together with a reduction (Ep xT M)ynpr of Ep xF M of M0 P'.

Moreover, this bijection indentifies Epr xF" M' and (Ep xF M) prapr x MOF M, where M’ is the
Levi component of P'.

Now we can prove the following result.

Lemma 3.11. In the above diagram, we have §~G s an isomorphism of adic spaces and

MG, 1, ) = 11 M(P, g, b)os

Aut(EG)/Aut(EX )
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Proof. We only deal with the case [b] € B(G, ). The proof for [b] € A(G, i) is similar. For the
first assertion, as F (P, wou) — F(G, p) is an open immersion, it suffices to show

F(P, o, bp)*(C) = F(G, p,b)*(C)

is surjective for any complete algebraic closed field C. For any « € F(G, p,b)*(C), by Lemma
3.9,z € P(C)woP,(C)/P,(C). Let (& ) p be the reduction of & , to P induced by the reduction
&, of & to P. Write (&,0)p = &, , where y is the preimage of z via (3.0.1). We want to
show y € F(P,wok, l;p)“(C). It’s equivalent to show (&, ,)p = 55P,y is a trivial G-bundle. The
isomorphism of G-bundles &, , ~ & induces a reduction (£1)p of & to P and an isomorphism
of P-bundles. (&5)p =~ (1) p. We want to show that (£1)p is a trivial P-bundle. By corollary

2.9, it suffices to show that £y := (&1)p x¥ M is a trivial M-bundle. We first show that
(3.0.2) M (Ey) =0.
We have the following equalities

et ((Enr) = ' ()P x" M)
Lemma2.14 Mo,

- 1 (EbM,per(z))

= (wop)® — kar(bar)

= 0e 771(M)F,
where the last equality holds because [by;] € B(M,wop). Now it remains to show the slope
vey = 0. Let (Em)py, be the canonical reduction of £y to a standard parabolic subgroup Py,
of M. Write P’ = P}, - R,(P), where R, (P) denotes the unipotent radical of P. Note that P’
is a standard parabolic subgroup of G with P’ N M = Pj,. Let M’ be the Levi component of
Pj;. By [15] Proposition 5.16,

V(SM)PI xFM M = Ven © Xy (A)@
M

By Lemma 3.10, () p;, corresponds to a reduction of €5 to P’. Hence the semi-stability of &
implies that

<X,l/gM> <0, Vx € X*(M//Zg)+.
On the other hand, the equality (3.0.2) implies that vg,, is a non-negative linear combination of
simple coroots in M. Hence

<X7V€M> >0, Vx € X*(M//ZG)+'
It follows that vg,, = 0.
The second assertion is obtained from the first assertion and the fact that M(G, i1, b) o
(resp. M(P,Wop, bp)os) is the Aut(ES)-torsor (resp. Aut(EL .)-torsor) over F(G, p,b)* (resp.
F(P,1bop, bp)). O

Remark 3.12. This lemma was proved for unramified local Shimura datum of PEL type by
Mantovan [28] section 8.2 and Shen [39] corollary 6.4.

In order to prove Proposition 3.7, we also need the following Lemmas.

Lemma 3.13. Suppose G is quasi-split. We consider F(M,wou) as a subspace of F(G, u) via
the natural injective morphism F (M, wop) — F(G, u). Then we have
F(M,diop, bar)* € F(G,p,b)*,
F(M,bop, bar) € F(G,p,b)"™".
Proof. The first assertion is clear. For the second one, let © € F(M,wopu, bar)**(C) and let

z¢ be its image via the natural morphism F(M,wou) — F(G, ). Suppose Q is a standard
parabolic subgroup with Levi component Mq. Let by, be a reduction of b to Mg. Let w € wrt

and b; € M, (F) with M; = Mﬂw_lMQw as in Lemma 3.14. Let Q)1 be the standard parabolic
subgroup of M with Levi component M;. Since
(8171 XMI Ql) XQl’ad(w) Q = ngQ XMQ Q

by Lemma 3.14, we have
(Ebac)o >~ (&, o X' Q,



18 MIAOFEN CHEN

where Q1 — @ is induced by the adw and where (€2.)q (vesp.(&;,, ,)q,) is the reduction of
Epae (resp. SEM@) to @ (resp. (1) induced by the reduction Eg,MQ xMa @ (resp. &, xM1 Q) of &,
(resp. &, ) to Q (resp. Q). Forany x € X*(Q/Zg)*, we have degx.(Ep.zq)q = degx’ (&3, )
with ¥’ = yoadw € X*(Q1). Write x' = x]+x5 with x| = Avy,,(x') the Wy, average of x'. Up
to replacing y by a multiple my for m € N big enough, we may assume x} € (®},)*+ = X*(M),
Xb € X*(My/Zyr). Moreover, the choice of w implies wf € <I)JC§ for any B € ®},. Hence
X5 € X*(My/Zp)t, here * stands for M-dominant. Then

degx«(&ha)o = degxi(&,, e
= degx1.(&,, ) +degxs.(&,, o, <0
=0 <0
since [bas] € B(M, o) combined with the weak admissibility of z. O

