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ABSTRACT

We determine the set of connected components of minuscule affine Deligne-Lusztig va-
rieties for hyperspecial maximal compact subgroups of unramified connected reductive
groups. Partial results are also obtained for non-minuscule closed affine Deligne-Lusztig
varieties. We consider both the function field case and its analog in mixed characteristic.
In particular, we determine the set of connected components of unramified Rapoport-
Zink spaces.
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1. Introduction

Let k be a finite field with ¢ = p” elements and let k be an algebraic closure of k. Let F' = k((t)) or
F =W (k)[1/p]. Let accordingly L = k((t)) or L = W (k)[1/p]. Let O and O, be the valuation
rings of F' and L. We denote by € the uniformizer ¢ or p. We write o : z — z? for the Frobenius
of k over k and also the induced Frobenius of L over F.

Let G be a connected reductive group over Or. We denote by G the generic fibre of G,
and write K = G(Op). Since k is finite G is automatically quasi-split. Let B C G be a Borel
subgroup and T' C B the centralizer of a maximal split torus in B. We denote by X, (T) the set
of cocharacters of T, defined over Op,.

For b € G(L) and a dominant cocharacter u € X,(7T) the affine Deligne-Lusztig variety
Xf(b) = X,,(b) (which is in fact in general just a set of points) is defined as

Xu() ={9 € G(L)/K | g 'bo(g) € Ke'K}.

Left multiplication by g € G(L) induces a bijection X, (b) — X, (gbo(g)~"). Thus the isomor-
phism class of the affine Deligne-Lusztig variety only depends on the o-conjugacy class [b] of b,
and not on b.

_ When F' has mixed characteristic, and p is minuscule the sets X 1 (b) are closely related to the
k-points on Shimura varieties which lie in a fixed isogeny class, and in special cases to k-valued
points of a moduli space of p-divisible groups as defined by Rapoport and Zink [RZ96].

If F' is a function field, then X, (b) is the set of k-valued points of a locally closed, locally of
finite type subscheme of the affine Grassmannian LG/K where LG denotes the loop group of
G (compare [Rap00], [GHKRO06]). If F' has mixed characteristic, there is, in general, no known
scheme structure on the affine Deligne-Lusztig varieties !. Nevertheless, they admit some kind
of geometric structure, and in particular a meaningful notion of a set of connected components
70(X,(b)) which is compatible with the corresponding notion for Rapoport-Zink spaces.

The aim of this paper is to compute the set of connected components of X,,(b) for any b when
p is minuscule. To state our main results, we begin by recalling when X,,(b) # (). This condition
is a relation between p and the o-conjugacy class of b. Let B(G) denote the set of o-conjugacy
classes of all elements of G(L). They are described by two invariants. Write 71 (G) for the quotient
of X.(T) by the coroot lattice of G. Recall that there is the Kottwitz homomorphism (compare
[RR96]) wg : G(L) — m1(G) which for p € X, (T) sends an element g € Ke#K C G(L) to the
class of u. We denote by kg the composite of wg with the projection 7 (G) — 71 (G)r, where
I' = Gal(k/k) acts in the natural way on L and hence on 71(G). Let vaom € X«(T)g be the
dominant cocharacter conjugate to the Newton cocharacter of b. Then vqoy is I'-invariant and
together with kg(b) determines the o-conjugacy class.

Let i € X.(T')q denote the average of the I'-conjugates of ;1. Then the set X, () is non-empty
if and only if kg (b) = [u] in 71 (G)r, and i — Vgom is a linear combination of positive coroots with
non-negative rational coefficients - see [KR03], [Win05], [GHKRO06], Prop. 5.6.1, and [Gas10]. We
denote by B(G, 1) the set of o-conjugacy classes [b] € B(G) satisfying these conditions, and we

assume from now on that [b] € B(G, p).

Then wg(b) — = (1 — o) (cp,,) for an element ¢, € m1(G) whose 1 (G)F

determined by this condition. The following is one of our main results.

-coset is uniquely

In fact in this case X, (b) is defined as a functor, not on Ek-algebras, but rather on certain p-adically complete
W (k)-algebras equipped with a lift of Frobenius. For this reason, what we have denoted X, (b) in the introduction
is denoted X, (b)(W (k)) in the body of the paper.



THEOREM 1.1. Assume that G* is simple and that p is minuscule, and suppose that (p,b) is
Hodge-Newton indecomposable in G. Then wg induces a bijection

0(X,u(b)) = ep,m (G)"
unless [b] = [e"] with p central, in which case
Xu(b) = G(F)/G(OF)

is discrete.

Here G?? denotes the adjoint group of G. The definition of Hodge-Newton indecomposablility
will be recalled below in §2.5. In fact, without assuming that G®d is simple, we show that wg
induces an isomorphism as in the first case of the theorem provided (u,b) is Hodge-Newton
irreducible, a condition slightly stronger than Hodge-Newton indecomposability, which is also
recalled in §2.5. When G?? is simple, a Hodge-Newton indecomposable pair (u,b) is Hodge-
Newton irreducible unless [b] = [¢#] with u central. At the end of §2.5 we also give the easy direct
calculation showing the last assertion of the theorem.

The theorem describes mo(X, (b)) (for u minuscule) when G2 is simple and (u,b) Hodge-
Newton is indecomposable in G. The general case without these assumptions (but with p still
being minuscule) can be reduced to this one. Indeed, for any element b € G(L) there exists a
b € G(L) that is o-conjugate to b, and a standard Levi subgroup M C G such that ' € M (L) and
(1, b') is Hodge-Newton indecomposable in M, and such that the natural map X/ (b') — Xg(b’ )
is a bijection.

To reduce to the case when G is adjoint and simple, we again denote by b and p the images
of b and g in G*4. Then the sets of connected components of XNG(b) and X Ead(b) are closely
related. More precisely, we prove in §2.4 that the diagram

(X (b)) —— mo(X T (1))

wGl wGadl
cb,,ﬂrl(G)F —_— 01)7,L7T1(C¥ac‘)F

is Cartesian. Furthermore, affine Deligne-Lusztig varieties for products of groups are products
of the affine Deligne-Lusztig varieties for the individual factors. This reduces the description of
7o(X, (b)) from the general case to the case where G itself is simple.

In the course of the proof we obtain the following theorem (which is also a consequence of
Theorem 1.1). It is less precise but has the advantage that it does not require any additional
assumptions. Define an F-group J by setting

Jy(R):={g € G(R®r L) :0(g) = b 1gb}.
for R an F-algebra. There is an inclusion J, C G, defined over L, which is given on R-points (R
an L-algebra) by the natural map G(R®p L) — G(R).

THEOREM 1.2. If pu is minuscule then Jy(F) acts transitively on mo(X<,(b)).

In fact we will show in Theorem 4.1.12 that already the action of a certain subgroup of Jy,(F')
is transitive.

Our description of the connected components is used in an essential way in the work of one of
us [Ki] on the Langlands-Rapoport conjecture for mod p points on Shimura varieties. Our results



also allow us to get a description of the set of connected components of (simple) unramified
Rapoport-Zink spaces of PEL type.

More precisely, suppose (G, b, 1) is a (simple) unramified Rapoport-Zink datum of EL type or
unitary/symplectic PEL type (for the precise definition, see Section 5). To this kind of datum we
can associate a Rapoport-Zink space M= M(G, b, ) which is a formal scheme locally formally
of finite type over SpfOyp, (cf. [RZ96]). By the Dieudonné-Manin classification of isocrystals over
F,, there exists a natural bijection 6 : M(G, b, w)(Fp) ~ Xf(b). Let M® be the generic fiber of

M as a Berkovich analytic space. There exists a tower of finite étale covers (M 1) kcaz,) o0
Man parametrizing the K-level structures on the Tate-module of the universal p-divisible group,
where K runs through the open subgroups in G(Zp). Let C, be the completion of an algebraic
closure of Q,, write (M i(®(cp> for the set of geometrically connected components of M - The
group J,(Q,) x G(Q,) x Gal(L/L) acts naturally on 7r0(/\>l[~(®(cp), where L is the intgeral closure
of L in C,. Moreover, there is a natural map

8 = (84,,06, Xoa.p) : Jo(Qp) x G(Qp) x Gal(L/L) — G™(Q,),

where the maps d;, and d¢g are the natural ones, and xs,,,, is given by the Artin reciprocity map
and the reflex norm of p. Then our main result implies the following theorem (see 5.1.10 below,
cf. [Chel4] Theorem 6.3.1).

THEOREM 1.3. If (b,uu) is Hodge-Newton irreducible, then the action of Jy(Qp) x
Gal(L/L) on mo(M z®C,) factors through 4, and makes mo(M z®C,) into a G**(Q
torsor. In particular, there exist bijections

o (Mk®cp) =GP (Qp)/‘s(f{)

)

G(Qp~><
)/ 6(K)-

which are compatible when K varies.

For dominant elements u, ' € X, (T) we say that p/ < p if u — p’ is a non-negative integral
linear combination of positive coroots. The closed affine Deligne-Lusztig variety is defined as

X<u(b) = U X (b).
%

"2

If p1 is minuscule, X, (b) = X<, (b). We conjecture that Theorem 1.1 remains true without the
assumption that y is minuscule if we replace X, (b) by X<, (b) in the statement. For split groups
this is proved in [Vie08] in the function field case. For split groups in mixed characteristic it can
be deduced by combining the arguments in [Vie08] with the theory of connected components of
affine Deligne-Lusztig varieties in mixed characteristic developed in the present paper.

The proofs of the theorems are organized as follows: In Section 2 we collect some foundational
results including the behavior of the Cartan decomposition in a family, the definition of the
affine Grassmannian and affine Deligne-Lusztig varieties in mixed characteristic. We also make
the reductions discussed above, first to the case where (u,b) is Hodge-Newton indecomposable,
and then to the case when G is adjoint and simple. In Section 3 we prove Theorem 1.1 for the
case that b is superbasic, i.e. under the assumption that b is not o-conjugate to an element of any
proper Levi subgroup of G. In Proposition 3.4.1 we show that each connected component contains
an element of J,(F)X yu’ (b) where M is a standard Levi subgroup such that b is superbasic in
M and p/ is an M-dominant cocharacter with pj = p. Until this point we do not assume
that p is minuscule. Finally in Section 4 we assume that p is minuscule and we connect suitable
representatives of the connected components of all X %,(b) by one-dimensional subvarieties in



Xf(b). Here the reader may wish to first consider the case when G is a split group, as this
substantially simplifies the arguments.

Apart from this introduction we only consider the arithmetic case. Proofs for the function
field case are completely analogous, but simpler.

ACKNOWLEDGEMENTS

The authors would like thank Robert Kottwitz, Dennis Gaitsgory and Jilong Tong for useful
discussions, and Xuhua He and Rong Zhou for useful comments on a previous version of the
manuscript. We thank the referee for helpful comments.

2. Affine Deligne-Lusztig varieties in mixed characteristic

2.1 The Cartan decomposition in families

2.1.1. Let F = W (k)[1/p] with k a finite field with ¢ = p” elements. Fix an algebraic closure k of
k, and let L = W (k)[1/p]. Write T = Gal(k/k). Then T has a canonical topological generator o
given by x — z¢, and acts in the natural way on L. Let G, B, T be as above, and write W = Wg
for the Weyl group of T in G.

We have the Cartan decomposition [BT72] 4.4.3
G(L) =[] G(OnprG(OL)
I

where p runs over the dominant elements of X, (7). In particular, u — p* induces a bijection
X.(T)/W = G(O)\G(L)/G(O). (2.1.2)

We write pg—_dom (0T ftdom if the group is clear) for the dominant element in the orbit of
w € X, (T) under W. For py, po € X.(T), we write pg < po if po — pg is a linear combination of
positive coroots with integral, non-negative coefficients. For vy, 19 € X, (T)r we write vy < vy if
9 — 11 is a linear combination of positive coroots with real, non-negative coefficients.

2.1.3. Let R be a k-algebra. A frame for R is a p-torsion free, p-adically complete and separated
Op-algebra Z equipped with an isomorphism % /p# — R, and a lift (again denoted o) of the g-
Frobenius o on R to %Z. When ¢ = p this is a special case of Zink’s definition [Zin01], Definition 1.
If 0 : R — R’ is a map of k-algebras, then a frame for 6 is a morphism of Op-algebras 0 : Z — %'
from a frame of R to a frame of R’, which lifts 6, and is compatible with o.

Let x be a perfect field. Any map s : R — k admits a unique o-equivariant map Z — W (k),
which we will often again denote by s.

LEMMA 2.1.4. Let #Z be a frame for R. Then any étale morphism R — R’ admits a canonical
frame # — %'.

Proof. Since the étale site is invariant under nilpotent thickenings, R’ lifts canonically to an étale

R|p" X algebra %), and we set Z' = @192’7’I
Similarly, the canonical isomorphism R’ ®pg , R é R’ lifts to a unique isomorphism %, @ »
ag

R — !, and the composite

R, SR 000 B B,



lifts o on #,,. Passing to the limit with n we get a lift of o on Z'. O

2.1.5. Fix a frame Z for R, and let g € G(#L). For a dominant p € X, (T) let
Su(g) = {s € Spec R : s(g) € G(W (r(s)))p"G(W (%(s))) }
where %(s) denotes an algebraic closure of k(s), and set

Sju(g) = Uu’jusu’ (9),

where 1/ runs over dominant cocharacters < .

LEMMA 2.1.6. Let R be a Noetherian, formally smooth k-algebra, # a frame for R, and g €
G(Z#yL).

(i) The subset S<,(g) C S = Spec R is Zariski closed.
(ii) The subset S, (g) is locally closed and is closed if p is minuscule.

(iii) The function s = [p(g)] € m1(G) is locally constant on s € Spec R.

Proof. We begin by checking that S<,(g) = {s : f15(y) < p} is closed in S. By [RR96], 2.2(iv) we
have g 4o < p if and only if for every representation p : G, — GL(V') on an L-vector space V,
we have po ug sg) < pop.

Choosing a suitable Or-lattice @ C V, we may assume that p is induced by a map G — GL(Q)
over Or, (cf. the proof of [Kis13], 2.3.1). Let 7" C GL(Q) be a maximal L-split torus containing
the image of T. Then p o yig 5g) = HaLs(p(g) 0 X«(T')/War where Wy, is the Weyl group
of 77 in GL(Q). By [Kat79], Cor. 2.3.2 the set of points at which the Hodge polygon of a o-
isocrystal lies on or above a given polygon and has the same endpoints, is closed in S. Hence
S<pou(p(g)) C S is closed, and hence S¢,(g) C S is closed.

It follows in particular, that the function s = [ug s(g)] € T1(G) ®z Q is locally constant on
S, which proves (3) when 71(G) has no torsion. To prove (3) in general, let G' be the universal

cover of G and let G’ = G x T. The kernel of the natural map G’ — G is a maximal torus
T' C G. The obstruction to lifting g to a point of G (%) lies in H'(Spec %y, T’). Since T’
is a split torus this obstruction corresponds to a finite collection of line bundles over Spec Zr..
Since Z is regular any line bundle on Spec #Z;, extends to a line bundle on Spec%Z. Hence after
replacing S by a Zariski covering by affines, and % by the corresponding frame (see Lemma
2.1.4), we may assume that g lifts to a point ¢’ € G’ (#Z1). By what we already saw, the function

5+ [pG,s(gn] € m1(G) is locally constant, so s = [ug s(g)] € T1(G) is locally constant.

To prove (1) and (2) we may assume that S is connected. Then [pyq)] € m1(G) does not
depend on s, and S<,(g) is empty unless [u] is equal to this constant class. If this condition
holds, then jiy) = p if and only if i) < p. Thus, S<,(g9) = {5 : preg) < p}, which we saw is
closed. This proves (1) and that S,(g) is locally closed. If  is minuscule and p/ < 1 is dominant
with [u] = [¢/] in m1(G), then ' = u, so (2) follows. O

2.1.7. Suppose that g € G(#r) and S,(g9) = S = Spec R. Then a natural question is whether
G(Z)p'G(#) C G(#r) contains g. We will show that this is so étale locally on R, when R
is a reduced, Noetherian k-algebra. This will be used in §2.5 below. To do this we need some
preparation.

By an étale covering, we mean a faithfully flat, étale morphism R — R’. We begin with the
following simple lemma which allows us to work with frames étale locally on R, and will allow
us to often replace R by an étale covering in arguments.



LEMMA 2.1.8. Let R be a reduced k-algebra, and # a frame for R. Suppose that g € G(%r)
and S, (g9) = S. If k D k is a perfect field of characteristic p, and L' /W (x)[1/p] a finite extension
with ring of integers Oy, then for any map of Op-algebras & : # — O, we have

£(9) € G(OL)P"G(OL).
Proof. As in the proof of Lemma 2.1.6, it suffices to consider the case G = GL(Q) for a finite
free Op-module Q.
For ¢ as in the lemma, let i¢ denote the greatest number in e(L')~'Z such that £(¢)(Q ®o,

Op) C ﬂ'z(,L/)%Q ®p, Or/, where 7y, is uniformizer for L' and e(L’) is the absolute ramification
degree of L’. Our assumptions imply that if £ is a map s : Z — Op = W (k) induced by a closed
point s : R — k, then i¢ has a value ig € Z which does not depend on s.

We claim that i¢ = ig for any £. To see this we may multiply u by a central character and g
by a scalar, and assume that ig > 0, and that g stabilizes Q ®p, Z. If iy > 0, then ¢ induces an
endomorphism of () ®p, R which vanishes at every closed point of R, and hence is identically 0
as R is reduced. Hence g(Q ®p, Z) C p(Q ®o, #). Thus, after again multiplying x by a central
character, we may assume that ig = 0 and g leaves Q ®p, Z# stable. This implies that g induces
an endomorphism of ) ®o, R, which is non-zero at every closed point, and hence i¢ = 0 for all
£.

Now the lemma follows by applying the claim just proved to the exterior powers of Q. O

2.1.9. Suppose that @ is a finite free Or-module equipped with an action of G. For p € X, (G)
we denote by u? the GL(Q)-valued cocharacter given by z ~— z'u(z), where i is the integer
such that the eigenvalues of p‘u(p) acting on @ are non-negative powers of p, and include 1. Let
P,(Q) C G xp, G be the subgroup whose points are pairs (g1, g2) such that g1 12 (p) = u(p)ga
in End Q. Note that this need not be a flat subgroup, in general.

Similarly, if « is a collection of finite free Op-modules equipped with an action of G, then we
denote by P, () the intersection of the P,(Q) C G X, G for Q € a. Note that the generic fibre
of P,(c) may be identified with G via the embedding

G GxG: g (g.u(p) gup).
LEMMA 2.1.10. Let G — GL(Q) be a faithful representation of G on a finite free module @, let

a = {A\'Q}i>1, and let pu € X, (G). Then P,(a) is a smooth model of G, and may be identified
with the closure of the embedding G — G x G above.

Proof. Let P, C G denote the parabolic defined by p, so that Lie P, C Lie G is the submodule
on which p acts by non-negative weights. Similarly, let P; denote the opposite parabolic and M,
the common reductive quotient of P, and P;. We will use a subscript of k to denote the special
fibre of an Op-scheme.