Recall that M and by are as in Corollary 3.5. The following lemma reflects the fact that the
category of isocrystals is semi-simple. If we can decompose an isocrystal in two different ways,
then we can decompose it in a way that is finer than the previous two decompositions.

Lemma 3.14. Suppose G is quasi-split. Let by, be a reduction of b to Mg, where Mg is the
Levi component of a standard parabolic subgroup Q. Then there exist w € WY (where WY can be
identified with the relative Weyl group of G), g1 € M(F), ¢} € (w™*Mgw)(F) and b, € M, (F)
with My = w™'Mow N M such that

(1) w is the minimal length element in W}\}QwW}\};

(2) (b1, g1) is a reduction of byy to My;

(3) (b1,91) is a reduction of v 'bp,0(w) to My with w € N(T)(F) a representative of w.
Moreover, Wy, wWay is the generic relative position between the reduction EEM xM p of & to
P and the reduction ngQ xMa Q of & to Q.

Proof. The last assertion is implied by the conditions (2) and (3). We first show that there exists
elements satisfying condition (2) and (3). More precisely, we claim that there exists @ € W',
g1 € M(F), g, € 0 'Mgw(F) and by € M;(L) with My = @~ Mgw N M such that

(2) (b1,g1) is a reduction of bys to M;;

(3) (b1,g}) is a reduction of W™ by, 0(w) to My with w € N(T)(F) a representative of .
Note that a representative w of @ can be chosen in N(T)(F) by Steinberg’s theorem ([38] III
2.3).

By definition, by is induced from wobar, wy ! via the natural inclusion wo Mywg ' C M. There-
fore, without loss of generality, we may assume M = woMyw ! Since b M, is a reduction of b to
Mg, Up to o-conjugation, we may assume Vbarg, D — Mg is defined over F' and has image in the
split maximal torus A which is Mg-anti-dominant. Choose @ € W7 such that QI)_ll/bMQ = wo[vp]
) =Wt MgwNM = M; and &by, 0 (W)

is G-anti-dominant. Then Centu;ﬂMQw(V@,leQo(ﬁ))

has a canonical reduction (b1, ) to M;. Then (3) follows.

Let b be the image of b; via the inclusion M; C M. For (2), it suffices to show [b}] = [ba]
in B(M). Clearly,

i I = 3, ]a0 = (wolts]) v—dom € N (M).
By the injectivity of the map (1.3.1)
(v, k) : B(M) — N (M) x 71 (M)r,
it suffices to show ks (0)) = ras(bar) € 71 (M)r. Since
kar(a) = vg in m (M)r @z Q, Ya € M(F),

we have HM(B'l) — /@M(I;M) € m(M)r ior- As by and by are both reductions of b, we have

ka(b)) = ka(by) = ka(by) in 71 (Q)r.

The result follows by the injectivity of the map w1 (M)r tor — m1(G)r t0r (cf. proof of Lemma 3.3).
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Let w = wjwwsy be the unique minimal length element in W}, QzZ)W}\;I with wy € W}, , and

wy € Wi,. Then w € WT and we can choose representatives 1wy € M(F), i € G(F) of wy and
w respectively again by Steinberg’s theorem. Let

by = by 'bio(ig) € My(F),
g1 = Gz € M(F),
gy = WGy € w Mow(F).
They satisfy the desired properties (1)-(3). O

Now we are ready to prove the main result of this section.

Proof of proposition 5.7. We only deal with the case [b] € B(G, ). The proof for [b] € A(G, )
is similar. By Lemma 3.9 and Lemma 3.11, we have the equality of morphisms: pr; = &a0§ 51
and

f(G» Hy b)a - pr;(} (-F(Mv Wo s, BM)G)'
Now it remains to show that & , is a trivial G-bundle for any = € pr;; (F(M,wou,b)*(C)). By
Lemma 2.14, (& ,)p X M ~ &
by Corollary 2.9.

The proof for the weak admissibility is similar. Suppose z € F(G, u,b)**(C). Then z €
P(C)woP,(C)/P,(C) by Lemma 3.9. We show that prg (z) € F(M,wou, bar)**(C). Suppose
M’ C M is a standard Levi subgroup of M with b’ € M’(L) a reduction of by, to M’. Let
Py € M (resp. P’ C G) be the standard parabolic subgroup of M (resp. G) with Levi
component M’. We need to show that

(x) which is a trivial M-bundle. The result then follows
0

M Py

degx (EgMper (x))p]/w <0,Vy € X*(Py;/Zu)*

. . M . . M’
where (55M7p%0(x))p]/w is the reduction to Py, of gb’M’Prwo () induced by the reduction &, x™" Py,
of & . By Remark 2.8, it’s equivalent to show
(303) AVWM, (I/gM/) SM 0 in X*(A)@,
where Erp = (&, L (1)) Py, xPu M’ By Theorem 2.7,

Plwg
(3.0.4) Avw,,, (Ve,,) <um ve,, in X.(A)g,
where &y =& pr, (2)° On the other hand, by Lemma 2.14 and Lemma 3.10, we have
JPryg
Enr = (s pr, () Pha )P M~ ((Ey,0)p X7 M) py, 3P M (&) pr xT M,

where (&) p is the reduction to P’ of &, ,, induced by the reduction & xM" P’ of €. The weak
semi-stability of &, , implies that

(3.0.5) AVWM, (l/gM,) <g 0in X*(A)Q
Hence the inequality (3.0.3) follows from (3.0.4) and (3.0.5) combined with the fact that
Av,, (V5M) =0

since [bys] € B(M, wop).

For the other side, suppose @ € P(C)woP,(C)/P,(C) with pry, (z) € F(M,1bop, bar)**(C).
We want to show x € F(G, u,b)**(C). Suppose @ is a standard parabolic subgroup of G with
Levi-component Mq. Let bys, be a reduction of b to Mg. We need to show

(3.0.6) degx. (En.r)g < 0.Yy € X*(Q/Zc)".

where (&,5)q is the reduction to @ of & , induced by the reduction EbMQ xMa Q to Q of &.
By the proof of Corollary 2.9, the reduction (& 5)g to @ of & , induces a reduction

(EI;M,per(z) XM G)Q
of &

M
Bar by (2) x™ G to Q). Moreover, we have

degx . (Epz)g = degx. (55M7prw0 (@) xM@)o.
Hence the inequality (3.0.6) follows by the weak admissibility of pr,, (z) and Lemma 3.13. [
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4. THE ACTION OF jb ON THE MODIFICATIONS OF (G-BUNDLES

Now we state the main results of this article. We first state the main result in the quasi-split
case.

Suppose G is quasi-split and [b] € A(G, ). Recall that by Remark 1.5, we may assume
[b] € B(G,u* + €,u°) for some € € 71 (G)r tor- By Lemma 3.3 (cf. also Corollary 3.5), there
exists a unique standard Levi subgroup M of G with a reduction bys of b to M such that (M, u,b)
is HN-indecomposable and e is in the image of the injective map m (M)r 1or — m1(G)r,10r. SO
we may consider € as an element in 1 (M)r or. In the following, sometimes we also identify by
with b.

Theorem 4.1. Suppose G is quasi-split and p is minuscule. Let [b] € B(G, u* 4 €, u®). Suppose
M is the standard Levi subgroup of G such that (M, u,b) is Hodge-Newton-indecomposable. Then
the equality F(G,u,b)** = F(G, u,b)* holds if and only if B(M,u* + €, u°) is fully Hodge-
Newton-decomposable and [b] is basic in B(M).

In particular, for [b] € B(G,u), the equality F(G, p,b)** = F(G, p,b)* holds if and only if
the pair (M, ) is fully Hodge-Newton-decomposable and [b] is basic in B(M).

Remark 4.2. For GL,, and [b] € B(G, 1), this theorem is proved by Hartl [21] Theorem 9.3.
We have a similar description when the group G is non-quasi-split .

Theorem 4.3. Suppose u is minuscule and [b] € B(G, ). Let [b] € B(H) be the image of [b]
via the natural morphism B(G) ~ B(H). Let M be the standard Levi subgroup of H with a
reduction bk, of b to MH such that [b}}] € A(MH 1) and (M, pu,b%L) is HN-indecomposable.
Then

(1) the Levi-subgroup M* of H corresponds to a Levi-subgroup M of G via the inner twisting,
(2) the equality F(G, pu,b)“* = F(G, p,b)* holds if and only if the pair (M, u) is fully HN-
indecomposable and [byr] is basic in B(M), where [bys] corresponds to [bL] via B(M) ~
B(M*™).
In order to prove the main theorems, we need some preparations.