Write Q) = ©Q; where u@ acts on Q; with weight n; and 0 = ng < ny < ..., and fori > 0, let
d; = dimy, Q; and ¢; = Z;:o d;. The condition g1119(p) = pu®(p)ge implies that if (g1, g2) € P,(a)
then g; leaves Qg stable, go leaves @;~0Q; stable and g1, go induce the same endomorphism of
Qo = Qr/ Bi>0 Qi-

Note that

(AHQ)o = (®g AY Q) ® Qiga,

where (A%T1Q)o denotes the summand of A%T1Q on which "' @ acts with weight 0. Hence for
12> 0, g1 leaves @;<;Q); stable, g2 leaves @;~;Q); stable and g1, g2 induce the same endomorphism

of Q,L



It follows that P,(a)y is contained in Pp, X, , Puk. Thus, if P), denotes the closure of
G — G x G, under the embedding above, then we have

/
P;L,k: C Pu(a)k C P;Z,k XMM,k P“’k.

Since P;j gk XM, Puk 1s a smooth connected group scheme with the same dimension as Pl; i the
above inclusions must be equalities, which proves the lemma. ]

PROPOSITION 2.1.11. Let R be a reduced, Noetherian k-algebra, # a frame for R, and g €
G(Z1). Suppose that S,,(g) = S. Then there exists an étale covering R — R’ such that g €
G(Zp'G(#'), where %' is the canonical frame for R’ produced in 2.1.4.

Proof. Let G — GL(Q) and « be as in 2.1.10. Consider the map

G x G — ®is1Endo, N Q; (g91,92) = (911" P (p)ga)is1- (2.1.12)

Note that by Lemma 2.1.10 the non-empty fibres of (2.1.12) are torsors under the smooth
group scheme P, (o). More precisely, for any Op-scheme 1" the map on T-valued points induced
by (2.1.12) has fibres which are either empty or torsors under P,(c)(T"). Hence the pullback of
(2.1.12) by the image of any point in G x G(T') is a P,(«)-torsor.

Let v; = u\'@(p)u(p) g for each i > 1. Then v = (7;);>1 is an Z-point of @;>1Endp, Al Q.
By 2.1.8 for any perfect field x O k, any finite extension L'/W (x)[1/p], and any map of Op-
algebras £ : Z — Oy, £*(7) lifts to a point of G x G(Op/), and hence for any such & the pullback
of (2.1.12) by £*(v) is a P,(«)-torsor, and in particular, flat. It follows from 2.1.13 below, that
the pullback of (2.1.12) by v is a (flat) P,(«)-torsor.

Finally, the lemma follows, since the above torsor can be trivialized over some étale covering
of R. ]

LEMMA 2.1.13. Let #Z be a p-adically complete and separated, p-torsion free Op-algebra, such
that Z/pZ% is reduced and Noetherian, and X a finite type %-scheme. Suppose that for any
perfect field k O k, any finite extension L' /W (k)[1/p], and any map of Op-algebras € : # — Oy,
the fibre X¢ is flat over Or/. Then X is a flat #-scheme.

Proof. It suffices to check that X is flat at every closed point x € Spec R. Let ;@x denote the
completion of #Z at x. By [RG71], 4.2.8 X ®4 %, is flat, provided N¢ ker § = 0 where £ runs over
all maps %, — Oy, with L’ as in the lemma.

To see this, we first note that # is reduced. Indeed, if a € Z is a nilpotent element, then
a™ = 0 for some n, so that o € p#Z, as Z/pZ# is reduced. Since Z# is p-torsion free, we can
apply the same argument to p~'a, and we find that « is infinitely divisible by p in %Z. As Z is
p-adically separated, this is a contradiction, unless oo = 0.

By [EGA] IV 10.5.8, @x[l/p] is a Jacobson ring. Let y € Spec @x[l/p] be a closed point, and
L, the quotient of %/Zv[l /p] by the corresponding maximal ideal. Then L, is equipped with a
discrete valuation, and the corresponding valuation ring Op, is a finite ,@m-algebra (see [EGA]
IV 10.5.10, and its proof). In particular, if £(z) is an algebraic closure of x(x), then L, admits an
embedding into a finite extension L'/W (% (x))[1/p]. Since any map & : Z — L’ factors through
Oprs, we see that N¢ ker § = 0 as required. O

COROLLARY 2.1.14. Let R be a Noetherian, formally smooth k-algebra, # a frame for R, and
g € G(#1). Suppose that p is minuscule and that S, (g) contains the generic points of Spec R.
Then there exists an étale covering R — R' such that g € G(Z')p'G(#'), where %' is the
canonical frame for R’ produced in 2.1.4.



Proof. Since S, (g) contains the generic points of Spec R, and p is minuscule, we have
Su(g) = S=<u(g) = Spec R
by Lemma 2.1.6, and the corollary follows from 2.1.11. O

2.2 The affine Grassmannian in mixed characteristic

2.2.1. Let #Z be a p-torsion free, p-adically complete and separated Op-algebra. Let X(#) =
X () denote the set of isomorphism classes of pairs (7, 7) where T is a G-torsor over Spec %,
and 7 is a trivialization of 7 over Spec Z7..

Let S be a flat p-adic formal scheme over Oy, and let Sy be the reduced subscheme of S. An
étale morphism Uy — Sy lifts canonically to a formally étale morphism of p-adic formal schemes
U — S. We call such a morphism a formal étale neighborhood of S. We call such a morphism
a covering if Uy is a covering of Sy. We say that U is a formal affine étale neighborhood if in
addition U is formal affine (or equivalently Uy is affine).

In particular, X : SpfZ — X (%) defines a functor on formal affine étale neighborhods of
S. Equivalently, we may view X as a functor on affine étale neighborhoods of Sp.

Given a section (7,7) of X(S) there is a formal étale covering Spf#Z — S over which T
becomes trivial. To g € G(Z}), we can associate the trivial G-torsor over SpecZ given by G
itself, equipped with the trivialization over Spec % corresponding to left multiplication by g.
Two elements g, ¢’ € G(Z1,) give rise to the same torsor with trivialization over Spec Z, if and
only if they have the same image in G(Z)/G(%). The set of elements of X (Spf#Z) where the
underlying G-torsor over SpecZ is trivial is in natural bijection with G(ZL)/G(#). Thus, the
functor X¢ is an analogue of the affine Grassmannian in mixed characteristic. 2

We will often reduce questions about G-bundles to questions about vector bundles. For this
we will need the following

LEMMA 2.2.2. Let Y be a flat Op-scheme. Let F denote the category of exact, faithful tensor
functors from representations of G on finite free Op-modules to vector bundles on Y.

If P is a G-bundle on Y, and V is a representation of G on a finite free O; module, write
Fp(V)=G\(P x V). Then P +— Fp is an equivalence between the category of G-bundles onY,
and the category F.

Proof. See [Bro08] Thm 2.1.5.5 (cf. also [Nor76]). O

LEMMA 2.2.3. The functor X¢ extends to a sheaf (again denoted X¢) on the étale topology of
So.

Proof. We extend Xg to a presheaf X on the étale topology of Sy by setting X (Up) =
@X@(Vg) where V) runs over affine étale neighborhoods of Vy — Uy, (cf. [EGA] §0, 3.2) and
we let Xg denote the sheafification of X . Note we do not claim that X is a sheaf, but only
that its values agree with those of X g on affine étale neighborhoods.

We have to show that for any formal affine étale neighborhoods SpfZ — S, X¢:(%) = X/ (%).
By definition, an element of Xg (#) is defined by giving a collection {SpfZ;}; of formal affine

2This definition works well for our purposes, but has the aethstetic disadvantage that it depends on % and not
just on R = Z/p%. Haboush [Hab05] (see also Kreidl [Krel4] and Lusztig [Lus12]) has proposed an approach to
the affine Grassmannian in mixed characterstic which uses Witt vectors and the Greenberg functor, and does not
depend on the choice of lifting. However this works well only when R is perfect. Since perfect rings are typically
not Noetherian many of our commutative algebra arguments would break down in this setting.



étale neighborhoods of Spf#, whose union is a covering of SpfZ, an element (7;,7;) of X (%;)
for each 4, and isomorphisms (7;,7;) — (7}, 7;) over Spec %;; satisfying the cocycle condition.
Here Spt%; ; = Spf%; X sprw SPEZj. We have to show that any such collection of data arises from
an element (7,7) in Xg(Z), which is unique up to a unique isomorphism.

By Lemma 2.2.2 it suffices to prove the analogous statement for vector bundles of some fixed
rank d. Thus let {(V;, 7;)}:; be a collection consisting of vector bundles V; of rank d, over Spec %;
together with trivializations 7; over Spec % 1. Suppose we are given isomorphisms {(V;, ;) —
(Vj, ) }i,; over SpecZ; ;1 for all i,j satisfying the cocycle condition. We have to show this
data arises from a vector bundle V over SpecZ together with a trivialization over Spec %,
determined up to unique isomorphism.

By étale descent, for n > 0 this data gives rise to a uniquely determined vector bundle V,,
on Spec Z/p" %, and hence to a vector bundle on Spec Z. To construct the trivialization 7, we
may first assume the above covering consists of finitely many formal affine étale neighborhoods,
since SpfZ is quasi-compact. Now choose a sufficiently large integer n such that for each i, p"7;
and p"Ti_l induce maps V; — %,fl and %Zd — V; whose composite is multiplication by p?". As
above, by étale descent these maps give rise to maps Z% — V and V — %% whose composite is
multiplication by p?*. Inverting p and dividing the resulting maps by p™ produces the required
trivialization 7. O

2.2.4. Now suppose that S = SpfZ is formal affine, and locally Noetherian. We will give a
description of X () using the étale topology on Spec %, which will be useful for computations.

Let j : Spec Z1, — SpecZ and i : Spec Z/p# — Spec % denote the inclusions. We again
write X for the étale sheaf i, X, on Spec Z.

Let U be an étale neighborhood of SpecZ. Using the fact that a G-torsor over Spec % is
étale locally trivial one sees that (j.G/G)(U) is in bijection with the set of isomorphism class
of pairs consisting of a G-torsor over U, equipped with a trivialization over U ®o, L. Thus, we
have a natural map of étale sheaves j,.G/G — X¢.

LEMMA 2.2.5. The map j.G/G — X¢ is an isomorphism.

Proof. We first consider the case G = GL,. Let U = SpecR’ be an étale neighborhood of S,
Uy =U®yZ/pZ, and U= SpfZ#’ the p-adic completion of U. Let U = Spec R’ be the localization
of U along Uy, so R’ is obtained from R’ by inverting all elements which map to a unit in R’ /pR’.
Note that any maximal ideal of R’ contains (p) so that %', which is the p-adic completion of R/,
is a faithfully flat R/-algebra.

Since X¢ is a sheaf, it suffices to show that for any R’ as above, the map GL,, (R}, )/GL,(R') —
GL,(#})/GLp(#') is a bijection. The injectivity follows from the fact that %’ is faithfully
flat over R/, which implies that 7~2’L /R’ injects into R |%'. For the surjectivity, suppose that
g € GL,(Z}). Let s be an integer such that g,¢g~1 € M, (p~*%'). For any m > 0 there exists
h € M,(p~*R’) such that g—h = p™d for some § € M,,(#'). For m sufficiently large h € GL,(R’)
and 1+ p™h=1§ € GL,(%Z'). As g = h(1 + p™h~16), this proves the surjectivity.

Now suppose that G is arbitrary, and let P be a G-bundle over Spec %’ equipped with a
trivialization over Spec ;. Then P gives rise to an exact, faithful tensor functor Fp which
associates to each Op-representation V of G the vector bundle Fp(V) = G\V x P, together with
an isomorphism 7y : V @ #) — Fp(V) ®0, L. By the case of vector bundles proved above,
(Fp(V),7v) arises from a pair (Fp(V),7y) consisting of a vector bundle Fp(V) over SpecR’
together with an isomorphism 7y : V @ R, = F P(V) ®p, L, and this pair is unique up to
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canonical isomorphism. In particular, Fp(V) is a faithful tensor functor. Moreover, Fp(V) is
exact: over (p) this follows from the fact that %’ is a faithful R/ algebra, and after inverting p
it is forced by the existence of the isomorphisms 7y,. Using Lemma 2.2.2, we obtain the required
G-bundle over Spec R’ equipped with a trivialization over Spec R/, . O

2.2.6. The following lemma, in the case when R is a Dedekind domain, shows that X satisfies
an extension property which is analoguous to of the valuative criterion for properness.

LEMMA 2.2.7. Suppose that R = R |pZ is a Noetherian, formally smooth domain over k. Let
f € %#\pZ%, and #; the p-adic completion of ¢ = %Z[f~1]. Denote by rg ¢ the natural functor
from the category of G-torsors on Spec % equipped with a trivialization over Spec %y, to the
category of G-torsors on Spec %y equipped with a trivialization over Spec Z r..

Then

(i) rq,r is fully faithful, and an equivalence if R is a Dedekind domain. In particular, the natural
map

Xa(#) = X(%y)
is an injection, and a bijection if R is a Dedekind domain.

(ii) If M C G is a reductive, closed Op-subgroup, the diagram

X1 (B) —— Xt (%y)

T

~

Xa(#) — Xc(%y)
is Cartesian.

Proof. We first prove that the functor is fully faithful. By Lemma 2.2.2 it suffices to show this for
vector bundles, and for this it is enough to check that @f NXZ;, = Z%. Let @f be the localization
of Zy along (p). Then ,@f ﬂ,%;’f,L = @f, since @f is a fully faithful :%T’f—algebra, and @f NZ1, = X.

Now suppose that R is a Dedekind domain By Lemma 2.2.5 to show essential surjectivity, it
suffices to show that a G-bundle P over Spec Z equipped with a trivialization over Spec %y p,
extends uniquely to a G-bundle over Spec Z. Using the trivialization, we may extend P to a G-
bundle over the complement of a set of codimension 2 in Spec %, equipped with a trivialization
over Spec Zr,. By [CS79], Thm. 6.13, since G is reductive over Or, any such bundle extends to
a G-bundle over Spec Z. This proves (1).

To prove (2), it suffices, by (1), to show that if (7as,7) € XM(,@f) lifts to an element of
Xa(Z%) then it lifts to an element of X;(Z). Using the full faithfulness in (1) again, it suffices
to prove this with R replaced by an étale covering. Thus we may assume that (Tar, 7) is given
by an element in g € G(#). By Lemma 2.2.5, Tjs arises from an M-bundle on Spec Z¢, and we
extend it to an M-bundle 7;; on U := Spec %y U Spec Zr,, equipped with a trivialization over
Spec Zr,. Since T, arises from g, the G-torsor induced by T}, is trivial. Thus it corresponds to a
section in G/M (U). The complement of U in Spec % has codimension > 2. Since M is reductive,
G/M is a smooth, affine scheme. It follows that any section in G/M (U) extends to Spec Z. This
shows that 7}, extends to an M-bundle of Spec %, and proves (2). O

2.2.8. Now suppose that Z has the structure of a frame for R = Z/p%. If Spf#' — SpfZ is
a formal affine étale neighborhood, then as remarked in 2.1.4, Spf%’ has a canonical structure
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of frame for R' = %' /p%#’. Thus given any s € Spec R', and g € Xg(#'), we may consider the
induced element s(g) € Xa(W(k(s))) = G(W (&(s))[1/p])/G(W (K(s))).

LEMMA 2.2.9. Let R be a formally smooth, Noetherian k-algebra, and % a frame for R. We
regard 71 (G) as a constant étale sheaf on Spec R with value w1 (G). Then there is a canonical map
wg : Xg — 71(Q) of étale sheaves on Spec R, such that for any étale covering Spec R’ — Spec R,
s € Spec R/, and g € Xg(#') we have

[/‘s(g)] = wG(g)s € 7['1(G)-

Proof. This follows immediately from Lemma 2.1.6. O

2.3 Affine Deligne-Lusztig varieties

2.3.1. Let Z be a p-torsion free, p-adically complete and separated Op-algebra. Recall that for
g € G(Zr) and p € X, (T) dominant we defined

Su(g) = {s € Spec R : 5(g) € G(W (%(s)))p"G(W(K(s))) }

where /(s) denotes an algebraic closure of x(s). Note that the condition on ¢ in the definition
of S,(g) depends only on the image of g in G(#)/G(#). We may therefore define S,(g) and
S<,(g) in the same way for any g € G(%1)/G(Z).

Now let R be a k-algebra, S = Spec R and % a frame for R. For b € G(L) we set
X<u(b)(#) = {g € Xc(#) : S<u(g™"bo(g)) = S},

and we define X,(b)(#) in an analogous way, replacing S<,, by Sy. If Spf#’ — SpfZ is a formal
affine étale neighborhood, then as remarked above, Spf#’ has a canonical structure of frame
for R = %' /p#'. Thus we may consider X<, (b)(#’) (resp. X, (b)(#Z')). Note that the above
definition probably needs to be refined if one wants to obtain a good notion of non-reduced
structure on affine Deligne-Lusztig sets. However, for our study of connected components this is
not relevant.

For gy € G(L) we have natural bijections X<, (b)(%Z) — X<,(g5 'bo(g0)) (%) with g+ g5 'g.
Therefore, all of the following notions for these sets and in particular the set of connected
components of X<, (b) only depend on the o-conjugacy class of b.

In the analogous situation, when F has characteristic p, any k-algebra R admits the canonical
frame R[t]. Thus X,(b) can be regarded as a functor on k-algebras, by setting X,,(b)(R) to be
the set X,,(b)(R[t]) defined as above. In fact, in this setting, X,(b) is a scheme in characteristic
p. Although one would like to have a similar interpretation in mixed characteristic there is no
canonical frame, and we do not know of any way to formalize this heuristic.

We will sometimes write simply X<,,(b) for X<, (b)(W(k)). When we want to make the group
G explicit we will write X, (b) for X<, (b).

LEMMA 2.3.2. The functors X<,(b) and X, (b) are subsheaves of X¢ in the étale topology of
Spec R.

Proof. This follows from Lemma 2.2.3 together with the fact that the conditions defining X<, (b)
and X, (b) are local for the étale topology on Spec R. O]

LEMMA 2.3.3. Suppose that R = % /pZ# is Noetherian and formally smooth over k. Let f €
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H\pZ#, and @f the p-adic completion of #Z;. Then the diagram

X< (b)(2) —= X=,u(b)(%y)

|

XG’(@f)

Xa(Z)
is Cartesian, and similarly with X, in place of X<, if p is minuscule. In particular,
(i) The natural map X<,,(b)(#) — X<u(b) (@f) is injective, and is bijective if R is a Dedekind
domain.
(ii) If p is minuscule the natural map X, (b)(#) — X,.(b) (@f) is injective, and is bijective if R
is a Dedekind domain.
(iii) If M C G is a closed, reductive Op-subgroup with b € M (L), then the diagram

XY (b)(%) — XM (b)(%y)

| |

X, (b)(%) —= X, (b)(%y)
is Cartesian, and similarly with X,, in place of X<, if u is minuscule.