Lemma 4.4. Suppose M is a standard Levi subgroup of H defined over F. Let g € G(F) be
a representative of wg. Then the map

M(F) ~ (woMuwj ) (F)

induces the bijections

where Wyl = (wou)wono_lfdom is the wOngl-domominant representative of wop in its
w Ongrorbit. Moreover B(M, pf + €, u°) is fully HN-decomposable if and only if so is

w

B(woMwg ', (wop)* + woe, (Wop)°).

Proof. We may assume that g is the minimal length representative in W Mg Wo- Note that

9

for any g € M(F),
[Visogor (i) 1) = Wolvg] € N (woMuwg ).
The other assertions can be checked easily. (I

We also need the following proposition which is a key ingredient of the proof of the main
result.

Proposition 4.5. Suppose G quasi-split. Suppose [b] € A(G, i) and (G, u,b) is HN-indecomposable.
If b is not basic, then F(G, u,b)* # F(G, u, b)*°.

Before proving this proposition, we first show how to use it combined with Proposition 3.7 to
prove the main theorem.
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Proof of theorem 4.1. For the sufﬁciency, suppose B(M, jif +e¢, 1°) is fully HN-decomposable and
[bar] is basic in B(M). Then B(M (wO/QL)ti + woe, (Wop)?) is fully HN-decomposable and [by;] is
basic in B(M) with M = woMwg ' and by = wobpro(wo) ™' by Lemma 4.4. After applying [6]
Theorem 6.1 and its proof for the non quasi-split case to the triple (M Wo L, bM) we get that
F(M ,op, bag)® = F(M,wop, bar)®®. The result follows by Proposition 3.7.

For the necessity, if bys is not basic in M or B(M pt + €, 1°) is not fully HN-indecomposable,
it’s equivalent to say that by is not basic in M or B(M, (wop)t + woe, (Wou)®) is not fully
HN-indecomposable, then after applying Proposition 4.5 (in the first case) or [6] Theorem 6.1
and its proof for non quasi-split case to the triple (M, wou, bar), we get F(M, wou, bar)® #
F (M, o, BM)wa. And F(G, pu, b)“* = F(G, u, b)* follows again by Proposition 3.7. O

Proof of theorem 4.3. The reduction to the quasi-split case is similar to the proof of [6] Theorem
6.1. We may assume that G is adjoint, then G = Jp+ is an extended pure inner form of H, where
[b*] € B(H)pasic- We have

F(G,p,b)* = F(H, u, )",
F(G,p b)" = F(H, p, by
and [b"] € B(H, u* + k(b*), u°). By Lemma 1.8,
k(b*) € Im(my (M) tor — ™1 (H)1 t0r)
and if we view k(b*) as an element in 71 (M) 4., we have
[bar] € B(M™, pf + k(b*), ).

Let [b%,]pn € B(M™)pasic with KJMH(bM) = k(b*) € m (MH)p. Then [b*] = [b3,] € B(H) and
we may assume b* = b}, € MH( ). It follows that M = Jp: is a pure inner form of M*H which
is also a Levi subgroup of G. Therefore (1) follows.

For (2), by Theorem 4.1, F(H, 1, b)* = F(H, p, b7 )% if and only if [b}}] is basic in H and
B(MH, uf + k(b*), u°) is fully HN-indecomposable. The later condition is equivalent to (M, u)
fully HN-indecomposability. O

The rest of the section is devoted to prove Proposition 4.5. Suppose G is quasi-split. In order
to distinguish the roots for different groups, we will write Ag and Ag o for A and A respectively.
For any 8 € Ag, let Mg be the stardard Levi subgroup of G such that Ay, = Ag\I'5. For any
a € Ag, let M, := Mg for any 8 € Ag such that 8|4 = a.

Lemma 4.6. Suppose G is quasi-split. Let [b] € B(G, u* + ¢, u°®) be a non basic element, where
€ € M (GQ)r tor- Suppose (G, u,b) is HN-indecomposable. Then there exist & € Ao, w € W and
x € F(Mg,wn)(C) satisfying the following conditions:

(1) (@& [m]) >0,

(2) wu is Ms-dominant,
(3) € € Im(m1(Ma)r,tor <= T1(G)rt0r, (hence we may view € € w1 (Ma)r tor)
(4) &by, o = &y, , where by, is the reduction of b to Ma deduced from its canonical reduc-
tion by, to Mb combined with the inclusion My C Mg, and b§w € B(Ma)pasic such that

Knrs (V) = —(BY)* + € with B € A and B4 = é.

Proof. By Lemma 1.8 [byg,] € B(My, (wip)® + €, (wip)®) for some w; € W. Moreover, € €
Im(7m1 (Mp)r,10r < T1(G)r 1or- Hence (3) holds for any Mg containing M,,. For any o € Ag o such
that {a, [vp]) > 0, let [bas, ] be the image of [byy,] via the natural map B(M) — B(M,). Then
[bar,] € A(Ma, (wlu) —dom)- As (b, u) is not HN-decomposable, we have (wi1)nr, —dom # M-
Therefore there exists 3 € Ag such that 3|4 = « and (8, (w14) M, —dom) < 0. Let

Ra = {(Sﬁ(wlﬂ)Mafdom)Mafdom S WM‘B S AGaB'A = Q, <Ba (wlM)Mafdom> < 0}7
where sg € W is the reflection corresponding to 3. Let wu be a maximal element in the subset
U R, C W
a€Ag,0,{(a,[1p])>0

Suppose wp € R, for any o € Agg, then (o, wp) satisfies (1) and (2). It remains to find
x € F(Mg,wn)(C) satisfying condition (4) for some & with wu € Rg.
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It’s equivalent to find @ € Ago, y € F(Ma, (wp)~')(C) such that &, =~ & , and

wp € Rg.
By Proposition 1.14, we need to find & € Ag o such that wp € Ry and

[bars) € B(Ma, kins () + (wi)?, vy, (wpe)°).
By Lemma 1.7, the later is equivalent to the conditions
(4.0.1) fas(bars) = (wp—BY)* 4 e in m (Mg)r,
(4.0.2) kar,(bar,)  =2ar, —AvrAvi, (8Y) + Avr(wp) in m (M)r g

Let (8;)jes be a set of representatives of Galois orbits in Ag\Ayy,. Let

W — Wi = ZTLJBJV in 7T1(Mb)1“
jed
with n; € N for all j € J.
Claim 1: n; > 1,Vj € J.

Suppose nj, = 0 for some jo € J. Let ag = Bj,|a. Then (w,u)MaO,dom = (wlu)Mao,dom.
Again by HN-indecomposability, (wpu) May—dom 7 f- Then there exists 3 € I';, such that
(B, (W) My —dom) < 0. Tt follows that

(Sﬁ(wlu)Maofdom)Muofdom ; Wit
This contradicts with the maximality of wy. Hence Claim 1 follows.

By definition, suppose wu € R, for some o and wp = (sg(wift) M, —dom) M., —dom, Where
a € Ag o with (o, [1p]) > 0 and 8 € Ag with 5|4 = a. Suppose 8 € I'3;, for some jy € J, then
nj, = 1 by the definition of wpu. If the subset

J1 Z:{j€J|’I’Lj:1}

of J consists of the single element of jy. Let & := B := (. We will verify that & satisfies the
desired properties. Since [byr,] € B(Mp, (wip)* + ¢, (wip)®), we have

Kty (bary) = (wi)* + € = (wp — BY)* + € in 7y (Ma)r.
The equality (4.0.1) follows. For the inequality (4.0.2), we have
Avr(wp) = kg, (bar,) — AveAvir,, (5Y)

= (wp—wp) — Avw,,_ (BY)
=m, O

in m (Mp)r,g, where the last inequality follows from Lemma 4.7 (1) (because Es case does not
occur as there is only trivial minuscule cocharacters in that case) combined with the fact that
n; > 2 for any j € J\{jo}

It remains to deal with the case when J; has at least two elements. By Claim 1, for any
j € J, up to replacing 3; by some other representative in the same Galois orbit, we may assume
B; appears in the linear combination of wp — wqp.
Claim 2: wp = p = (sg, (wllu/)ng,fdom)MBj,fdom for any j' € Ji.

We want to show wp is G-dominant. Suppose j) € Jy with jo # jj). Let wp = W3S, W21
with wsq, w3 € WMﬁj/ . Then we have

70

(Sﬁjé (wlli)ng6 7dom)Mﬁj6 —dom = Sﬁj(’) WoW1 M.