Proof. Let g € Xju(@f), and suppose that g arises from an element § € Xg(#). By Lemma
2.1.6, the condition S<, (g7 bo(g)) = Spec R[1/f] implies S<,,(G7bo(g)) = S, so § € X<u(Z%).
Similarly, if g is minuscule and g € X M(%?f), then § € X,(Z). It follows that the first diagram
in the lemma is Cartesian. This implies the other claims in the lemma, using Lemma 2.2.7. [

2.3.4. Let D denote the pro-torus with character group Q. Recall the Newton cocharacter
v=uv,:D—G

defined by Kottwitz [Kot85], 4.2. If G = GL(Q) for an F-vector space @, then v is the cocharacter
which induces the slope decomposition of bo acting on Q. In general v is determined by requiring
that it be functorial in the group G. We denote by M, C G the centralizer of v,. A o-conjugacy
class is called basic if the associated Newton cocharacter is central in G. Let vgom € X*(T)& be
the dominant cocharacter conjugate to the Newton cocharacter of b.

The group I' acts on X, (7T) through a finite quotient, and we denote by
=Ty > 7w € Xu(T)g
Tel'/T,
the average of the I'-conjugates of y. As mentioned in the introduction, the set X, (b) is non-
empty if and only if [b] € B(G,u). That is, kg(b) = [p] in 71(G)r, and & — Vgom is a linear
combination of positive coroots with non-negative rational coefficients. We assume from now on
that this condition holds.

For any b € G*(L), we define an F-group J; by setting
Jy(R) = J(R) == {g € G(R®F L) : 0(g) = b~ " gb},
for R an F-algebra. There is an inclusion J; C G, defined over L, which is given on R-points (R

an L-algebra) by the natural map G(R®p L) — G(R), and which identifies J; with the preimage
of Mz in G. The group J; is an inner form of Mj [Kot97], 3.3, [RZ96], 1.12.
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If b € G(L) we write J, = J; where b denotes the image of b in G®4(L). Then J,(F) acts
naturally on X<, (b) and X, (b).

2.3.5. Let go, g1 € X<,u(b)(W(k)), and R a smooth k-algebra with connected spectrum, equipped
with a frame Z. We say that g is connected to g; via Z if there exists g € X<,(b)(#) and
50,51 € (Spec R)(k) such that so(g) = go and s1(g) = g1. We denote by ~ the smallest equivalence
relation on X<, (b)(W(k)) such that gy ~ g1 if go is connected to g; via some % as above, and

we write mo(X<, (b)) for the set of equivalence classes under ~ .

We could have defined a notion of connected components without assuming that R is smooth.
However the stronger notion of connectedness is useful in the applications in [Kis13] and, happily,
this condition is also convenient in several of our arguments. On the other hand, we conjecture
that the two definitions of connected components are equivalent. This follows a posteriori from
our main result, when g is minuscule G? is simple, (u,b) is Hodge-Newton indecomposable
and GY is simply connected (so that 71(G) has no torsion). To see this one uses the first
part of the proof of Lemma 2.1.6 which shows (without assuming R formally smooth) that
s = [pg(g)) € T(G) ®z Q is locally constant on Spec R. We believe that all of Lemma 2.1.6
remain true without assuming R formally smooth, in which case the two notions of connected
component would agree without assuming G9¢" simply connected.

The natural action of J,(F) on X<, (b) clearly induces an action on my(X<,(b)). Note that

we also have an action of J,(F') on 71 (G) by left multiplication via Jj,(F') T w1 (Jp) = m1(G).

LEMMA 2.3.6. (i) The homomorphism wg : G(L) — 71(G) induces a well-defined map wg :
7o(X=u(b)) = m1(G), which is compatible with the action of J,(F).

(ii) Let cp,, be as in Theorem 1.1. Then the image of the map defined above is contained in
r
Cb’/ﬂrl (G) .

Proof. The first assertion of (1) follows from Lemma 2.1.6, where the claim regarding the action
of Jy(F) is clear.

For (2) let g € X<, (b). As K is in the kernel of wg, this implies wg (g7 1bo(g)) = [u] € m1(G).
Hence —wg(g) + o(wa(9)) = (1] — wa(b). By definition of ¢, this implies the claim. O

2.4 Reduction to adjoint groups

We continue to use the notation above. In particular, # is a frame for R = Z/p%, and we
continue to assume that [b] € B(G, p).

LEMMA 2.4.1. Let G — G’ be a morphism of reductive groups over O which takes Zg to
Z¢r and induces an isomorphism on adjoint groups. Suppose that R is Noetherian and formally
smooth over k. Then the diagram of étale sheaves on Spec R

X — X
wgl szJ
7T1(G) —_— 7['1(G/)
is Cartesian.
Proof. Using Lemma 2.2.5 we identify the top line of the diagram with the map j.G/G —

J«G'/G'. Let Z = ker(G — G’) and let G be the pushout of G by an embedding Z < T where
T is a Op-torus. Then we have maps G — G” — G’, where the first map is an embedding, and

14



the second map has kernel a torus. Hence it suffices to prove the lemma in the two cases when
G — @' is faithfully flat with Z a torus, or an embedding.

For the first case, we begin by computing the fibre of this map over the identity. Let g be
a local section in this fibre. Since any G-torsor is étale locally trivial, g admits a local lift to a
section g of j.G. Since the image of g is trivial in j,G'/G’ for any point s € Spec R, we obtain
that j14(5) is in X«(Z). Hence, this cocharacter is a locally constant function on Spec R by Lemma
2.1.6. It follows by 2.1.11 that g is étale locally of the form ptsh with py € X.(Z) and h a section
of G. Hence g is in the image of

X (Z) = §.G/G  p— pt.

This map is injective (for example by the pointwise Cartan decomposition) and is equal to the
fibre of j.G/G — j.G'/G" over the identity. In particular, we see that the non-empty fibres of
both the horizontal maps in the diagram are X, (Z)-torsors.

Since Z is a torus the map 7 (G) — m1(G’) is surjective. Hence it suffices to show that a local
section of j,G’ lifts to j.G. Note that R'j,G,, = 0. Indeed if p D (p) is a prime of %, then a
line bundle £ on Spec %,[1/p] extends to Spec %, : Our assumptions imply that %, is a regular
local ring. Thus, we may first extend £ as a coherent sheaf, and then take the determinant of
the extension. Hence R'j,Z = 0, which shows that j,G — j.G’ is surjective.

For the case of an embedding, we have to show that if ¢ is a local section of j.G'/G’ whose
image in 71 (G’) is in 71 (G), then g lifts locally to j.G/G. We may assume that g lifts to a section
g of j.G'. Let T" C G’ be a maximal (necessarily split) torus, and T' C G its preimage. Using that
R',G,, = 0 we have j,(G'/G) = j.(T'/T) = j,T'/j.T. Hence, after modifying § by an element
of j«G, we may assume that g € j.T’. Since the map j5.T/T — 717" /T" may be identified with
X (T) — X.(T"), and the cokernel of the latter map is X,(G'/G), it follows that g lifts to an
element of j,T. O

COROLLARY 2.4.2. Let Z C Zg be a closed Op-subgroup, and G' = G/Z. Write T' = T/Z,
V' € G'(OL) and i’ € X,(1") for the elements induced by b and . Suppose that R is Noetherian
and formally smooth over k. Then the diagrams of étale sheaves on Spec R

X, (0) ——  Xp(0)

wgJ( wcxl
Cb“uTI'l(G)F —_— Cb/#/ﬂ'l(G,)F
and
Xu(b)  —— X<u (V)

wa W

Cb#Trl(G)F e Cb/7M/7T1(G,)F

are Cartesian.

Proof. It follows from Lemma 2.4.1 that the non-empty fibres of all the horizontal maps in both
diagrams are torsors under X, (Z)". Hence it suffices to show that a local section g of X, (b')
(resp. X<,/ (b)) whose image in ¢y 71 (G")' lifts to ¢y, m (G)', lifts étale locally to X,,(b) (resp.
X ju(b))'

By Lemma 2.4.1 g lifts to a local section g of X¢g. By assumption, there exists x € X.(2),
such that we(§) + x € c,mi(G)F. Hence after replacing § by gpX, we may assume we(g) €
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¢b,um1(G)'. To check that g € X, (b) (resp. X<,(b)), it suffices to pull back to geometric points,
and consider the special case Z = W (k)[1/p] for an algebraically closed field . In this case, we
have pig-1p5(5) + @ = p (T€Sp. fg-135(5) + o = ) for some a € X, (Z). Since wg(g) € b, (G,
the image of v in 71(G) is trivial, and a = 0. O

COROLLARY 2.4.3. With the notation above, the diagrams
mo(Xu(b)) —— mo(Xw (V)

we l wer l

Ch,p T G —— Cy T (GHT

and
mo(X=<u(b)) —— mo(X=<w (b))

wa l Wy J{
Cb7M7T1(G)F — Cblyulﬁl(G/)F
are Cartesian.

Proof. The vertical maps are given by Lemma 2.3.6, which also implies that Z(F') C Jp(F') acts
on the fibres of the top horizontal maps via Z(F) — X,.(Z)'. Thus the non-empty fibres of
all the horizontal maps are X, (Z)'-torsors. That the diagrams are Cartesian now follows from
Corollary 2.4.2. O

2.5 Hodge-Newton indecomposability
2.5.1. Let b € G(L), and M, C G the centralizer of 1, as above.

LEMMA 2.5.2. (i) If¥ = gbo(g)~! for g € G(L), then vy = gupg™ .
(ii) There exists a b’ in the o-conjugacy class of b such that vy € X,.(T) ®z Q, is dominant and
o-invariant, and b’ € My .

Proof. (1) is clear from the definition of v.

Applying this with ¢ = b~!, we find that o (1) = Vo(h) = b=luyb is conjugate to v, so the
G(L)-conjugacy class of v is stable by o. Since G is quasi-split, this implies that v is conjugate
to a dominant o-invariant cocharacter in X, (7") ®z Q ([Kot84], 1.1.3(a)), which shows there is a
Y with vy € X.(T) ®z Q and o-invariant. Then vy = o(vy) = V' "lyyb', so b € My. O

2.5.3. By the Lemma, after replacing b by an element in its o-conjugacy class we may assume
that v = v, € X, (T') is dominant, and thus defined over F' (so that M, is also defined over F'),
and that b € My(L). In particular b is then basic as an element of M;(L). We assume that b has
been chosen with these properties.

PROPOSITION 2.5.4. Let M D M, be a standard Levi defined over F. Assume that kpr(b) = [u] €
m1(M)r. Then the natural inclusion X%(b)(W(/_c)) — Xf(b)(W(E)) is a bijection, and similarly
for the closed affine Deligne-Lusztig varieties. Furthermore, it induces bijections between the
corresponding sets of connected components.

Proof. The bijection between the two Deligne-Lusztig sets is shown in [MV10], Theorem 6, i.
Note that that theorem has a slightly different assumption on M, which is incorrect. The present
assertion is the corrected statement and follows from the proof of [MV10], which in turn is
nothing but a variant of the original proof of Kottwitz in [Kot03].

16



It remains to show that if g € X_%L(b)(%’), where # is a frame for a smooth connected k-
algebra R, and if g1 = g(s1), g2 = g(s2) for two k-valued points s1, s of R, then the corresponding
elements of X%(b) are in the same connected component. The strategy is to show that ¢ is
induced by a C(;nnecting family in X %(b) We may replace R = % /pZ# by an étale covering, and
assume that g arises from an element g € G(Z%y).

Let %, denote Z regarded as an Z-algebra via % %5 R. Let n denote the generic point of
Spec R, set %y oo = lim, %, and let Z, o be the p-adic completion of Z, . Then %, « is a
frame for a perfect closure R, o, of R,,.

~ ~

By the Iwasawa decomposition we have g € M(%n,oo,L)N(%n,oo,L)G(@n,oo)- By the (point-
wise) Hodge-Newton decomposition the factor in /N may be assumed to be 1. Write g = myh,
where m, € M (%Aﬁ,’o@, r) and h, € G(%A”n,oo). Using the Cartan decomposition, and the formal
smoothness of M we may approximate m,, by an element of %, ,, for some n, and assume that

my € M(%n 1) and hy € G(%ny).
It follows that there exists an f € %, \p%, such that as a section of X§M<b) (%A”n ), g arises

from an element m; € X%(b)(@n ¢). Hence g arises from an element m € X%(b)(@n) by
Lemma 2.3.3. This shows that s; and sy are connected via %,,. O

2.5.5. We now suppose that [b] € B(G, i), and we continue to assume that b € Mp(L) and that
vp is dominant.® We say that the pair (u, b) is indecomposable with respect to the Hodge-Newton
decomposition if for all proper standard Levi subgroups M O M, that are defined over F', we
have kpr(b) # p in w1 (M)r. Given G, p, and [b], we may always pass to a Levi subgroup M
of G defined over F' in which (p,b) is indecomposable. Lemma 2.5.4 shows that to describe
the connected components of affine Deligne-Lusztig varieties it is sufficient to consider pairs
(,b) which are indecomposable with respect to the Hodge-Newton decomposition. For a pair
(1, b) that is indecomposable with respect to the Hodge-Newton decomposition, we say that it
is irreducible with respect to the Hodge-Newton decomposition (or HN-irreducible for short) if
kym(b) # p for every proper standard Levi M in G containing an element b € [b] such that the
M-dominant Newton point of b is G-dominant.

The following theorem gives a stronger characterization of indecomposability that is used in
Section 4.

THEOREM 2.5.6. Let G, u, and b be as above and assume that G*! is simple. Then the following
conditions are equivalent:

(i) The pair (u,b) is HN-irreducible.

(ii) For any proper standard Levi subgroup M of G, we do not have v, < i in the positive Weyl
chamber of M in X,(A) ® Q, where A C T is the maximal split torus.

(iii) AIl the coefficients of simple coroots of G in i — v}, are strictly positive.

If these conditions are not satisfied then either (u,b) is already HN-decomposable or b is o-
conjugate to p* and p is central.

Proof. Conditions (2) and (3) are clearly equivalent. For any standard proper Levi subgroup M
with b € M (L), we have kp(b) — p=vp — i € m1(M)r @ Q. Therefore (3) implies (1).
We now assume that (3) is not satisfied, i.e. the coefficient of some simple coroot ¢ vanishes.

3We emphasize that one gets the correct notion of HN indecomposability only if b is chosen so that v, is dominant.
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Claim. (u,b) is HN-decomposable or v, = [i.

We first show that this claim implies the last assertion of the theorem. Suppose that (u,b) is
HN-indecomposable, so that v, = [.

Since p — kg, (b) = i — vp = 0 in 7 (Mp)r ® Q, and p = kg (b), it follows by Corollary 2.5.12
below that xpz, (b) = p. Hence M, = G, since we are assuming (u, b) is HN-indecomposable. Thus
(o, i)y =n~t>°" (o, o) = 0 for every positive root a of G and some n with 0" (i) = pu. As B
is defined over F' and p is dominant, each of the summands is non-negative. Hence all of them
are zero, and p is central.

In particular we see that p* € [b)| N T(L) € G(L) with kp(p*) = p, hence (u,b) is not
HN-irreducible.

It remains to prove the claim. Let us assume that (u,b) is HN-indecomposable, because
otherwise the claim holds. We want to use induction on the distance between a simple root «
and the Galois orbit of o in the Dynkin diagram of G to show that also the coefficient of o
in it —uvpis 0. As i — vy is [-invariant, our assumption on «g shows that the coefficients of
all oV for a € T'ag vanish. Assume that the statement is shown for some simple root «. Let
Q) = TI'a and let Mg be the standard Levi subgroup corresponding to the set of simple roots
{7 : simple root, v ¢ Q}. If a is not a simple root in M}, then Mg D My > b. As (p,b) is HN-
indecomposable, p — rpr, (b)) = AV € 71 (Mq)r with A > 0 in contradiction to our assumption.
Thus « is a simple root in Mp. As u is dominant, this implies

(o, i —vp) = (a, i) +0 > 0. (2.5.7)
On the other hand
<O‘7ﬁ - Vb) = <Oé, Z )\,BBV> = Z /\5<O&, BV>
B simple B neighbor of a

As all A\g are non-negative, this can only be non-negative if Ag = 0 for all neighbors 5 of . This
finishes the induction and shows that v, = [i. O

Remark 2.5.8. Using Corollary 2.5.12, as in the proof of the Lemma, we obtain the following fact.
Let [b] € B(G) and v, its Newton point. Let M be a standard Levi subgroup with M (L)N[b] # 0.
Then s is constant on

{z e BNM(L) 1" =u € m(M)®Q}.
Here vM denotes the Newton point for an element of M, an M-dominant element of X, (T)q.

Remark 2.5.9. In [Chel4], we take the second condition in Theorem 2.5.6 as the definition of
HN-irreducibility (cf. [Chel4] definition 5.0.4).

Remark 2.5.10. In the particular case of the above theorem where b is o-conjugate to p* and p
is central we have

Xu(b) ={g9 € G(L)/K | g "bo(g) € Kp"K}
={9eGL)/K | g 'o(g) € K}
=G(F)/G(OF)

where the third equality follows from Lang’s Lemma.

LEMMA 2.5.11. Let G be a reductive group over O, let T be the centralizer of a maximal split
torus, and let T® = T/Zg. Then the following diagram is Cartesian with surjective vertical
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maps
X (T —— X, (T3

wa l Wad l

7T1(G)F — M1 (Gad)l“.

Proof. Let G denote the simply connected cover of G?d, and T the preimage of T’ in G. The
fibres of both horizontal maps are torsors under X.(Z¢), and the fibres of both vertical maps
are torsors under X, (7). Using this, one sees easily that it suffices to show that the vertical
maps are surjective. Thus it remains to check that H (', X.(T)) = 0.

Suppose that r is a non-negative integer, and consider any continuous action of I' on Z",
which permutes the standard basis vectors. We claim that H*(T',Z") = 0. It suffices to consider
the case when I' permutes the basis vectors transitively. If I is the stabilizer of one of the basis
vectors, then Z" can be identified with Indll:,Z, and claim follows since H!(I",Z) = 0.

Applying this to X, (7") with its basis of simple coroots proves the lemma. O
COROLLARY 2.5.12. Let M C G be a standard Levi. Then

(i) The map 71 (M)' — 71 (G)' is surjective, and its kernel is spanned by the sum of T'-orbits
of coroots of G.

(ii) ker(m (M)r — m(G)r) is torsion free.

Proof. The first claim in (1) follows from Lemma 2.5.11, and (2) then follows by the snake
Lemma. To see the second claim in (1), let T be as in Lemma 2.5.11, and let Tyy C T be the
analogous torus for M in place of G. Then the kernel of the map in (1) is (X.(T)/X.(Ta))". By
what we saw in Lemma 2.5.11, X, (TM) and X*(T) are a sum of induced modules. It follows that
(X (7)) X (Tar))' = X (T)T )X, (Thr)', and that X, (T)' is spanned by the sum of T-orbits in

X.(T)". O

3. The superbasic case

3.1 Superbasic o-conjugacy classes

As recalled above, an element b € G(L) is called basic if v, factors through the center of G.
This condition depends only on the o-conjugacy class of b. We say that b is superbasic if no
o-conjugate of b is contained in a proper Levi subgroup of G defined over F. Since all maximal
F-split tori of G are conjugate over F| this is equivalent to asking that no o-conjugate of b is
contained in a proper Levi subgroup of G defined over F, and containing T If b is superbasic,
then M, = G, by Lemma 2.5.2(2), and v, is central, so b is basic.

LEMMA 3.1.1. Ifb € G(L) is superbasic, then J, is anisotropic modulo center, and in particular
the simple factors of G* are of the form Res g,/ FPGLy,; for some unramified extension E; /F and
h; > 2.