Since both sides are in Wy with difference a linear combination of coroots in M, 8, , We have
0

| JRa > (88, (Wi My, —dom) My, —dom = (S8, W2W1 L) M, —dom 7 WL
0 if g 0 30
«

By the maximality of wpu, we deduce that wp is both Mg, -dominant and Mg , -dominant.
0
Therefore

wi = (Sﬁjéwzwm)Mﬂj, —dom
J0

is G-dominant and Claim 2 follows.
Let (I;)o<i<r be the increasing sequence of subsets in Ag as in Lemma 4.7. Suppose i is the

smallest integer such that {8;]j € J1} N I;, is not an empty set. Choose Be {B;l7 € h}NI,.
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Let a = B| A. By the same arguments as before we can verify that & satisfies the condition
(4.0.1). For the condition (4.0.2), let

Avivy, (BY) ==Y _m;B] in m(My)r,g,
JjeJ
with m; € Q for all j € J. By Lemma 4.7, 0 < m; < 2 (as Eg case will not occur) for all j € J,
and 0 <m; <1 for all j € J;. Then

Avr(wp) = kg, (bay,) — AvrAvi,, (8Y)
= ('LUM - wlp’) - AVWIMd (B\/)

jeJ
Y (L=m)BY + > (2—m;)BY
JE€N VISRAV
=m, O
O
Lemma 4.7. Suppose G is quasi-split. Let 5 € Ag. Suppose
(4.0.3) Ava, BY =8+ Y npayY in Xu(T)re-
YE(AMmg)r
Then

(1) 0 <ng, <3 forally € (Ag)r. Moreover, if all the connected components of the Dynkin
diagram of G is not of type Es, then 0 <ng., <2 for all v € (Ag)r.
(2) There exist r € N>1 and an increasing sequence of I'-invariant subsets in Ag

@:I()C11C"'CIT,1CIT:AG

such that if B € I; for some i, then ng . <1 for all v ¢ (I;_1)r. In particular, if r =1,
then ng, <1 for all B € Ag, v € (Ag)r.

Proof. This lemma only depends on the absolute root system of G with Galois action. After
considering separately each connected component of the Dynkin diagram of G, we may assume
the Dynkin diagram of G is connected. The first assertion can be checked directly case by case.
Indeed, it suffices to compute explicitely all the ng in (4.0.3). As (Avy,(Y,a) = 0 for any
a € Apy,, it follows that

<B\/’a> + Z nﬂ77<’7v’a> =0
YE(Amy)r
for any o € Apz,. Then {ng} is the unique solution of this system of linear equations.

For the second assertion, we list the increasing sequence of I'-invariant subsets in A¢g case by
case according to the type of Dynkin diagram of G. We can check directly that this increasing
sequence of subsets satisfies the desired property. We left the details of the verification to the
readers.

Case A,: In the 'A,, case or 24, case with n even, take » = 1. Otherwise, we are in the 24,
case with n odd, then take r = 2 and I; = Ag\{S} where § is the unique I'-invariant root in
Ag.

Case B, : take r = 2 and I; is the subset of long roots in Ag.

Case C,,: take r = 1.

Case D,,: In the 'D,, case with n > 4, take r = 2 and Ag\I; consists of two roots which are
the end points of the Dynkin diagram and are neighbors to the same simple root.

In the 2D,, case or ' Dy case, take r = 1.

In the 3Dy case, take r = 2 and I; = Ag\{3} where 3 is the unique T-invariant root in Ag.
Case E, : Suppose the Dynkin diagram of FEg is as follows:

B2
B Bs Ba Bs Be Br Bs

In the E7 (resp. Eg) case, we remove (g (resp. 87 and (Bg) in the diagram.
In the ! Eg case, take r = 3, Iy = {B4}, Iz = {B2, B3, B4, Bs}.
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In the 2Ej case, take r = 4, I} = {83,085}, I = I U{B1, B}, Iz = I U{B4}.

Il’l the E7 case, take T = 4, I]_ = {64}, Ig = {ﬂ37ﬁ4,ﬁ5}, Ig = Ag\{ﬁ'y}

In the Eg case, take 7 =5, I1 = {4}, Io = {B4, B5}, I3 := I U{B3, 86}, Is = Ac\{Ps}-
Case Fy: Suppose the Dynkin diagram is as follows:

*—eo—0—0
/Bl SZ ﬁf{ /64
Take r = 37 Il = {62}7 12 = {ﬁ17527ﬂ3}~
Case Go: Take r = 2, I is the set of unique long root in Ag. O

Now we can prove Proposition 4.5.

Proof of Proposition 4.5. As b is not basic, there exist o € Ay, w € W and © € F(Mgz, wu)(C)
satisfies the properties (1)-(3) in Lemma 4.6 which follows. Let by, and b}, as in loc. cit.
Let z¢ € F(G, 1)(C) be the image of = via the natural morphism:

F(Ma,wp)(C) > F(G,p)(C)
a(Ms NwP,w™t) awP,

Then & 4 = &y, xM* G ~ & where ['] € B(G) is the image of [b},_ ] € B(Mg) via the natural
map B(Ms) — B(G). Hence zg ¢ F*(C). Moreover, z¢ ¢ F**(C). Indeed, the canonical
reduction (&) p, of & to the standard parabolic subgroup Ps corresponding to Mg induces the
reduction &, xMa Py oof &, to Py. Take x € X*(Ps/Zg)*, then degy.(Ey)p, > 0.

For any element v € J,(K), we have y(z¢) ¢ F*(C). Choose vy € jbz’\m‘” (K)\{1} with
Amaz = MaXyea (M, ), it remains to show that v(zq) € F*(C).

Suppose the pair (b, v(z¢)) is not weakly admissible. There exist a standard maximal para-
bolic subgroup @, a reduction by, of b to the Levi component Mg of @ and x € X*(Q)Zg)*+
such that

deg X (gb,'y(:rc;))Q > 0,

where (&4(z5))q is the reduction of & () to @ induced by a reduction é'g’Q of & to @,

where 517,@ =&  xMae @ is induced by a reduction EMQ of b to Mg (and hence to Q). The

bag
isomorphism v : & = &, induces an isomorphism &,/Q = &,/Q, hence by Remark 2.2, &, ¢
induces a reduction &, 0 of & to @ and an isomorphism &, ¢ = & Q satisfying the commutative
diagram

55 = 5b
Eqx?G—=&/,x°G

Suppose the reduction (€. )q to Q of & 4 is induced by the reduction (& (»))q to Q of
Eby(we) by Lemma 1.13 and Remark 2.2. We get a cubic commutative diagram

~

.

&

y
gb,Q

< ~ ~ P ~ ~
2

~

Ehaclo === =5 === > (Ebr@e)e

e
e
e
7
~

Eby(zc)

&bz

where the vertices of the front face are the G-bundles and vertices of the back face are the
corresponding reductions of G-bundles to @, the vertical waved arrows denote the modification
of G or Q-bundles. It follows that degx.(&pee)q = degX«(Epqy(ze))@ > 0.
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According to theorem 2.7 the vector
v: X"(Q/)Zg) — Z
X > deg X+ (Ep,26)Q
seen as an element of X,(A)q satisfies v < vg,, . = vg, with v # 0. As vg, € Ng\{0} is
minimal, one deduces that v = v 4, @ = Ps and (& )¢ is the HN canonical reduction of

Ep,ze- Therefore & o = &’Md xMa Py to Q of &,. Pushing forward via the natural projection
Ps; — Msg, the isomorphism of Ps-bundles &, p, ~ IZ Ps induces an isomorphism of Mg-bundles,
hence we have [bar, ] = [bar,] € B(Ma). According to the following lemma 4.8, the two reductions

bar, and EM& = EMQ of b to Mg are equivalent. In particular, the reductions &, ¢ and gz?Q of
&y to @ are equivalent. Hence they give the same sub-vector bundle

&g XM LieQ = &) 5 x @A Lie@

over X of Ad(&) = &, xAd g. By theorem 1.9, this sub-vector bundle corresponds to a sub-
B-module q in gz which is stable under the action of Ad(y), where we identify J,(K) with a
subgroup of G(B) (cf. section 1.5). Recall that in loc. cit., we have also defined a filtration
(g%A)AEQ on gp, As v, = 15, the non-zero elements of q are in the —(v,14) graded pieces of
g5 for some absolute root v in Q = P5. In particular g N g%Am‘” = 0. On the other side, since
~v # 1, we can always choose an element y € g N g%o such that Ad()(y) # y. Note that

0# Ad()(y) —y € g5,

which implies q N gg)"”‘” # 0. We get a contradiction. (I

Lemma 4.8. Suppose b € G(F). Suppose & € Ao such that (&, vp) > 0. Let (buy,g) and
(bwms,g) be two reductions of b to Mg with [bars] = [bum,] € B(Ma) and vy, = vp. Then the

two reductions (bas.,g) and (byr,,§) are equivalent.