This is analogous to [GHKRO06], 5.9.1. We are grateful to R. Kottwitz for explaining how to
adapt the proof of loc. cit. to the quasi-split setting.

Proof. A cocharacter 1 € X,(J,)" may be regarded as a cocharacter of G such that o(z)) =
b=14b. Then as above, 1 is conjugate by a ¢ € G(L) to a dominant cocharacter ¢/ € X, (T)
defined over F. That is, o(g~'1'g) = b~1g~'4'gb, which implies that gbo(g~') commutes with
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. Since gbo(g~!') is not contained in a proper Levi subgroup of G containing T, ) must be
central.

The fact that Jp is anisotropic modulo center implies that all the factors of Jl?d are isomorphic
to the group of units of a division algebra over an extension of F' modulo its center [Tit79] §4.
Since G*4 = le‘d is an inner form of Jg}d, which is quasi-split, its simple factors have the form
Resg,, rPGLy, for some finite extensions F;/F. As G is unramified, F; must be an unramified
extension of F. O

3.1.2. For every [b] € B(G) there exists a standard parabolic subgroup P of G defined over F
with Levi factor M containing 7', unipotent radical N and the following properties. There exists
b € [b] N M(L) such that b is superbasic in M, i.e. no o-conjugate of b lies in a proper Levi
subgroup of M. Thus we may assume that b € M (L) is superbasic.

3.2 The superbasic case for GL
Let E/F be a finite unramified extension and suppose G = Resp,, /0, GLp, with T’ the standard
diagonal torus and B the Borel subgroup of upper triangular matrices. In this subsection we will
prove Theorem 1.1 for this G when b is superbasic. For the rest of this subsection, we suppose
that b is a superbasic element of G(L).

Let n = [E : F]. The F-algebra embeddings F < L are permuted cyclically by Frobenius, so
over O we may identify G with (GL,)", such that o acts on G(L) = GLy(L)", by

(g1, -59n) = (0(gn),0(91), - -, 0(gn-1))

We get an analogous decomposition of X, (7)), and for r = 1,...,n, we denote by u, the
projection of p onto the r* factor of X, (T). Let iy min € X«(T) denote the unique dominant
minuscule cocharacter with fi, min < - (that is with det (s min(p)) = det(ur(p)), compare (4.1.2)
below) and set fimin = (fr,min)r-

Let h > 1 be an integer and ey, ..., e, the standard basis of L". We define e; for i € Z so
that e;+n, = pe;. Let s € GLy(F') be defined by s(e;) = e;41 for all i.

Note that for i € Z, s° = ? fiin (p)w’ where w is the Weyl group element given by w(e;) = e;11
fori=1,...,h—1 and w(ey) = e1, and iy, is the unique dominant minuscule cocharacter of
GLy, such that det(fimin(p)) = p'.

LEMMA 3.2.1. If X<, (b) # 0, b is o-conjugate to bmin = (s™") € G(L), where m, € Z satisfies
" lmin = frmin. Moreover, we have (3", my, h) = 1.

Proof. Recall from [Kot85], Proposition 5.6 that ¢ induces a bijection between the set of basic o-
conjugacy classes in G(L) and 71 (G)r. The Newton cocharacter of (s™) is the central cocharacter
of GLj, C G corresponding to the rational number n=th=! >~ m,.. In particular (s™") is basic. As
X<, (b) # 0, we have kg(b) = p in m1(G)r. Furthermore p and (s™) both have image >, m, in
71 (G)r — Z. Thus b and (s™") are o-conjugate.

If (3, my,h) # 1, then there exist integers m, with > m, = > m,, and such th/at
ged(mf,...,ml, h) > 1. Then the same argument as above shows that b is o-conjugate to (s™).
The latter element is contained in a proper Levi subgroup of GG, defined over F, which contradicts
the fact that b is superbasic. ]

3.2.2. Let 4,0 € Z. If § # 0, set Zs5 = Or(x), the p-adic completion of Or[x]. Similarly, if 6 = 0,
we set Zs equal to the p-adic completion of O [z, (14 x)7!]. Let a; 5 € GLj(%s) which sends e;
to ej + xejqs if h|(j — i) and fixes e; otherwise.
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LEMMA 3.2.3. Let g € GLy(L) and let 6, € Z be minimal such that a;s(x) o g € gGLy(%s) for
all § > 04 and i. Then

(i) Either 5 > 1 or 65 = —1.
(ii) If §; = —1 then gGLj(OL) contains an element of the form s/ for some j € Z.
(iii) If 64 > 1 then there exists a unique iy € {1,...,h} with a; s, (v) o g ¢ gGL(%s).
(iv) Ifi,7' € {1....,h}, and 6 > &' > 0, then a;5(x)a;s(x")a;s(—x — 2’) and the commutator

[a;5(x),ai 5 (z")] can be written as a (possibly infinite, p-adically convergent) product of
terms of the form a;; 5, (x;) with §; > 6.

Proof. This is a translation of [Vie08], Lemma 2. The proof given in loc. cit goes over verbatim,
except that the elements 3; € k which appear in it should be replaced by Teichmiiller represen-
tatives in W (k). Note that in loc. cit the definition of 6, and condition (3) are formulated by
asking that a; s(z) o g is contained (resp. not contained) in gGLp(Or) for every specialization of

x at a point of k. This is equivalent to the formulation here, for example using Lemma 2.1.11 ]

LEMMA 3.2.4. Let s € GLy(F') C G(F') be as above, and suppose that b = byin. Then (s) C Jyp(F)
acts transitively on mo(X<,(b)).

Proof. For r = 1,...,n let §,, be the integer obtained by applying Lemma 3.2.3 to g,, and if
dg. = 1, let iy, be the integer produced by (3) of that lemma. Suppose that g, ¢ € X<, (b), and
that §g, = 6y = —1 for all ». We claim that g and ¢’ are in the same (s)-orbit. By Lemma
3.2.3(2) we may assume that for r = 1,2,...,n we have g, = s/ and ¢/. = s/ for some j,, j. € Z.
Note that o(s) = s € J(F), so that

§Ir=170rp, = s7Irb, i1 € GL(OL)p" GLA(O1)

for some p). < p,. Here we set j_1 = j,, and we have again written b, for the image of b under
the r't projection G(L) — GLy(L). Hence v, (det(s/r~7-1b,.)) = v,(det(b,)) + jr — jr-—1 depends
only on p, and not on g. It follows that j = j, — j’ is independent of r, so that g = s/¢'.

Note that if h = 1, then §,, = —1 for all r for any g, so we are done in this case (which
can of course be easily checked directly). If h > 1, it remains to show that given g € X<,(b)
with dg4, > 0 for some 7, there exists ¢’ € X<, (b) in the same connected component as g, with
dgr < dg, for r =1,...,n and such that this inequality is strict for some r.

Let # = Or(x) equipped with the lift of Frobenius given by z — 2. Choose ro such that dg,
is maximal among the dy, and set § = J,, > 0. (In the following it will be convenient to view
the indices r in Z/nZ.) Define a = (a,) € (GLp)" (%) as follows: If not all the d,, are equal J, let
r1 < 1o be an integer with dg, < d. Then for r =ry,..., 71 +h — 1 we set a, = 0" " (a;, 5(7)),
where j,, = iQ'r‘g —Mypy— - —Mpy+1 a0d Jp = Jpy +Mp 41+~ +mpforr=ri+1,...,r1+n—1.
If all the dg, = 0 we choose r1 = rq so that h{m,, and set a, = 0" (ay, s(z)), where jy, = ig,,
and jr =ig, +Mpoy1+ -+ mpforr=ro+1,....70+n— 1

Then, as in [Vie08], p. 322, for r # r1, we have, using Lemma 3.2.3,

GLy (%) g, a;  bro(ar—1)0(gr—1)GLL(Z)

= GLA(@)g 0" (a5, 5(2) " )oro" " (a5, 5(2))0(gr1)CLA()
— GLA(#)5; 0" (@),5(0) a5, e () brr{gr—1)GL ()
)9 'o

= GLx(Z)g, 0" " (aj, s(—2)aj,_ +m,.s(2))bro(gr—1)GLi(Z).

r
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From the definition of the a, and j,, it follows that this is equal to GLj(Z)g, *bo(gr—1)GLx(Z).
For r = r1 a similar calculation shows

GLh(%)gr_lla;llbﬁ U(arlfl)g(grlfl)GLh (%)
= GLA( )67 05, o) (@50, (a0 (g )CLA(R).  (325)

We claim that this is again equal to GLj,(2)gy, br,0(gr,—1)GLA(Z). If not all the d,, are equal
to 4, this follows from § > dg, . If all the d,, = 4, then using Lemma 3.2.3 (4), the expression
(3.2.5) is equal to

GL©(Z)9,, 0™ (., 1 +my, 5(2)) a5, 6(—2)br,0(gr, —1)GLA(Z)
= GLh(%)galan(ajquerrl 5(@))br, a5, —m,, 5(=2)0(gr,—1) GLA(Z)

Now jiy, —my, =g, —my, # ig, in Z/hZ as h f m,,, while j,, _1+my, = igr, +>,.my # igy, -
Hence the uniqueness of ig, in Lemma 3.2.3(3) implies the claim in this case also. It follows that
ag € X<, (b)(Z%).

Let %' and %" denote the p-adic completions of Of[y] and Of [z, 27!] respectively, equipped
with the lifts of Frobenius o given by y — y? and x — z9. We consider %’ as subring of %"
via y — 27!, We may consider ag € X<,(b)(#£"). Then by Lemma 2.3.3, ag is induced by an
element v € X<, (b)(#').

Now (a o g)|z—0 = g, and a computation as in [Vie08], proof of Proposition 1 for superbasic
b, using Lemma 3.2.3 (4), shows that ¢’ = ~|,—o satisfies (5940 < dg,, and g < dg, for r # ro.

Since g and ¢’ are in the same connected component of X<,,(b)(W (k)), the Lemma follows. [J

3.2.6. It will be convenient to formulate a slight variant of Lemma 3.2.4. Recall the element w
defined at the beginning of this subsection, which permutes the chosen basis e, ..., e cyclicly.
Then det(w) = (=1)"~1. Let w’ = tw where t(e;) = (=1)""!(e;) and t(e;) = e; for i > 1. Then
w' € SLy(F). We set 8" = ts = Ly (p)w', and ¥/, = ((s)™), € G(L).

COROLLARY 3.2.7. If b = b/ . then b is superbasic in G, and (s') C J,(F) acts transitively on
7o (X< (D))-
/

Proof. The same argument as in Lemma 3.2.1 shows that b/ . is superbasic in G(L) and o-
conjugate to bmin. By Lemma 3.2.4, mo(X<,(b)) maps isomorphically to m(G)r = Z. Since s
maps to a generator of m1(G)r, (s’) acts transitively on mo(X<,,(D)). O

3.3 The superbasic case in general
We return to the notation and assumptions introduced in subsection 3.1.
PROPOSITION 3.3.1. Suppose that b € G(L) is superbasic. Then
Wo(Xgu(b)) = ¢p,m(G)F,
and Jy(F') acts transitively on Wo(Xgu(b)).
Proof. By Lemma 3.1.1, G2 is isomorphic to [Licr Resg, /pPGLy, with E;/F some finite unram-
ified extension of degree n;, and h; > 1. Fix such an isomorphism. Let ppin € X« (T') denote the
unique dominant minuscule cocharacter whose image in 71 (G) is equal to that of p. The induced

cocharacter of [[;c; Resg, /pPGLy, has the form (™" tiin);,» where i runs over elements of I,
1 <r<n, and m;, € Z.
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Write w;” and s}Li for the elements introduced in 3.2.6 above, when h = h;. Since w;Li €
SLp,(F), we may regard ((wj, )™");, € G* where G® denotes the simply connected cover
of G*, In particular, we may regard ((w}, )™ )i and hence b ;= pmin(p)((wy,, )™ )iy as
elements of G(L). The image of b/, in G is ((s),)™7 )i Hence b
argument as in the proof of Lemma 3.2.1 shows that b is o-conjugate to b
assume that b =¥/ . .

Let 5! be the image of b in G* and bgr, = ((s')™)ir € [l e Resp,/rGLp,. Similary, let
1?4 be the cocharacter of G2 induced by u. Let ugr, be the cocharacter of [Lic; Resg,/rGL,

is basic, and the same

/
min- Lhus we may

lifting p®! whose image in m (I ];c; Resp, /rGLy,) is equal to (™" timin )i

By Corollary 3.2.7, [[;;(s},,) acts transitively on (X <,q;, (bgr)), and in particular the first
claim of the Proposition holds for (uGL, bar). It follows from Corollary 2.4.3 that [[;/(s},.) acts
transitively on mo(X<)ad (b4)), and that the first claim of the Proposition holds for (24, 52d).

Using Corollary 2.4.3 again, we see that the first claim of the Proposition holds, and that,
since Zg(F') C Jy(F'), to prove the second claim it suffices to show that, if the image of ((S;Li)ji)ie_[
in m (GA)Y lifts to 1 (G)' for some integers j;, then ((s’hi)ﬁ)ie[ € Jypaa (F) N G*(F) lifts to an
element of G(F'). But ((S%i)ji)iej = (jiumin(p)(w;bi)ji), so it suffices to show that (the image of)
(% pnin (p) ier lifts to G(F). This follows, for example, from Lemma 2.5.11. O

3.4 Reduction to the superbasic case

Let [b] € B(G,p) and M C G a smallest standard Levi subgroup of G, defined over F' and
containing 7', and which contains an element of [b]. Fix a representative b € M (L) of [b], so that
b is superbasic in M (L). Let P D B be the parabolic with reductive quotient M, and N C P its
unipotent radical.

Let 1, b be the set of M-conjugacy classes of cocharacters p’ : G, — M (defined over some
finite extension of F') such that p’ : G,, — G satisfies ¢/ < p and such that b € B(M, u'). We
identify an element of I,; with its M-dominant representative in X, (7). Note that in general
(even for minuscule p) this set is non-empty and finite, but may have more than one element.
For each y/ € I,,;, we have a canonical inclusion X ﬁ/lﬂ, (b) — X¢ ,,(b). The following proposition is
the main goal of this subsection.

PrOPOSITION 3.4.1. Each connected component of ng(b) contains an element jg where j €
J(F)NN(L) and g € X%ﬂ,(b) for some ' € I,;.

The proof of this is very similar to [Vie08], proof of Proposition 1.

3.4.2. For any [ > 0, let b) = bo(b) - -- ! (b). By [Kot85], 4.3, after replacing b by a o-conjugate
in M, we may assume that for some [y > 0, plo) = P!V, where v = 1 is defined over F, as before.

Let {c;}]_; denote the roots of 7' in N. We denote by U,, C N, the corresponding root
subgroup. It will be convenient to identify U,, with G,. Then for an F-algebra R and 5 € R, we
can regard (3 as a point U,,(8) € U,,(R).

For j > 1 let N[j] C N denote the subgroup generated by those U,, for which the sum of
the coefficients of «;, expressed as a linear combination of simple roots of A in N, is > j. Then
for j,j" > 1, [N[j], N[j']] € N[j + j']. The filtration N D N[1] D N[2]... may be refined into
a filtration N D Nj D Na... such that N;/N;; is one dimensional. After reordering the «; we
may assume that N; is generated by U,,, for 7>
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Now suppose that R is a k-algebra, % a frame for R, and y € N(%p). We set

foly) =y~ oo (y)p".
Then fy(y) € N(ZL).
LEMMA 3.4.3. Let R be a smooth k-algebra, Z a frame for R, and 3 € #r,. Assume that there is

an element x € (Spec R)(k) with B(z) = 0. If ¢ > 1, and j is maximal such that N[j] D N; then
for n > 1 a positive integer, there exists a finite étale covering R — R/, with frame % — %', and
z € N[j|(#}) such that

(i) fo(2) € Un, (B + €)Nig1 (£ for some e € p"Z'.
(ii) there exists 2’ € (Spec R')(k) mapping to x such that z(z') = 1.
Proof. This is analogous to the argument of [Vie08|, p. 324-325.
Suppose first that (a;, ) > 0, and set

2(1) = 0ol (Ua, (=) (V). b0 (Ua, (—B))b " Ua, (—B).

Note that conjugation by b(0) acts on Ua,; by pl@¥) Using this one sees as in loc. cit that the
sequence z(I) converges to an element z € Uy, (#1) such that fy(z) = U,,(8). Thus we may take
R =R.
Suppose that (a;,v) = 0. Let R’ be finite étale over R, and zy € Z}. Set

z = bl Vgl (7, (20)) (b0~ ) L bo (U, (20))0™ U, (20).
Then we have

fo(2) = 27 o (2)b~ ! = 27110610 (U, (20)) (b)) 12U, (—20)

= 2710 Uy (20)) Uy (—20).

Since all the terms in the product defining z are in N{[j], we have z € N|[j]. Assume that [y is such

that o' acts trivially on X*(T). Then the final term is equal to Uy, (0% (20) —29) mod N[j+1],
and z will have the desired property if zy satisfies

(%) — 2= mod p"Z'.

To show this equation has a solution for some %#’/Z finite étale we may replace 8 and n by
p™ B and n + m respectively and assume that 5 € #. Then one sees by induction on n, that the
above equation has a solution over a finite étale covering of Z. O

LEMMA 3.4.4. Let R be a smooth k-algebra with frame %, and z1 € (Spec R)(k). Suppose
y € N(ZL), and z1 € N(L) satisty fi(z1) = y(z1). Then for any bounded open subgroup
K' C N(L) there exists a finite étale covering R — R', with canonical frame # — %', and
z € N(Z}) such that

(i) For every k-valued point = of R/,
fo(z(2) K" = y(z) K.

(ii) There exists a point x € (Spec R')(k) over x1 such that z(z}) = 2.

Proof. We remind the reader that in the statement of the lemma and below, a map R — k and

the induced map # — W (k) are denoted by the same symbol.
We will construct a finite étale covering R — R; with canonical frame Z — %;, together

with a point x;; € (Spec R;)(k) over z1 and elements z; € N(Z%y,) and §; € N;(Zr) such that
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for every x € (Spec R;)(k)
fo(zi(2))di () K’ = y(2) K,
zi(x1,4) = 21, and 6;(z1,;) = 1.

When i = 1, then N; = N, and the element z; € N(L) C N(ZL) satisfies these conditions,
with 81 = fy(21)"'y. Suppose that z;,d; and x1,; with these properties have already been con-
structed. Let j be maximal such that N; C N[j]. Then §; € Uy, (8)Niv1(Z; 1) for some 5 € Z; 1.
By Lemma 3.4.3, for any n > 0, there exists a finite étale faithful R;-algebra R;i1 and elements
zZ € N[]] (%Z'JFLL) and g; € p"Z;11 such that

fo(2) € Un, (B + i) Nit1(Ziv1,L)-
Note that d;(x1,;) = 1 implies B(z1,;) = 0, so by Lemma 3.4.3(2) we may assume that there is a
point x1 ;41 € (Spec Ri+1)(k) over x1; such that Z(xy;41) = 1.
Let z;11 = 2;Z. Since 2,b0(2)b™! € N[j](Zi+1.), and [N[j], fo(2:)] C N[j + 1] we have

fo(ziz1) = 271 fo(20) (o (2)b1) = fi(zi) fo(2)yim

for some ;11 € Niy1(Zit1,1). Hence

Folzig1) = fo(20) Fo(E)vir = fo(20)8i[Ua, (€)0:4]
for some ;41 € Nijt1(Zit1.1). Now choose n so that Uy, (p"Or) C K'. Then for every = €

(Spec R;+1)(k) we have
fo(zi1)(2)0i1(2) K = fo(2i)0i(2)Uq, (e(2)) K = y(z) K.
Moreover, since Z(z1,+1) = 1, we have e(z141) = 0 and z;41(21,1+1) = 2i(21,i41), which implies

that Yip1(z1,i+1) = dig1(Tri41) = 1.
This completes the induction step. Taking ¢ large enough that N; = 0, the lemma follows. [

LEMMA 3.4.5. Let m € M(L). Then there exists a compact open subgroup K’ C N (L) such that
K' C fy(N(L)nmKm™!)

Proof. This can be shown using the methods of [GHKRO06] 5.3.1, 5.3.2. In our present situation,
when charL = 0, there is a simpler argument which we now sketch.

Let n = LieN regarded as an L-scheme. The map f;, induces the map
dfy :n—n: n—ad(b)(o(n)) —n.

Since N(L) N'mKm~! is a bounded open subgroup of N(L), an argument using the exponential
shows that it suffices to show that df, maps a bounded open subset of n(L) to a bounded open
subset of n(L).

Now for any L-vector space V equipped with a o-semi-linear map oy, the map oy — 1 maps
bounded open subset onto bounded open subsets. This may be checked as in [GHKRO06], 4.3.1
using the classification of o-isocrystals (V, oy). O

Proof of Proposition 3.4.1. Let g1 € X<, (b). By the Iwasawa decomposition, g; has a represen-
tative in G(L) of the form nm with n € N(L) and m € M(L). Let x € X.(Zy) be such that
(x,a) > 0 for every root a of T'in N.

Let O (s,s7!) and Op(s) denote the p-adic completions of Op[s,s™1] and Oy [s] respectively.
We equip these rings with the Frobenius lifts given by s +— s9, and consider them as frames
of their mod p reductions. Define y = x(s)fy(n)x(s)™' € N(Op(s,s71)r)). For any root «,
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conjugation by x(s) maps Uy () to Us (s 8). Hence y € N(Or(s)1,). Note also that y(0) = 1,
while y(1) = fi(n).

Using Lemma 3.4.5, we choose a bounded open subgroup K’ C N(L) such that K’ C
fo(N(L) N mKm~™1). We may also assume that K’ C (bo(m))K (bo(m))~!. Applying Lemma
3.4.4, we find a finite étale covering k[s] — R, with canonical frame Op(s) — %, an element

2z € N(ZL), and a point 21 € (Spec R)(k) over 1, such that fy(z(x))K’ = y(x)K’ for every z in

(Spec R)(k), and z(x1) = n. The first condition implies that
fo(z(2))bo(m)K = y(x)bo(m)K.

We may replace Spec R with the connected component containing x1 and assume that this scheme
is connected.

Let g = zm € G(%y). For = € (Spec R)(k) such that s(z) € kX, we have
9(x) "o (g(@)) K = m™ fy(2(x))bo (m)K
=m Yy(z)bo(m)K
= x(s(x))"'m ™ fy(n)bo (m)x(s(z)) K
= x(s(2))"1g1 "o (g1)x(s(2)) K
Cc Kp'K,
Hence g € X<,,(b)(#) by Lemma 2.1.6.

Let 29 € (Spec R)(k) be a point mapping to 0 in Spec k[s]. Then fy(2(z¢)) € K’, so there exists
k€ N(L) nmKm~" such that fy(z(x)) = fp(k~!). This implies that z(zo)k € Jy(F) N N(L).
Hence

g(z0) = z(xo)m = [2(z0)k] - k™ m € (J,(F) N N(L))M(L)K.
Since g(x1) = nm = g1, we see that g; ~ jm for some j € J,(F)NN(L) and m € M(L). O

4. Connecting points

4.1 Main results: Formulation and overview of the proofs
In this subsection we reduce the proofs of our main results Theorem 1.1 and Theorem 1.2 to four
technical propositions whose proof will be the subject of the remainder of this section. At the
end of the subsection we also explain how the arguments simplify if one is only interested in the
case that G is split.

We let G D B D T be as above, y € X,(T') a dominant, minuscule cocharacter, and b €
B(G, ).

4.1.1. For every standard Levi subgroup M of G, the projection X,(T) — w1 (M) induces a
bijection

M-minuscule, M-dominant | ~

' — m(M). 4.1.2
{ cocharacters in X, (T') } (M) ( )

For x € w1 (M), denote by pu, the preimage of = via (4.1.2). For any b € M (L) and G-minuscule
we Xo(T) , let

j;]L\j[éG = {.f = 7T1(M) ’ (:U'Z)Gfdom = (:U)Gfdoma T = KM(b) in Wl(M)I‘}
| x

= {l’ € 7T1(M)
where I' = Gal(k|k).

=pin m(G), v = kp(b) in m (M)r, pr G-minuscule},
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For every k-algebra R with frame % and every /' € X.(T)p—_dom we have the natural
inclusion X /i\f[ (b)(Z#) — Xliom(b) (Z). Note that if p)j = p then p’ is M-minuscule, hence of
the form ' = p, for some z € w1 (M). Furthermore i/ has the same image in 71 (G) as p. Finally
Xy (b)(#) = 0 unless k(b)) = x as elements of w1 (M )r. Hence Xy(b) (%) is a nonempty subset
of Xf(b) (Z) if and only if the image of p’ via the natural projection X, (T') — 71 (M) is in fﬁ;G
4.1.3. Recall that N is the unipotent radical of the standard parabolic subgroup of G corre-

sponding to M. Let ®x be the set of roots in IV, and let ® ;1 be the set of Galois orbits of roots
inN.
DEFINITION 4.1.4. (i) For any root a € ®, we say that « is adapted if o is M-anti-dominant,
and we have (8,a") € {—1,0,1} for every root 8 in M.
(ii) For any Q € ®x 1, we say that Q is adapted if some a € Q is adapted.

As B and M are stable under the action of I'; if € is adapted, then so is any element in (2.

4.1.5. From now on, we assume that G2 is simple, as in Theorem 1.1, although this assumption
will be droppped towards the end of the subsection. We also suppose that M C G is a standard
Levi subgroup defined over F such that b is superbasic in M. Recall that this implies that M?2d =
[I; Resp,/p PG Ly, with F;/F unramified (Lemma 3.1.1). Using (4.1.2) we have an identification

of sets I %G = %b, where T, b is defined in Section 3.4. If G is split, this set consists of a single
element.

The proofs of the two main theorems are based on the following propositions.

PropPOSITION 4.1.6 Convexity of I . Let z,2' € Iu . Then there are elements x; € IMG for
i=1,...,m for some m, such that x = x1, ' = x,, and such that for each 1,

Tig1 —x; =a’ — o in m (M)
for some roots a,a/ € Q with Q € @y (depending on ).

PROPOSITION 4.1.7. Suppose that x,z’ € j:i\/lb’G with x — 2’ = o — o'V for some o, o’ € Q with
Q€ ®nr. Then for any g € X}%(b), there is a g € X{y/(b) such that the images of g and ¢’ in
Xf(b) are in the same connected component.

4.1.8. Let © € w1 (M) and let P, be the parabolic subgroup of M defined by p,, M, its Levi
subgroup containing 7" and NN, its unipotent radical. Let w;, = wq zwo » Where wo ; is the longest
Weyl group element in M, and where wq 5s is the longest Weyl group element in M.

Let Njs be the normalizer of T' in M. Recall that Wy, = Ny (L)/T(L) is the Weyl group
of My, The natural map Ny/(L) N K — W)y, is surjective (see for example [HRO8] Prop. 13).
In particular, w, has a representative w, in K. Let b, = ps(p)w, with w, € K. Note that the
representatives of superbasic o-conjugacy classes chosen in Section 3.3 are also of this form.

The elements b and b, are in the same o-conjugacy class for the group M (i.e., [b] = [bs] in
B(M)). Indeed, as kpr(by) = © = kpr(b), in order to show that the o-conjugacy classes of b and
b, agree, it suffices to show that b, is basic in M. This is shown in [VW13], proof of Proposition
9.17.

For the next two propositions, we assume that b = b,, for some fixed zg € T%G'
PROPOSITION 4.1.9. Suppose (u,b) is HN-irreducible. Let
C:={a" € X.(T)|a € @y is adapted, and (e, jiz,) <0} .
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Then the sum of the coroot lattice of M and the Z-lattice generated by the Galois orbit of the
set C' is the coroot lattice of G.

ProproSITION 4.1.10. Let 2 € ®nr be adapted. Suppose that there exists o € ) such that
(o, figy) < 0. Then there exists an x € f%c and g1, g2 € Xl%(b) such that

— g1 and g9 are in the same connected component of Xf(b);

— war(g2) — war(g1) = Y geq B in m(M)F,
where wyy : M (L) — w1 (M) is the Kottwitz homomorphism.

4.1.11. Before proving these propositions let us show how they can be used to prove the main
theorems. We first show the following stronger version of Theorem 1.2 (assuming G is simple)
which we then use in the proof of Theorem 1.1. We continue to assume that b € M(L) is
superbasic, and we let P = NM be the parabolic subgroup corresponding to M. As usual, we
write JM for the group defined by b € M (L), so that JM (F) = J,(F) N M(L).

THEOREM 4.1.12. The image of

( (b)) = mo(X (b))
does not depend on the choice of x € I . In particular, for any such x, the map
(Jo(F) NN (L )) mo(X1 (b)) = mo(XS (b)) (4.1.13)

is surjective, and the group Jy(F') N P(L) acts transitively on Wo(XG(b)).

Proof. Let x1,...,x, be as in Proposition 4.1.6 for a pair z,2’ € f%G. To prove the first
claim of the Theorem, it is enough to show that for every g € X /i\;[l (b) there is an element
JdeX %Fl (b) such that g, ¢’ are in the same connected component in Xf(b). This follows by
applying Proposition 4.1.7 to each successive pair (z;_1,x;).

For the second claim note that, by Proposition 3.4.1, each connected component of X E (b)
contains the image of some element of (J,(F) N N(L)) x [,er, an) X%(b). We thus obtain a
surjective map

((F)NNE) x| | 0 (X)) = mo(XT (D). (4.1.14)

mEI]MG

Hence the first claim implies that (4.1.13) is surjective. Now the final claim follows as JM (F)
acts transitively on WO(XI%(Z))) by Proposition 3.3.1. O

Proof of Theorem 1.1. We fix some x € I_/%G and g € X%(b). Then left multiplication by ¢!

induces a bijection Xﬁ(b)(%) = X%(g_lba(g))(%) for every k-algebra R with frame # and
similarly for GG. In particular, the sets of connected components of the affine Deligne-Lusztig sets
for b and g~'bo(g) coincide. Thus we may assume that b = b,. In particular, 1 € X % (b) and
therefore cl()M) =cpy = L.
s ’
By Proposition 3.3.1 we have Jé\/f (F)-equivariant morphisms
m(M)" = 7(X,)1 (b)) = mo(XS (b)) = m(G)"

where the composite of all morphisms is induced by the natural projection m (M) — m1(G).
By Lemma 2.5.11, and Proposition 4.1.9, the kernel of the composition my(M)'' — 7 (G is
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generated by the elements Eﬁeﬁ BY where Q € @y, satisfies QN C # 0 (C defined as in
Proposition 4.1.9).

We claim that each of the elements > Beq BY with QNC # 0 is mapped to 1 by the composite
7 (M) = Wo(X%(b)) — WO(XE(b)). Then the transitivity of the JM (F)-action on WQ(X%(())),
implies that this composite factors through m (G)!'. Again, by the transitivity of the JM (F)-
action on 7o(X l]A‘;I (b)), our claim follows if we can show that there are elements g1,g2 € X % (b)
with was(g2) — war(g1) = Y geq B and such that g1, g2 are in the same connected component
of Xf(b).

To prove this, we apply Proposition 4.1.10 to « € QN C. Let 2’ € f;i\j[b’G and ¢}, g5 € X%/ (b)
be the elements produced there. As JM(F) acts transitively on mo(X lﬂ\;[, (b)), we can choose a
jo € Jlfw (F') such that jog) is in the connected component of g5 in X %/ (b). Then the image of
Jjo in (M) is equal to > gcq BY. By Theorem 4.1.12, we see that there is a g1 € X/i\;[(b) such
that g1, g} are in the same connected component of X E (b). Hence, also jog] and jogi are in the
same connected component of Xf(b). Altogether we obtain that in X ff (b) the elements jogi,
Jjadgy, 91, o1 are all in the same connected component. As jo € M (L) we have jogi, g1 € X%(b),
and wys(jog1) — wa(g1) = Zﬂeﬂ BY. This shows our claim.

We have shown the existence of the following diagram:

m(M)" = mo(X Y (b)) —= o (X (b)) —=m(G)" .

7T1(G)F

It remains to show that WO(X%(b)) — Wo(XE(b)) (or equivalently 71 (G)" — Wo(XE(b)))
is surjective. By the second claim in Theorem 4.1.12; it suffices to show that for each j €
Jp(F) N N(L) and for each z € WO(X%(Z))), the two elements jz and z have the same image
in Wo(XE(b)). As JM(F) acts on ﬁo(Xﬁ(b)), it is enough to show the same statement for mjz
and mz for some m € JM(F). We choose m such that mjm ™! is contained in the stabilizer in
G(L)/G(Or) of a chosen representative of z in G(L) and such that the image of m in 71(G) is
equal to 1. For example, we can choose m to be a sufficiently dominant element in Z;(F), in
the image of @(F ), where G denotes the simply connected cover of GI°*. Then, by what we saw
above, the second property of m implies that mz and z are in the same connected component of
XMG(b). Hence the same holds for mjm 'z and mjm~'mz = mjz. Finally, the first property of
m implies that mjm ™'z and z are the same element. Altogether, we see that mjz and mz have
the same image in ﬂo(XE(b)). O

4.1.15. We now drop the assumption that G®4 is simple. We have the following corollary and
generalization of Theorem 1.1.

COROLLARY 4.1.16. Suppose that (p,b) is Hodge-Newton irreducible in G. Then wg induces a
bijection

m0(X (b)) = ey (G)Y
Proof. Let pi* € X, (T/Zg) and b*d € G%(L) be the images of 4 and b, and let M C G be
a Levi subgroup. Since ker(m (M)r — 71(G)r) is torsion free by Lemma 2.5.12; it has trivial

intersection with the image of X,(Z¢)r. Using this one sees that (u,b) is HN-irreducible if and
only if (p24,52) is.
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For (u2d,b2d) the corollary follows from Theorem 1.1 as the set of connected components of
affine Deligne-Lusztig varieties for products of groups is the product of the corresponding sets
for the individual factors. And this implies the result for (u,b) by Corollary 2.4.3. O

Proof of Theorem 1.2. Note that we have already proved Theorem 1.2 in Theorem 4.1.12 above
when G is simple. We now deduce the general case from Theorem 4.1.16.

By Propostion 2.5.4 we may assume that (j,b) is HN-indecomposable in G. Let (p2,52d) be
as in the proof of Theorem 4.1.16. Consider a decomposition G*d = G; x Ga, and let (1,b1) and
(pa,bo) denote the images of (u*d,0*?) in Gy and Gy respectively. By Theorem 2.5.6, we may
choose G1 and Gy so that (u1,b1) is HN-irreducible, and be is o-conjugate to pH? € X, (Zg,).

Now suppose that M C G is a Levi subgroup and b € M (L) C G(L) is superbasic. As in
the proof of Theorem 4.1.12, it suffices to show that the image of Wo(X%(b)) — Fo(XE(b)) is

independent of x € f%)’c. We may assume that ¢, = 1. Using Proposition 2.4.3 one sees that
it suffices to show that image of 7o(X ! (b)) — 7o (Xfad(bad)) is independent of x.

By Theorem 4.1.16 and Remark 2.5.10, the map M (L) — G?3(L) induces a well defined map
1 (MY = 71(G1)Y x G2(F)/G2(OFr) whose image may be identified with that of WO(X%(b)) —

mo(X G (b4)). O
4.1.17. Let us consider the case that G is split. Then I ¢ consists of a single element, so

Propositions 4.1.6 and 4.1.7 are no longer needed. In the proof of Proposition 4.1.10 we have to
distinguish essentially between all different Dynkin diagrams equipped with the Galois action,
and a fixed Galois orbit of simple roots (subject to some restrictions). This case-by-case study
is shortened drastically when assuming that G is split (i.e. that the Galois action is trivial). The
reader only interested in this case is referred to [Vie08], 2.5 where the completely parallel proof
for split groups in the function field case is given in less than five pages.

The remainder of this section will be devoted to the proof of the propositions above.

4.2 Some maximal rank subgroups of G

In this subsection, we will introduce some subgroups of maximal rank of G. They will be needed
in the proofs of Proposition 4.1.7 and Proposition 4.1.10 to distinguish several cases. From now
on we again assume that G® is simple, and we denote by ' C M C G a standard Levi subgroup
over F.

We begin with a, probably well-known, fact on root systems with an endomorphism.

LEMMA 4.2.1. Let ® be a root system with an action by a finite cyclic group I' such that there
exists a basis A that is stable under this action. Furthermore we assume that I' acts transitively
on the set of connected components of the Dynkin diagram. Let o € ® and o/ € Ta\ {}. Then
{a, (o)) € {0,—1}. Moreover,
— If {a, (o)V) = —1 then the root system is a disjoint union of finitely many copies of root
systems of type A, for some even n.

— I'a has at most 3 elements in each connected component of the Dynkin diagram. If 'a has
3 elements in each connected component of the Dynkin diagram, then the root system is a
disjoint union of finitely many copies of root systems of type Dy.

Proof. The first assertion can be found for example in [Sp06], Lemma 1. The second and third
assertions follow from the classification of Dynkin diagrams. O
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ExXaAMPLE 4.2.2. Let 7 be the non-trivial automorphism of the Dynkin diagram of type Ag,,
and of the corresponding root system. Using the standard notation for this root system, we have
7(e;) = eany2—; Then a root o = e; —¢; (for i < j) satisfies (o, 7a) = —1 if and only if ¢ or j is
equal to n + 1.

4.2.3. Let & = (G, T) be the root system of G, and A C ® a I'-stable basis of simple roots for
® corresponding to a Borel subgroup B C G. If ¢ = ) - o € X*(T) is an integral sum of
roots (ng € Z), we define |[¢| = > ca [7al|- For ¢ € X, (T) we define |$| analogously, using the
basis of coroots AY. We will make repeated use of the following two simple Lemmas.

LEMMA 4.2.4. Let 7,7 € ® with v # —/'.
(i) If (v, (7)Y) < 0 then v+~ is a root.
(ii) If (v, (7")V) > 0 then v — +' is a root.
(iii) If (v, (v")V) > 0 and ~,~" are positive, then

‘W - WI‘ =|y—+|#0.

Proof. Indeed, v # —~' implies that (v, (7)¥) = =1 or (v, (7)Y) = —1. By symmetry, we may
assume that the second is true. Then s,(7') = v+~ is a root. This proves (1) and (2) follows
immediately. To see (3), write v — " = Y ca naa. By (2) all the non-zero n, have the same
sign, and (3) follows easily. O

LEMMA 4.2.5. Let « € X*(T') be an integral sum of roots. Then o may be written as a sum of
roots a = Y, vi such that (v;,v)) > 0 fori,j € I.