Proof. As [bar,] = [bas] € B(Mg), we may assume by, = bas.. Then
gg~t € Jy = {h € G(F)|bo(h) = hb}.
Since (&, 1) > 0, Jy € Ma(F). Tt follows that (bys.,g) and (b, §) are equivalent. O

5. NEWTON STRATIFICATION AND WEAKLY ADMISSIBLE LOCUS

In this section, we suppose G is quasi-split and [b] € A(G, p) is basic. Under this condition,
the proof of [6] Theorem 6.1 in fact shows the following finer result.

Theorem 5.1 ([6]). Let [b'] € B(G,kg(b) — pf, vpu™t).
(1) If (G, vp(wop™1)°,¥') is HN-decomposable, then F(G,b, )1 0 F(G, b, p)** = 0;
(2) If (G, vp(wop1)°, ') is HN-indecomposable and [V'] a minimal element in the set B(G, kg (b)—
it vy Y\[1] for the dominance order, then F(G,b, )l 0 F(G, b, ) # 0.

Inspired by this theorem, we have the following conjecture.

Conjecture 5.2. Suppose [V'] € B(G, kg (b)—p?, vpop™1) with (G, vy(wop™1)°, ") HN-indecomposable,
then
F(G,b, )"0 F (G, b, )™ # 0.

Remark 5.3. The full conjecture is proved by Viehmann in [41] very recently.

In the rest of the section, we will prove this conjecture for the linear algebraic groups for
special p.

For r,s € Z with r > 0, let O([2]) := O(2)? if d = (s,r). Then degO([£]) = s and
rankO([2]) = r.
Proposition 5.4. Let G = GL,,. Suppose [b'] € B(G, k(b)) —uf, vpu™") with (G, vy (wop1)°, )
HN-indecomposable. If Ey ~ O([%])@O([;—f]) or O([%])@O([%DEBO([;—;D for somery,ra,r3 >
0, then

F(G, b, 0 F(G,b, ) # 0.

In particular, the conjecture 5.2 holds when p = (10),00=")) with r(n —r) < 2n.
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Proof. For the last assertion, if u = (1, 0(*~")) with r(n — ) < 2n, then by Proposition 1.14,
(V'] € B(G, kg(b) — p, vpp™1)\[1] implies & ~ (’)([%]) ® O([%f]) or O([%]) @ O([%]) ® (9([%31})
for some 71,73 > 0 and r9 > 0. So the last assertion follows from the first one combined with
Theorem 5.1 (when 7, = 0). Now it remains to prove the first assertion.

We claim that there exists an exact sequence of vector bundles

(5.0.1) 028 =& —=E"=0
satisfying a commutative diagram
0 o Ep & 0
0 & b g" 0

where £ and £" are semi-stable vector bundles and the vertical arrows are the modifications of
minuscule type. Indeed, suppose & = O([2]). If & ~ (’)([%]) @ O([=2]), then r = r; + ro. Let

—2
£ =O([2]), & = O([F2]). 1f 5 < ry, then let &' = O([Z]) and £” = O([%:2]). Otherwise, let
& = O([S"’%T?]) and & = O([%]) If & ~ O([%]) EBO([%])@O([;—;]), then r{ +7o+r3 = 7.
We can easily check that one of the following two equalities holds:

s—1 rgs—1 s—r 1 1
S & 9 3+ 27
r—ry T3 T—17Ts3 T1

(Otherwise, the equalities give upper and lower bounds for s. The comparison of the two bounds
leads to a contradiction r < ry 4+ r3). In the former case, let

g =0(L]), & =0(=L),

& =o(L), & =o(L)eo()

1

In the later case, let

& =o(5Et), g =o(E),

” r—r3 ” T3
& =0(xDeo(D), & =003
The existence of the extension 5.0.1 is due to [1], and the existence of the modifications given
by the left and right vertical arrows are given by Proposition 1.14. The vertical arrow in the
middle of the commutative diagram gives a point in 2 € F(G,b, u)P'1(C). It suffices to show
x € F*%(C). Suppose G C & is any sub-vector bundle of & corresponding to a reduction
(&bz)p of & to a maximal parabolic subgroup P such that degG > 0. Let G’ C &, be the
corresponding sub-vector bundle of &, corresponding to the reduction (&) p induced by (&p.4)p-
We want to show that G’ does not come from subisocrystals.
Suppose G’ comes from subisocrystals. The fact that degG > 0 combined with the particular
choice of b implies that G D & or G CE'. Then G’ D £ or ¢’ C &'. The later case is obviously

impossible. For the former one, £” = &,/ must have a direct summand of slope 2 which is

also impossible as £ is semi-stable. O
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