Moreover, if a =3 ;a; € X*(T') with aj € ®, then we may take each 7; to be a sum of a
subset of {aj}jes. In particular, if o is positive, then the v; may be chosen to be positive.

Proof. Write ov = ), ;7; such that each +; is root and |I] is as small as possible. If i, j € I with
<fyi,'ij> < 0, then ~; # —v; by the minimality of I. Hence 7; + ; is a root by Lemma 4.2.4,
which contradicts the minimality of I.

Ifa= ZjEJ «; then write o = ), ;s such that each ; is a root which is a sum of a subset
of {oj}jes, and |I| is as small as possible. The same argument proves the second claim. If « is
positive, we may take the a; to be positive simple roots which proves the final claim. ]

DEFINITION 4.2.6. Let ®; be a subset of ®.
— @ is said to be symmetric if ®; = —®; where —®; = {—a|a € P4 }.
— & is said to be closed if o, § € &1 with oo+ 5 € ® implies a + § € D;.

Remark 4.2.7. If &1 C ® is a closed symmetric subset, then ®; is a root system in the R-vector
space generated by ®; ([Bou68] Ch VI, no. 1.8, Prop. 23). In this case we also say that ®; is a
root system if there is no confusion.

4.2.8. Now we will define some subgroups of maximal rank of G which will be used in the proof of
the main results. For the general theory of these subgroups, we refer to [Hum95] §2.1 or [SGA3]
Exposé XXII.

Let Ay C A (resp. @y C @) denote the roots (resp. simple roots) contained in Lie M. The
action of I' = Gal(k|k) on ® factors through some finite cyclic quotient of I'. Sometimes we also
write I' for that finite cyclic quotient if no confusion can arise. The Frobenius automorphism o

31



is a generator of I'. Let ®x and ®xr be as in subsection 4.1. For any 2 € ®y 1, let ®q be the
smallest symmetric closed subset of ® containing ®3; and 2. As M and €2 are stable under the
Galois action, so is ®q. We let G be the subgroup of G, generated by 1" and U, for all a € ®q,.

PROPOSITION 4.2.9. For any §) € ®n 1, the group Gq is defined over F'. Moreover, it is a reductive
subgroup of G with root system ®q with respect to the maximal torus T .

Proof. [BT65] Theorem 3.13 (compare also [SGA3] Exposé 22, Theorem 5.4.7 and Proposition
5.10.1). —~

Remark 4.2.10. Note that in general Gq is not a Levi subgroup of G. For example, let G have
Dynkin diagram of type Cs. Then it may happen that Ggq is generated by T and the root
subgroups for all long roots, hence it is of type A; x A;. However, for p € X, (T'), b € M (L) and
for any Go-dominant /' € X,(T) with (¢')g—dom = p, we always have a map Xg” (b) — Xf(b)
given by the natural inclusion and inducing a map between the sets of connected components.

PropPoOSITION 4.2.11. Suppose that () is adapted, and that all the roots in Gq have the same
length. Then B N Gq is a Borel subgroup of Gg with basis Ayr U €.

Proof. Let CIDg be the set of roots in Gg which are positive as roots in G with respect to B.
Then ®q = @g 11 —<I>§ and @g is the set of roots in B N Gq. It is clear that B N Gq is a Borel
subgroup of Gq (as the set of roots in a Borel subgroup is determined by a regular hyperplane
in the corresponding root system). By the definition of ®q, all elements in & can be written
as linear combinations of roots in Aq := Ay U €. It suffices to show that all elements in 2 are
indecomposable. Moreover, since <I>;g is stable under the action of I', we only need to show that
some « € ) is indecomposable.

Suppose « € Q is adapted and decomposable. Then there exists a root a; € ®o such that
al,a—ap € @3. Write

= Z TZB,B: Z TZB,B-l- Z TZB,B

per peAd, BeAL,
o= Y ass= Y At Y
BEAQ BeAz a1 EGA; a1

AT are defined in the

a—oy? a—oq

where AT = {8 € Ag|ng > 0}, Ay, = {B € Aq|ng < 0} and A
same way.
. _ + _ —
By Lemma 4.2.5 we may write ZﬁeAil ngfB = icr7; and ZﬁeAgl ngB =) ;c;7; assums
of roots such that 7;“,7]7 € ® and for i,7/ € I and j,5' € J,

= (3" ") = 0and (y;,7;) = 0;

— ;" (resp. 7; ) is a linear combination of roots in AZ, (resp. Ay, ) with nonnegative (resp.

nonpositive) coefficients.

By Lemma 4.2.1 and the fact that « is M-anti-dominant, for distinct roots 3, 3’ € Aq, we
have (3, 8’V) < 0. Therefore <7j,w]7v> >0 for any 7 € I and j € J. We show that one of the two
sets I and J is empty (or equivalently, that one of the two sets Af and A7 is empty). Suppose
that I is non-empty, the other case being analogous. For iy € I, the inequality

(e, ) = O +> ) =

el jeJ

32



implies that o) = l‘g Hence J is empty and o« — o1 = v — %D Moreover the sets Al o = 10}

and A, A;tl are both non-empty which is impossible according to the same discussion as

above, but applied to o — a. ]

Remark 4.2.12. If not all roots in G have the same length, then in general Proposition 4.2.11
does not hold. In fact, in this case, the root system generated by the root system of M and the
roots in {2 is not necessarily the root system of Gq. Here is an example. Consider the split group
G = GSp,. The Dynkin diagram is of type Cy with simple roots 51 = (1,—1) and Sz = (0, 2).
Let M be the standard Levi subgroup corresponding to 81. And let a« = 81 + 82 = (1,1). Then
the sub root system generated by 51 and « is of type A1 x A1 while Go = G as the commutator
[Ua(z),Us, (y)] is a non-trivial element of the root subgroup Uy, -

PROPOSITION 4.2.13. Let Q2 € ®n 1 be adapted. Then M is a standard Levi subgroup of Gq.

Proof. By the proof of Proposition 4.2.11, the basis of G corresponding to the Borel subgroup
B N Gq is the set of indecomposable elements of @6. Therefore M is a standard Levi subgroup
of G as any 8 € Ay is indecomposable in @5. O

4.3 Proof of Proposition 4.1.6

From now on let I' be the image of the absolute Galois group of F' in the group of automorphisms
of the Dynkin diagram of G. It is thus a finite and cyclic group, generated by Frobenius. As G4
is assumed to be simple, I' acts transitively on the set of connected components of the Dynkin
diagram. All assertions involving the Galois action on X,(T') can then be studied using the
induced I'-action.

The proof of Proposition 4.1.6 is divided into two steps: We first reduce the general statement
to the special case where M = T is a maximal torus of G. More precisely we want to show

PROPOSITION 4.3.1. Let x,2' € f%G. Then there exists a w € Wy (the Weyl group of M ) such
that p, = wpy, in X, (T)r.
In particular pi,, wp, € Xi(T) = w1 (T) then satisfy that wp, € I:T’G( ) Furthermore, under

the canonical projection X, (T') — m1 (M), the set I u ) 18 mapped to a subset of I, . bG, and
and wy, have the same image. Proposmon 4.1.6 is then implied by the following proposition

PROPOSITION 4.3.2. Let x,2’ € I-:C for some p € X, (T') and b € T(L). Then there are elements
xT; € be C X.(T) fori = 0,...,m for some m such that v = xg, 2’ = x,, and such that for
each i,

/
Tip1 — i =o' —a

for some roots a, o € Q with Q € @ (depending on i).

It remains to show these two propositions.

DEFINITION 4.3.3. (i) Let ¢ = Y A na” € X, (T) be an integral sum of coroots. We write

|¢|F = ZFQEF\A | Z,BeAﬂFa n5|
(ii) For all p1, pue € X«(T) having the same image in 71 (G) we define

d(pr, p2) = \/il — pa2l,

dr(p1, p2) = |p1 — p2lr.
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(iii) For z,2' € f%c let d(x,2") = d(uy, pipr) and similarly for dr.

Note that |z|p < |x| (where the latter expression is as in 4.2.3) with equality if and only if
for each Galois orbit I'av all ng for B € I'aw have the same sign.

As a preparation for the proofs of the propositions we provide several smaller lemmas. For
these we consider a root datum (V,®,V" ®) equipped with an action of T, together with a
I"-stable basis of simple roots A. We assume that I' acts transitively on the set of connected
components of the Dynkin diagram of (V,®, V", ®V).

LEMMA 4.3.4. (1) Let 32,17 = >0,e5A) # 0 be two equal sums of coroots. Then there are
ani €I and j € J with (y;, ) > 0.

(ii) Let 7, A} (fori € I,j € J) be coroots with > ,c; v = > ;e ;A # 0 as elements of Vi
Then there arei € I, j € J and 7 € ' with <7ivTA;/> > 0.

Proof. By Lemma 4.2.5, applied to o = 3 74, we me assume that (y;,,7;,) = 0 for all iy, 45 € I

Then for all ig € I we have
0< <’Y’ioaz"7iv> = <7ioaz)‘;/>'
i€l =
Hence there is a j € J with (y;,, AY) > 0.
Let now 7;, A\j be as in the second assertion. Then the first assertion holds for

D REEDH BT

i€l el jeJ rel
Indeed V'V is a sum of induced I'-modules (cf. the proof of Lemma 2.5.11), so V}Y is a free abelian

group and thus these sums are non-zero in VY. This implies the second assertion. O

LEMMA 4.3.5. Let ;7' € VY be a sum of coroots which maps to 0 in V. Then there exist
7; € T for all i € I such that y.,.; (7)) = 0 € V¥ and such that all 7;(;") are in the same
connected component of the Dynkin diagram.

Proof. We use induction on |I|. Let I'" be the set of ¢ € I such that v, is positive and I~ = I\I™.

Then
v -V
S = St -
iel el t el
where %Jr = 7; and y; = —; are all positive. Assume that one of the sums on the right hand

side is zero. Then the left hand side lies in the positive resp. the negative cone. As I fixes the
set of simple roots and as ), ; 7/ = 0 in V}Y, this implies that the other sum is also equal to
0 (first in V¥ but then also in V). Furthermore, this only occurs if none of the sums contains
any non-zero summand. Thus in this case the assertion of the lemma is trivial. From now on we
exclude this case.

Then by Lemma 4.3.4 (ii) thereis a j4 € I*,aj_ € I” and a7 € ' such that (v} ,77;) > 0.
If ’y;.jr = 77;_ we have that 37, /v, = dien{jei} 7/ = 0in V. Then the statement follows by
induction. Thus we may assume that 7;: #+ TV, - Then by Lemma 4.2.4 (applied to —fyjt,Tfyji)

we obtain that o = T’}/jiv — 7]-':\/ is a coroot. Then

Y=Y W -al=0

€l i€e\{j+.j-}

as elements of VY. The assertion follows again by induction. O
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LEMMA 4.3.6. Let v =Y 5. ngB" € V¥ \ {0} with [v] = |v[r. Then there is a coroot a” such
that |v| = |aY| +|v — V| and (3°, cp T, v) > 0.

Proof. We first consider the case that the I'-action on the Dynkin diagram is trivial. Using
Lemma 4.2.5, we may write v as a sum of coroots v =3_,-;7, in such a way that [v]| =, |7/’|
and (7;,7;') = 0 for all 4,5 € I. Then for all i we have (y;,v) > 0. Thus each a = 7; is as claimed.
We now assume that I' acts non-trivially on the (connected) Dynkin diagram. This implies
that the Dynkin diagram is of type A, D or FEg, and in particular all roots have equal length.
Let S, ..., By be representatives of the I'-orbits on A. Note that |v| = |v|p implies that ng,, n s,
have the same sign for all 7 € I'. For 1 <i < nlet my =| > cpn.g,| = > cr |nrs,]- By possibly
changing the representatives 3; we may assume that ng, # 0 whenever m; # 0. We have

. = 92na| — E .
<Inﬁilﬁ“v> s ng

aeh, (fravy——1 8]

For o € I'3;, let mq = m;. Then we obtain

T ZT@‘,U =2m; + Z LI
|n61| ‘na|
acA(

ns:| 2, o

2 2mi — Z Mgy

€A (B;,aY)y=—1

If 2m,; — ZaeA (Bi,aVy=—1Ma > 0 for some ¢ < n the claim is shown. Thus it suffices to show that

{m; € N" | 2m; — > me <0} ={(0,...,0)}.

€A (Bi,aY)=—1

This can be done by an easy case-by-case computation considering the different possible types
of Dynkin diagrams. O

LEMMA 4.3.7. Let ¢/, " € X,(T) be minuscule and such that (')g—dom = (1”)G—dom- Then we
have a decomposition y' — " = 3,7’ as a sum of coroots such that

= (vi,v)) =0 for i # j.
— (' 1" =Y -
— (i, 1y =1, (v, "y = —1 for all i € 1.

"

- u = (Hie[ 3%) w' where the product does not depend on the order.

Proof. Applying Lemma 4.2.5 to p/ — p” written as an integral sum of simple coroots, we see
that u' —u" = 37,17 where the v; are roots such that v; # —7; and (y;,7)) > 0 for all i,5 € I,
and d(p/, 1) = 3,7 17|- Then for all ig € 1,

7207 Z ’Yz 7207 - ,UH> < 2
el

where the last inequality follows from g, i/ minuscule. Thus both inequalities are equalities. We
obtain (yiy, ') = 1, (Yig, ") = —1 and (y;y,7,") = 0 for all j # io. O

Proof of Proposition 4.3.1. Let x1,29 € I G f pgy, = pa, in X (T)r, then we are done. So we
may assume fig, 7# flz, in X, (T)r. We use 1nduct10n on dp(fgy , s )- WIite figy — flay = D iq Vi
as in Lemma 4.3.7.
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Recall that I" acts transitively on the set of connected components of the Dynkin diagram of
G as G* is simple. As py, = 1z, in 71 (M)r, there exist roots (3;); in M such that Y, 7 =

> B8] # 0 as elements of Xo(T)r and | >, 7 |r = >2;16)|. Then dr(pa,, piay) = 32 18] |- By
Lemma 4.3.5 (applied to >_.7, — Zj ﬂj\/), and after replacing 3; by some representative in
['B;, there exist (7;)1<i<r € T such that >, 7y = 37, 8/ As [30, B8/ |r = 32, 8/], we have
132,871 = 132, B/ Ir- By applying Lemma 4.3.6 to 3>, 3/ in the root datum of M, there is a
coroot o in M such that |32, /[ = |aV[+|32; 8] — o[ and (30 cp T, 355 8)) > 0. Thus

<Z T Py — fay) = <Z TO[,Z’}/;/>

Tel’ Tel 7

= _ra,y )

Tel 7

= <Z7—O‘7218]V>

Tel 7
>0

Thus there is a 79 € I" with (T, fgy — piz,) > 0. Hence (1oa, piz,) = 1 or (1001, f1z,) = —1. In the
first case,

dF(SToOé,u’aZ271u%1) = ’Z/Bzv - T()(Oé)h“
< |Z/8zv| = dr(/’tﬂfQ’/J’ﬂ?l)?

and the statement is shown by induction. In the second case we proceed analogously using

dF (,U’a:27 S’T()Oélu’ml) < dF (ng ) ,U’xl)
O

Proof of Proposition 4.3.2. By assumption I" permutes the connected components of the Dynkin
diagram of G transitively and each element 7 £ 1 acts non-trivially.

Let p/'p” € fi ’bG. We prove the proposition by induction on d(y/, ). We assume that p’ # p”.
We write ¢/ — p” = 3,7 as in Lemma 4.3.7. Gathering the positive resp. the negative v; we

obtain
TRy
iel jeJ

where now all ’yj, 7; are positive. By Lemma 4.3.4 there is a 'yi'g, a v, and a 7 € I such that
<7'7i+0, 'y;OV> > 0. By orthogonality of the v; we have 7 # 1. Let y© = 'y;g and v~ = 7j,- Note that
Soy= St/ = p/ — 4TV + 47V I 4T = 797 then d(s,-s.—p/, ") < d(p/, 4") and the induction
hypothesis applies. So we may assume that v* # 7y~. Then (ryT,v™V) =1 or (y",79"V) =1,
and by symmetry we may assume that the second equation holds. Let

af =s,- (7)) =Ty =y

_V.
We need to distinguish several cases.
Case 1: (tyt,7v7V) > 1.
In this case, the root system has roots of different lengths, in particular the connected com-
ponents do not have non-trivial automorphisms, and (7y*,y") =0, as 7 # 1.
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We have a = s.,- (79%) = 79" — (77",47V)y~. Thus

1< (my i) = (a+ (T T ) < -1
Here the first inequality follows from the fact that g’ minuscule. For the second we use p’
minuscule, (7, v V) > 2 and (v, /) = —1 (the last equation following from our choice of the
7i). Let fi = s+ 5.+ p/. Then i € I G . Since (77T, v7) > 0, we have [Ty —y~V| < |y Y|+ |y 7Y
by Lemma 4.2.4, which implies that d(fi, 1) < d(p', "), so the induction hypothesis applies.
Case 2: (t7t,7v7V) = 1.

By Lemma 4.2.1 we have (y*, 7y*tV), (y=,771y~V) € {0, —1}. Since (r7",77) > 0, 79" and
~~ are in the same connected component of the Dynkin diagram. Using Lemma 4.2.1 again we
see that if one of the products above is equal to —1, then the Dynkin diagram is of type A, with
n even. The explicit description of Example 4.2.2 then shows that (y",7~V) = 0 implies that
at most one of the two products can in fact be equal to —1. Hence we have (y*,7y*tV) = 0 or
(v TY) =0
Case 2.1: Assume that one of the following conditions is satisfied.

’y T ’y VY =0 and (t71y7, 1) >0
> =0 and (T7", /) <0

v VY =0 and (1717, 4") <0

v,y > =0 and (7T, 1) >0

If the first assumption holds let fi = s,-1,-s,- /. Then (y",771y7) > 0 implies d(fi, u") <
d(p', "), as above, and the induction hypothesis applies. The arguments for the other three
assumptions are analogous.

Case 2.2: Assume none of the four possible conditions of case 2.1 are satisfied, and that there is
a 7 € I such that 7o is not in the same connected component as v© or v~ and that one of the
following conditions holds.

— (Ta, )y = -1
— (Fa, ) =1
Note that by the last assertion of Lemma 4.2.4 and the assumption of case 2, |[y~V| # [yV|.

We show that statement for the first of the two alternative assumptions, the other one being anal-
ogous, exchanging ' and p” (and suitable signs). Furthermore we assume that (y~, 7 17_\/) =0,
which implies (77177, i’} < 0, as we are excluding Case 2.1. The alternative case for (yt,mytV) =
0 can be shown by the same argument exchanging v~,v" (and suitable signs).

As (t71y7, i') < 0 we obtain
+ _ <T’Y+777V>771777,U/> >1-1-0=1. (4.3.8)

+ 870/ and ﬁ = smsTﬂ w As a¥ = 74TV — 47V these two coweights (in

(t 7l ) = (v

Let o = s.,-s

v~ 5y
particular the first) are still in I . Notice that

i—p=(+ ’y’v 7+ 7aY) = (W + 7o —77laY)
— Y Ly

Here we have used that 7!« is in the same component as v, so that (fa, 77 1a) = 0. Therefore
in order to use induction it is enough to show that d(f, u”) < d(y/, 1’). We have

[Fa¥| =la| = [ry™ =7 = Iy = Y =

|=’!7
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Here the second equality follows from Lemma 4.2.4 as 7y and v~ are both positive roots. Thus

d(j, 1) < d(p', 1) = v = Y et < d(ld 1),
This implies the assertion for this case.

Case 2.3: (yT,7y™V) = =1 or (y~,771y7V) = —1, but none of the cases considered in 2.1 and
2.2 applies.

We will show that this case is impossible. We have seen above that then the Dynkin diagram
is a union of Dynkin diagrams of type A, for even n. We assume that (y*,7y™V) = —1, the
other case being similar. Then (y~,771y~V) = 0. The roots v+, 7y",7~, 7y~ all lie within one
connected component of the Dynkin diagram.

The inequality (4.3.8) still holds, and

(o, u) = (ry" =77, 1) > 0.
Furthermore excluding case 2.2 implies that for all 7 # 7,1 in I, we have (7, 1/) > 0. A similar
argument applies to u/, and yields (7o, ) < 0. Recall that p = p’ in X, (T)p. Altogether we
obtain
0< (Z%a,u’) = <Z%a,,u"> <0,
Fer Fer

a contradiction.
Case 2.4: (vt 79™V) =0 = (y=,77197V), but none of the cases in 2.1 and 2.2 apply.

As before we have that (7y*, /) > 0 which implies (o, ') = 1 and that (7=1y~, u') <0,
which implies (77 1o, ¢/} = 1. Similarly we obtain (o, p””) = —1 and (77!, ") = —1. Notice
again that

O Fau)y = Fa, ). (4.3.9)
Fer Fel
This equality implies that ' has at least two elements in each connected component of the
Dynkin diagram. Indeed otherwise we would have (Fa, p') > 0 > (T, p”') for 7 # 1, as we are
excluding Case 2.2, and (o, p/) > 1 > —1 > (a, 1”’), as we are excluding Case 2.1. In particular
all roots have equal length. Therefore a # 7 'a since |71y 7| # |777|, as we saw above, and

(raya”) = (7" =177,y ™ =) = ey T ) £ 2

As we excluded case 2.2, using again (4.3.9), we obtain 71,79 € I' such that ma # ma,
and Ty, e are each in the connected component of o or 7~ 'a with one of the following two

conditions satisfied

— (na,ny =—1and (e, ') = —1.

— (o, 1) =1 and (ma, p”) = 1.
Assume that the first of the above two alternative conditions holds, the other one being analogous.
From our calculation of the products with y/, " above we see that ;a0 # o, 7 ' for i = 1,2.
Moreover o and 7 !'a cannot be in the same connected component of the Dynkin diagram,

otherwise the four roots o, 7 ta, a1 := Ti@ and @ := T« are in the same connected component
which is impossible according to Lemma 4.2.1.

Case 2.4.1: T« has 2 elements in each connected component.

We assume that aq is in the same connected component as « (and thus as v7), the other
case being analogous. Then as = 77 1a;. We want to show that (ag,7~V) = 0. As (o, ') = —1
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and (y~, /) = —1, we have a1 # —v~. Hence if (1,7~ V) < 0 then v~ + a3 is a root by Lemma
4.2.4. Since (v~ + aq, 4’y = —2, this contracts the condition that x' is minuscule.

In the same way one shows that (a2,7") < 0. On the other hand,
0= <a2’7+\/> = <a1,7-'y+\/> = <C¥1, aV) + <al>’7_v>

and by Lemma 4.2.1 the first of the summands on the right hand side is 0 or —1. Thus (a9, y*") =

0 or {a1,7~") = 0. We consider the second case, the other being analogous. Let i = Soy Sy— Syt !

and /i = 54, 5,—1,44'. Then fi, i € I:ZbG Moreover, since we are excluding Case 2.1, (171, ') = 1,
SO
QL — ﬁ — _'Y+V + ,y—\/ + 1V = ’Y_V B T—l,y—v’
and d(, ;") < d(u/, 1), as in Case 2.2. Thus the assertion follows by induction.
Case 2.4.2: Ta has 3 elements in each connected component.

In this case, the Dynkin diagram is of type D4 by Lemma 4.2.1. Suppose a; := 71« is in the
same connected component as «. Then (71) C T is the stabilizer of each connected component of
the Dynkin diagram. Let {3; }o<i<3 be the basis of the connected component of the root system
containing « such that 71 5y) = 5y and 71 acts transitively on {3;}1<;<3. We may suppose that «
is positive. Then « is of the form §; or 3; 4+ By or B; + o + B; with 1 < i # j < 3, and therefore
a; —a = B, — Bj, for some 1 < i # j < 3. As (g — a,p/) = —2, we have (B, /) = —1,
(Bjo, ') =1, and for 0 < k < 3, k # 1o, jo, (Bk, ') = 0 since p’ is minuscule. Thus (y~, /) = —1
implies that 3 <~ ".

On the other hand, notice that

(i () = ma(a), 1) = (r1(Big) — T1(Bjo), 1) € {£1}.

This implies that (72(), ') = 0 and 7»(a) is not in the same connected component as a, so

it is in the same connected component as 7~ 'a. By applying the same method as above to

the connected component of the Dynkin diagram of 7~ 'a, we can find 1 < Jo < 3 such that

<T*15j6,,u’> =1 and T*IBjV{) =< vV, Let i := Sr-1g,, sg;, s then d(fi, p”") < d(p/, 1) and the
0

induction hypothesis applies. ]

4.4 Immediate distance case

In Proposition 4.1.6, for any two elements x,z’ € f%G, we have found a series of elements
Ti, -, Xy € fi\/[b’G with z = z1, 2’ = z, such that the difference of each two successive elements

in the series is of the form o — o™(a") in 71 (M), where « is a root in N. In this subsection,
we want to add some elements in that series such the each pair of successive elements in the
enlarged series has “minimal distance” in a sense that we will define below. Such pairs will be
called in immediate distance (cf. Definition 4.4.8).

We now return to the assumptions of 4.1.5, so that G2 is simple, M C G is a standard Levi,
and b € M(L) is superbasic. For any ) € ®y r, we recall that the subgroup Gq of G is defined
in 4.2.8. We first provide several useful lemmas that will be used in the sequel.

LEMMA 4.4.1. Let o € ®x be a (positive) root, and let @ = I'a. There exists an adapted root
o' in Gq such that o = o'V in w1 (M).

Proof. Let a1 be the M-anti-dominant representative in Wy a. If o is adapted, then let o = ay
and we are done. If oy is not adapted, then there is a root 8 in M with (3, @) < —1. This means
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that the irreducible sub-root system (corresponding to a connected component of the Dynkin
diagram) of G which contains «; and (3 has roots of different length, and £ is a long root while
a1 is a short one. Let o/ be the M-anti-dominant representative in Wy (ay +3Y)Y. By definition,
o/ is a long root and thus it is adapted. O

DEFINITION 4.4.2. Let 2 € ®y . Then Q is of type I (resp II, resp I1I) if any irreducible sub-root
system (corresponding to a connected component of the Dynkin diagram) of G which contains
some element of © has 1 (resp. 2, resp. 3) root(s) in Q.

Remark 4.4.3. Suppose that  is adapted and that I' acts transitively on the connected com-
ponents of the Dynkin diagram of Ggq. If Q is of type II or III, then all roots in G have the
same length and Proposition 4.2.11 applies. In particular all the roots in 2 are simple roots in
Gq for the Borel subgroup B N Gq. Moreover, the fact that the stabilizer in I" of each connected
component of the Dynkin diagram of M acts trivially on that component (compare Lemma 3.1.1)
implies the following additional conditions on 2. If € is of type III, then the Dynkin diagram of
Gq is of type Dy. If Q is of type II, then only the following cases may occur. For type A, with
n even, {) consists of the two middle simple roots in each connected component of the Dynkin
diagram. For type A, with n is odd, it consists of the two neighbors of the middle simple root
in each connected component. For type D, the intersection of {2 with any connected compo-
nent consists of two of the roots with only one neighbor, which are exchanged by some element
of I'. For type Ejg, ) consists of the two simple roots having two neighbors in each connected
component.

4.4.4. Recall that for x € w1 (M), p, denotes the unique M-dominant, M-minuscule cocharacter
with image x. As in 4.1.8, we write M, C M for the centralizer of yi,, and we set w; = wo zwo,m
where wo 5 is the longest Weyl group element in M, and where wg s is the longest Weyl group
element in M.

LEMMA 4.4.5. Suppose that Q € ®yr is adapted, and x € m(M). Then

(i) w (4a) = wo,nr(pta)-
(i) (pa +7") M—dom = fig4v for v € Q.
(iil) pp — wey" = prg—yv for v € Q.
Proof. (1) This follows as i, is by definition invariant under conjugation by wg , and as wo yr =
w(; ]1\/[

(2) It suffices to show that u, + 7Y is M-minuscule. For positive roots 8 in M we have
(B, uz) € {0,1}. As v is adapted, we have (3,7") € {0, —1}. Therefore (8, uy +v") € {-1,0,1},
thus pz + v is M-minuscule.

(3) It is enough to show that the element on the left hand side is M-dominant and M-
minuscule. To compute the pairing with all simple roots 8 of M, recall that by definition

1 if 8 is a simple root in N,
<57 :uiﬂ> =

0 otherwise.
On the other hand, (38, w;v") € {—1,0,1} as v is adapted. Notice that w18 = wo prwo 8. If
3 is a simple root in M,, then w; '3 is a simple root of w, ! M,w, with respect to the Borel
BN w,; ' Myw,. In particular it is a simple root of M. If 3 is a simple root in N, then —w, 13
is a highest root in M. Therefore (3, w,v") = (w;18,~") = 1 if and only if 3 is a simple root in
N, and 7" is not central on the connected component of the Dynkin diagram of M containing j3.

40



Moreover {3, w,y") = —1 occurs for at most one 3 in each connected component of the Dynkin
diagram of M. This follows from the fact that (3,7") = —1 for at most one simple root in each
connected component of the Dynkin diagram of M. O

LEMMA 4.4.6. Suppose z,x’ € be’G such that 2’ — x = o — 7(a)" with o an adapted root in
N, such that a # 7(a). Then we have (fiz 1oV )G—dom = # and (Hz_r(av))G—dom = i Moreover,
(M:c + av)G’—dom = M, (Nx - wa(a)V)G—dom = p and (Ma: +a¥ — wa(a)v)G—dom = M.

Proof. Write jiz—j1; = o' —7(a)" 437 3ng8" where ( runs over simple coroots of M, and ng € Z.

Let AT (resp. A7) denote the set of 8 with ng > 0 (resp. ng < 0). Note that (a, 7(c)¥) <0
by Lemma 4.2.1, and (8,a"), (8,7(a)¥) < 0 for any 3 since « is adapted. Hence, if 7)/,~y are
coroots of the form vy = oY + 375 ns mpBY, v = T(a)’ + 3 gca- mpBY with mg positive
integers, then (y1,7y) < 0. It follows by the proof of Lemma 4.3.7, that we can write

— Mg — fg = D ;7Y as in Lemma 4.3.7;

— there exists 41,79 € I with ;) = " in (M), v, = —7(a)" in 7 (M);

— for Vi € I\{i1,i2}, 7 = 0 in m (M).
Thus fiz, sy, (Hz) = o +7;; and Srys, (M) 473, are in the same Weyl group orbit. In particular,
Lo + 'yi\i and g + %‘\; are M-minuscule. So (ug + ’Yivl)M—dom = Ugrqv and (pg + ’Yi\;)M—dom —
Pa—r(a)v- 1t follows that (tzyav)G—dom = # and (Hz—r(av))G—dom = p- The equalities (p. +
aV)a—dom = p = (ftz — wzT(@)Y)G_dom follow directly from Lemma 4.4.5, which also implies the
last equality as

(Mw + o’ — wa(a)v)Mfdom = (,Ufsz(a)V + av)Mfdom = (,U/eraV—T(a)V)Mfdom-

LEMMA 4.4.7. Suppose that « is an adapted root in N. Then for all w € Wy we have (wa, p1z) <
(wya, ) and the root wyar is the unique minimal element in the set

{wa | w e Wiy, (wa, pug) = (wxa,uz>}
for the order < ==<,y.

Proof. Since wo iy is M-anti-dominant, for w € Wy, wo pptz < wp, and hence (o, wo pr pte) >
(o, wpy), as a is adapted. By Lemma 4.4.5 (1), this implies (o, wy 'pz) > (o, wp,). Hence

Ly, := {wa | w € Wy, (wa, piy) > (wza,uz)}
= {wa | w e Wiy, (wa, ) = <wmoz,,ux)}

= {wa | w € Wi, (wa, fiz) = Sup,ew,, <w’a,,ux>}.

We first prove that wya is a minimal element in the set I, . by reduction to absurdity.
Suppose that w,a is not a minimal element. Then there exists w’ € Wj; such that w'a < wya
with w'a # wa and (wya, 1) = (Wa, p). As w'a and wya are in the same Weyl group orbit,
they have the same length, so (wya — w'a, wyaV) = 2 — (w'a, wya’) > 1. Hence, there exists a
positive simple root 3 in M such that (w,a, 8Y) > 0 and w'a + 8 < wy«. Moreover

<w/aal‘w> = (W@, pig) > <w,0‘ + B, tz) = <w,a>ﬂx>
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implies that (3, ) = 0. Then § is a root in M. As the groups M, and M are both of type A,
the root —wy . (8) is simple in M, and w;1(8) = wo prwo(3) is a simple root in M. Therefore
(a,w;1(BY)) <0 as a is M-anti-dominant. This is a contradiction to (wc, 3Y) > 0.

Now we show that wy;a is the unique minimal element. By Lemma 3.1.1, the Dynkin diagram
of M is of type A. As we can work separately with each connected component of the Dynkin
diagram of M, we may suppose without loss of generality that the Dynkin diagram of M is

connected with simple roots f1,---, 8y with (6;,67,,) = —1 for 1 < i < m — 1. If for all
1 <i<m, (Bi,a) = 0, then the set I, . contains a single element « and we are done.
Otherwise (1", Bi,a) = —1, and hence there exists a unique 1 < igp < m with (8;,,a") = —1.

If (Bi,pr) = 0 for all 1 < i < m, then I,,, = Wy and w,a = « is the unique minimal
element as it is M-anti-dominant. It remains the case when there exists 1 < jo < m such that
(Bjo» ) = 1. We may assume that jo < io, the other case being analogous. Then

Lo = {SﬁksﬁkJrl TSB, & | 1<k <jo}
This is a totally ordered set and therefore has a unique minimal element. O

DEFINITION 4.4.8. Let x1,29 € f%)’G such that xo — z; = ¥ — 0™ (") in m (M) with a a
positive root in N and m € N. By Lemma 4.4.1, we may assume that « is adapted. Let ) :=T'«
and o' := o'(a) for i € N. The distance from z; to x3 is called immediate if the following two
conditions are satisfied.

(i) if Q is of type I (resp. II, resp. III), we require that 0 < m < || (resp. 0 < m < %', resp.

0<m< @).
(i) @1 +a® —a™" ¢ f%e and 71 +aV — o' ¢ fﬁf[b’a for all 0 < i < m.
We write x1 — x2 when the distance from z1 to x9 is immediate.

Remark 4.4.9. Using the same notations as in the above definition we assume that 2 is of type
IIT and d < m < 2d with d = |3ﬂ Suppose that I' acts transitively on the connected components
of the Dynkin diagram of Gq. By Proposition 4.2.11, let {(8%)o<i<d—1, (@")o<i<3d—1} be the basis
of Gq with 8 the common neighbor of af,a’t® and oit2¢. As 29 = 21 + a¥ — o™V € I_/%G,
(o, pizy ) = —1 and (@™ + ™4 p, ) = 1. Similarly 1 + oV — oV ¢ fﬁ;G and z1 + "V — o™ ¢
flﬁ’G for i = m — d,d imply that (o, p,,) = 0 and (a™~¢ + g™~ 1, ) = 0. Therefore the
vector ({8, pizy ), (@2, iz, ), (@, iz, )) is equal either to (0,—1,0) or to (1,—1,0), and the vector
(B ), (@™ g, ), (@™, pg, ) is equal either to (1, —1,0) or to (0,0, 1).

PROPOSITION 4.4.10. Forxz,2’ € f%;G, there exists n € N and a series of elements x1, -+ ,Tpy1 €
f%jG such that vy = x, x,y1 = 2’ and fori =1,--- ,n, either x; — T;11 or T; 1 — x;.

Proof. By Proposition 4.1.6, and Lemma 4.4.1, we may assume that 2’ —z = a¥' — 0™ (a") with «
an adapted, positive root in N. Then z —a' = o/¥ —o™ (/V) with m/ = |Q] —m and o/ = 6™ ().
We may assume that m < @ as otherwise, we can exchange x and z’. Then the first condition
of Definition 4.4.8 is already satisfied.

We use induction on m to prove that we can achieve that the second condition of Definition
4.4.8 holds . Suppose the condition is not satisfied for the pair (x,2’). Then there exists some
1 < i < m, such that z + oV — o™V € f%G or x4+ a¥ — o'V € I_%G. We may assume that
z+aY —a™ € f%G, the other case being analogous. Then we can apply the induction hypothesis

to the couple (z,7 + oY —a™") and the pair (x + oV — o™V, 2/). O
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4.5 Proof of Proposition 4.1.7

In this subsection, we will construct affine lines in the immediate distance case to prove Propo-
sition 4.1.7. For any = € f%;G, let ps, w; be as above. In the following, two roots in G which
are in the same irreducible sub-root system corresponding to a connected component of Dynkin
diagram of G will also be said to be in the same connected component of the Dynkin diagram
of GG. We use the analogous expression for the roots in other groups.

We need one more lemma.
LEMMA 4.5.1. Let x € f%G and let a be a positive root in N. Suppose

(Nm+o¢v)G—dom ?’é 1 and (Mm—aV)G—dom 7& M.

Then (v, ;) = 0. Furthermore, pu, is central on each connected component of the Dynkin diagram
of M satisfying that there is a simple root 3 in that component with (3, ") # 0. In particular,
wz(a) = a.
Proof. Suppose («, ji;) # 0. Then depending on the sign of («, puz), one of p, + oV and p, —
aV is conjugate to yu, in G, and in particular is G-minuscule. Hence (ziav)G_dom = p OF
(fz—aVv )G—dom = p- This implies the first assertion.

The same argument also shows that our assumption implies (o, wp,) = 0 for all w € Wy, Fix
a connected component of the Dynkin diagram of M and assume that there is a simple root 8 in
that component such that (3, ") # 0. As («, uz) = (@, sppe) = 0, we have (3, i) = 0. Similarly,
for every neighbor 8 of 8 in the Dynkin diagram of M we have (o, p1z) = (o, sgspr i) = 0. Thus
(8", nzy) = 0. By induction, we obtain (v, pu,) = 0 for every simple root v in that connected
component of the Dynkin diagram of M. Hence p, is central in that connected component. The
last assertion follows. O

Remark 4.5.2. Let z,2’ € be’G and r — 2. Suppose ' — z = ¥ — ™" with a adapted,
and m satisfying the conditions in Definition 4.4.8. By Lemma 4.4.6, p;1ov and p, _omv are G-
minuscule. Hence, for any o not in the same connected component of the Dynkin diagram of G
as a or o™ with 0 < i < m, the conditions z +a" — o'V ¢ f%)’G and z + oY —a™ ¢ f/%;G imply
that (fy4aiv)G—dom # K and (fiy_aiv)G—dom # p- Hence by Lemma 4.5.1, we have (o', y,) = 0
and wy (') = a'.

4.5.3. Let = € f%c. By Remark 4.1.8, there is a g, € M(L) with g;'bo(g.) = by. Then
9:M(Or) € X1 (b).

The main ingredient of the proof of Proposition 4.1.7 is the following proposition.

PROPOSITION 4.5.4. Let x,2’ € f%;G and x — a'. Suppose v — 2’ = oV — o™V as in Definition
4.4.8 with « adapted. Let g,M(Op) € X%(b) as before. Then there exists ¢’ M(Op) € X%,(b)
such that g, and g’ have the same image in 7T0<X§(b)). Moreover,

m—1
war(gz) —wp(g') = Z o in i (M). (4.5.5)
=0

Before giving the proof of Proposition 4.5.4, we first show how to use it to prove Proposition
4.1.7.

Proof of Proposition 4.1.7. By Proposition 4.4.10, we may assume that the distance from x to 2’
is immediate. As JM(F) acts transitively on 7 (X%(b)) by Proposition 3.3.1, for any g € Xi\;[ (b)
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there exists j € JM(F) such that g and jg, have the same image in Wo(Xl%(b)). In particular,
they have the same image in Fo(XE(b)). By Proposition 4.5.4, there exists g1 M(Op) € X%, (b)
such that g, and g; have the same image in ﬂo(XE(b)). Therefore g and jg; have the same image
in Wo(XE(b)). So ¢’ = jg; is the desired element. O

4.5.6. Now it remains to prove Proposition 4.5.4. The strategy of the proof is as follows. First
we construct some “affine lines” g, , and view them as part of “projective lines”. By an explicit
computation, we will see that g and ¢’ are both on the “projective lines” corresponding to the
points at 0 and oo respectively. The proposition then follows:

Keep the notation of Proposition 4.5.4, and let @ = T'a. Recall the element b, = p,(p)w,
in the o-conjugacy class of b, defined in 4.1.8. For i > 0 we set ) = beo(by) -0t (by). Tt will

be convenient to set bgfl) = 1. The root subgroup U, C G is naturally defined over Op. In

the following we fix isomorphisms 0, : U, — G, over O, satisfying o*(6,) = Oo()- Then

W Un(y)ty ' = Up,a(cty) for some ¢ € OF depending on 1, and on a.

Let R = k[y] and Z = O (y) equipped with the Frobenius o(y) = y9. We define g, . (y) €
G(%5)/G(Z) as follows:

Gor(y) = go (O 2o Ua(p~ ) (00" 2) ) - (booUa (0™ )bz HVap™y),
except if  is of type III, d < m < 2d, and (™%, u,) = 1, in which case we let
9o () = 9 O U_ap ) O T - (b0 Uma(p™ )b HU-a(p™'y)
ProprosITION 4.5.7. With the notations above, we have
S<u(9zr ()00 g0 2 (y)) = Spec R.

Proof. We first deal with the case when 2 is of type I or II. By Lemma 4.5.1 and Remark 4.5.2,
we have bg_l)Uai( *1Uiy)(b§f—1))*1 =U,i(cip~tol(y)) for i =1,...,m — 1 with ¢; € O} arising
from the action of the representative 1), on the root subgroups. By Lemma 4.4.6, p, — w,a™
and p, + ¥ are G-minuscule, so («, ;) = —1 and (w,a™, p,) = 1. As U,,...,Uym-1 are in
different connected components they obviously commute. Using this, together with Remark 4.5.2,
and keeping in mind that g, 'bo(g,) = by, many of the factors in the definition of g(y)~bo(g(y))
cancel and we obtain

A= o (y) 100 Ga00 (y) = Ua(=p " y) (05" D Uam (p7 0™ () (58" ) 1 )bs
= Ua(*p_ly)Uwzam (co™ (y))p"*
for some ¢ € O, Here in the second equality we have used (w,a™, pg) = 1.

We want to show that A € G(Z)pt*G(Z#). This assertion only depends on the element
Ua(=p 1) Uppam (co™(y))ps € Gq(L). This element (and also every factor in the product)
is contained in the standard Levi subgroup of Hg C Ggq corresponding to the Galois orbit of
the connected component of the Dynkin diagram of G which contains €. Note that I' acts
transitively on the connected components of the Dynkin diagram of Hg.

If U, and Uy,qm commute, then using (a, ;) = —1, we obtain
A€ GR)Ua(—p Y0 G(R) = G(R)p" Ua(—y)G(Z) = G(R)p"* G(R).

It Uy and U, (qm) do not commute, then €2 is of type II and all the roots in Hg are of the
same length. In this case, (w,a™,a") = —1 and a+w,a™ is the only positive linear combination
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of @ and w,a™ which can be a root. By Lemma 4.4.6, i, + o — w,a™" is G-minuscule. On the
other hand,

(W™, iy + ¥ — wea™Y) = =2,
so we get a contradiction.

Now we deal with the case when € is of type III. Recall that |©2| = 3d. Suppose either m < d or
d <m < 2d with (8° u,) = (™9, ;) = 0. Then by Lemma 4.5.1 and Remark 4.4.9, (o, u,;) =
0, and wy(a’) = o' i = 1,---m — 1, and hence b;(pi_l)Uai (p_lai(y))(bg_l))_l =U,i(p~leio'(y))
for some ¢; € O . Keeping in mind that in this case U,: and U,i+a commute, and that U, and
Uy,om commute, the same calculation for A as in the case above applies.

Now suppose d < m < 2d. We may assume that (37~ % u,) = 0. Otherwise, 2’ — z =
(—a)Y — (—a)™V, and one checks that that ' — x if we use negative roots instead of positive
ones. Now (8™~% .} = 1 implies that ((—3)™ ¢, uy) = 0. Therefore we may reduce to the
above case by exchanging = and 2/, and using the opposite Borel group and negative roots.

It remains to consider the case when d < m < 2d, (8% u,) = 1 and (™% pu,) = 0. By
Remark 4.4.9, we have (o, iz) = —1, (a™, pz) = 1 and {(o*, p,) = 0 for i = d, m — d.

Fori=1,--- ,m—1,i# m —d, o is not in the same connected component as o™, so

A= Gy (Y )_1609931 (y)
=Ua(-p~ y)(b(m U ym—a(—p~ L™ (y)) (B
1

) D)~)

- (b0 >Ua (p™" o™ (y)) (b
(BT U ( i d(y))(bm =),
= Ua(=p " 9)Upm-a(=p~ 10" (Y))Upm 1 gru-a(pc2o™ (y))Upm-a(p~ c16™(y) )b

where the last equality follows by Lemma 4.5.1 and where ¢, ¢y € O are constants arising from
the action of the representative w, on the root subgroups.

Note that « is also not in the same connected component as o™~ % and ™. Thus in order to
show A € G(Z)p"G(Z), it suffices to show the following elements are in G(Z)p''G(Z).

Ay = Ugm-a(=p~ ' e10™ 4 (Y)) Ugm 1 gm—a(p20™ (y)) Ugm—a (p~ ' e10™ 4 (y) )p*
Az = Ua(—p~ y)pH=.
But Ay = pt*U,(—y) € G(Z)p'G(#) and
A1 = Ug i gm-a(pe20™ () Ugrm i gm—i 4 qm-a(c3o™ U (y)o™ (y))p" € G(R)p"G(R).
where ¢ € Oy, such that
[Uam s gm—a(=peac™ (@), Ugm-a(—p~ c16™ 4 (y))] = Ugm 4 gm-aqm-a(c30™ 4 (y)o™(y)).
]

Proof of Proposition 4.5.4. Let Z#' = Or(y,y~'), equipped with the Frobenius given by o(y) =
y9. So the natural map Z — Z#’ is a morphism of frames.

Recall that for any root v in G, we have chosen an isomorphism of Op-groups 6, : U, = Gy,
with 0%(0,) = 0y(,). An SLa-calculation shows that given 6., 6, may be chosen so that we have

Uy(p™y) = Uy (py )p " h (4.5.8)

for some h € G(Oy,y~ ) C G(Z'). Moreover, (0, 0_s) = (0%0,0*0_.) then also satisfy the
same property with respect to the root o(v). In the following we fix such a choice for the Galois
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orbits of all roots ~.
m—1

If Q is of type I or II, then a, ..., «
diagram of Ggq. We have

are in different connected components of the Dynkin

9z2' () = goUnm-1(p" em-10™ " () - Uaa (p~ ' c10(y)) Ua(p™'y)
€ goU_gm-1(pcy 0™y ™) - U_ga(pei 'o(y ™) (4.5.9)
Uoalpy p T ()
for suitable constants ¢; € (’)Z.
We define a second element f; ,#(y) € G(ZL) by setting

Fra () = 9:U-a(Py)U—a1 (pey 0 (9)) -+ Uegom-1 (e, o™ (y))p 20 7
Then fr 2 (y) € g (y™1) in G(Z})/G(Z'). In particular, by Proposition 4.5.7
S<u(frprb0(fuur)) 2 Spec (k[y]) \ {0}.

By Lemma 2.1.6, this set is Zariski closed. Hence f; .+ defines an element of X<, (b)(#). In
particular g, »/(0) = g, € Xﬁfc’(b) and ¢’ := f; »/(0) have the same image in mo(X<,(b)).
By the definition of f, ,» we have

227;—01 ai\/

g/ = fx,x’(o) = 0zD
in M(2r)/M(Z%). Therefore ¢ € X}I(b) for some Z € f%)’G. As & = wy (g tbog’) = 2’ in
w1 (M), we have ¢’ € X%,(b) and (4.5.5) holds.

If © is of type III, we apply the same construction. As in the proof of Proposition 4.5.7 we
may assume that I' acts transitively on the connected components of the Dynkin diagram of
Gq and that (™% u,) = 0 (otherwise, we exchange = and 2’ and use negative roots instead

of positive ones). Moreover if m < d or d < m < 2d with (8%, u,) = 0, then the definition of
[z, and the computation of ¢’ := f; ,(0) are the same as above. It remains to consider the case

when d < m < 2d, (8%, uz) = 1 and (8™ %, u,) = 0. By Remark 4.4.9,
G (Y) =g2Ugm-14 gm-a-1(cm10™ " (y)) -+ Upa i po(cac®(y))
c Upa-1(p ego10?7M () - Ut (07 ero (9)) Ua (0™ ')

where as usual the ¢; are constants in O] arising from the conjugation by the representative
W, on the root subgroups. We can decompose g, ./(y) = gzho(y)---hq—1(y) into the terms
corresponding to the different connect components of the Dynkin diagram of Gq. Here

hily) = U6i+ai+d(0ij|_d0'i+d(y))Uai (p~leioi(y)) i=0,....m—d—1
U,i(p~teio'(y)) i=m-—d,...,d—1.
When 0 < ¢ < m —d — 1, we have the following equalities in G(%})/G(Z') :
hiy) € Ugigaira(cirao (1)U (pe; o' (y™))p™"
= U ailpe; o' (v )P~ Upiyaira(p™ " civac™ ()
= U_i(pe; o (y™))p ™ U_gi_giva(pe; oy ))p~0" ~
1 i - 1 _ oV _giV _gitdv
= U_ai(pe; o' (5 NU_gi_qialeygoy=pme =0
Write the last of the expressions above as f7. ,(y™"), where fi .(y) € G(%y). Then f. .(y) =
hi(y~') in G(#})/G(%"). Moroever f;@, (0) = p=o =B —at

a'H—d\/
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When ¢ > m — d and y # 0,
hi(y) € U_pi(pe; o' (y™))p~" G(#)

Defining f% . (y) = U_gi (pc; Lo (y))p~™" we obtain again fiw(y) = hi(y™") in G(%})/G(%'),

2

and f;’x/(O) — p—aiv' Let fg;w/ = nga?,x’ . f;:l,;’l Then

_ _ m—1 iV _ mfdfl iV
g, = f:]c,x’ (0) = ngg,x’(()) T ;ci,m/l (0) = gzP 2ito o mXin H
and (4.5.5) holds. The same verification as in the type I and II cases shows that ¢’ = f; ,(0) €

4.6 Proof of Proposition 4.1.9
In order to prove Proposition 4.1.9, we need the following lemma.
LEMMA 4.6.1. Let H C G be a standard Levi subgroup, and a a positive root of G, which is
H-anti-dominant. If v € Wy, then there exists a finite set of positive roots (f;)ics in H such
that

— (B;,BY) =0 for all i, j € J with i # j.

— v = ([l;cs58) () where the product does not depend on the order of sg,.

— (7,8Y) > 0> (o, 3)) fori € J.

— =l + Xies [, B - 1Bil-
Proof. Case 1: « is not longer than any root in G

As v € Wga, v has the same length as «. Then for any root 8 in G other than +a, £,

(e, B, [ {7, B)] € {0, 1}.
Since « is H-anti-dominant, we may write v — a = > . ; 3; with 3; positive roots in H. By
Lemma 4.2.5, after regrouping f; , we may assume that (f;, /6’]\/> > 0 for all 4,5 € J. As the 3,
are roots in H we have 8; # o, & for every j € J. Therefore

2> (v,8/) = (. 8]) =D _ B B}) = 2.
ieJ
This implies that (v, 8)) = 1, (o, 8}) = —1 and (8;,8)) = 0 for all 4,5 € J with i # j. So the
(Bi)ies have all the desired properties.
Case 2: « is a long root in G

Then oV is not longer than any coroots in G. Applying the above construction using coroots
instead of roots, we find a finite set of positive roots (8;)ics in H such that ¥ = (T],c; ss,) ("),
<Bi77v> = 17 <6’L‘7Oév> = _17 and <BZ>B‘;/> = 0 for all Za] € J with ¢ 7& ] Then v = (HieJ 561‘)(0‘)7
(7,8Y) > 0 and (a, 8) < 0. Therefore (53;)ic is still the set of desired roots. O

Proof of Proposition 4.1.9. Recall that we are assuming b = p*0,, with xg € fﬁ)’G.

By assumption G?? is simple, so I' acts transitively on the set of connected components of
the Dynkin diagram of G. Let

Ci :={a" € X.(T) | a is a positive root in N, such that (a, pgy) < 0},

« is an M-anti-dominant and positive root in IV, }

L Vv
Cy := {a € X.(T) | such that <053,ux0> <0
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Then C C Cy C (4.

Let Lo (resp. L¢,) be the Z-lattice generated by the elements of the Galois orbit of C' (resp.
C; for i = 1,2) and the coroots of M.

Let o be a simple root in N, and Q = T'a. Let Gq be the standard Levi subgroup of G
corresponding to the set of simple roots not in 2. We set

R, = WéQa

Ra = {7 € Ral(7; ptzy) < 0}

RQ = Ro/ C Rq = U R..
a’'e a’e)

Claim 1: Rg # 0.

Once Claim 1 is proved for the Galois orbit 2, we define () to be a minimal element in R
for the order <.

We now prove this claim. Take w € Wéﬂ with wpg, éQ—dominant. Then wp,, is not G-
dominant, otherwise wiy, = p and iz, = p in 71 (Gq) which contradicts that (s, b) is Hodge-
Newton irreducible. So there exists & € Q with (&, wp.,) < 0 and therefore w—& € Rg. This
shows Claim 1.

Claim 2: L, is the coroot lattice of G.

In order to show Claim 2, it suffices to show that for any simple root « in IV, there exists
7 € I' such that (ta)" € L¢,. We may assume that 7(Q2) € R,, and we show that this implies
a¥ e LC’1~

By the definition of (), we have (y(2), ttz,) < 0. Then y(Q)V € C;. By Lemma 4.6.1, there
exists a finite set of positive roots (5;)ic.s such that () = ([[;c; 5s,) satisfying the conditions
in Lemma 4.6.1. Therefore in order to show a¥ € L¢,, it suffices to show that for all i € J,
ﬁzv S LC’1~

For i € J, if 3; is a root in M, then Y € L¢, by the definition of L¢,. It remains the case
when f; is a root in N. Since (7, 8) > 0, sz, (7(2)) < v(€2). Hence by the minimality of v(£2),
we have (s3,7(Q), fizg) = 0 > (¥(Q), gy ), and hence (3;, pz,) < 0. Therefore 8 € Cy. This show
Claim 2.

For any vV € C1, let 4 be the M-anti-dominant representative of v in Wj;~y. Then 7 € Cy
and L, is the coroot lattice of G' by Claim 2. Hence, in order to show this proposition, it suffices
to show that Cy C L.

Suppose vV € Cy\C. Then exists a positive root § in M such that (3,7Y) < —1. This implies
that there is a simple root 3’ of M with 8 < 8 and (8',v") < 0. Since M is of type A, 8 and /3’
have the same length, so (8',7Y) = (8,7Y) < —1. Replacing 3 by ', we may assume f3 is simple.
Let v1 = s4(8). Then 7 is longer than v and v; € C since

<')/17,U/ac0> = <6 - <577V>77,UJ;B0> = <57,U'$0> + </8ﬂ7v> <0.

Furthermore, as vy = s,(8Y) =~ + Y, we have

(B,7) = (8,7 +8Y) <0,

so 7y is M-anti-dominant as 7 is M-anti-dominant. Therefore 7y € L and then vV € Lo, O
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4.7 Proof of Proposition 4.1.10

We continue to use the notation introduced above. Thus for z € I , we have the element
by = pHei, € M (L) defined in Subsection 4.1, so that b, is basic in M and there is a g, € G(L)
with g, 'bo(g;) = be. Then g, € X % (b). Moreover, we continue to use the normalization of the
root subgroups of G fixed in the proof of Proposition 4.5.4, and, as above, for any root « of G,
we write o = o'(a).

Let Q € ®xr be adapted and o € €2. Let d > 0 be the minimal positive integer such that «
and a? are in the same connected component of the Dynkin diagram of G. Then n := |Q] is
equal to d, 2d, or 3d if € is of type L, 11, or 111, respectively. If € is of type II or I, by Proposition
4.2.11, all the roots in  are simple in Gq. If Q is of type II and «, o are not neighbors, then by
Lemma 3.1.1 applied to M the two simple roots o, a® have a common neighbor § in the Dynkin
diagram of Gg. If Q is of type III, let 3 be the common neighbor of a, a® and o??. In all other
cases let 8 = 0. Let

Q if Q2 is of type I
a=qa+p+a if Q is of type II
a+al+a?+ B3 if Qis of type II1.

Note that in all cases & is a positive root.

LEMMA 4.7.1. Let Q € ®xr. For any x € fﬁ/fb’ , we have x € IM Ga IMG Moreover, for any
T € f%’f“, ifzg =21+’ —a'V e f%;G with a, o/ € Q, then 2o € IHI’EQ.

Proof. Recall that

MG = {y € m (M) | (tty) Go—dom = (fta) Ga—dom: ¥ = fiar(b) in w1 (M)r}.

It is obvious that = € f%’f“. For the second assertion, let x1,z9 be as in the lemma. As

(tzy)G—dom = # = (Hay)G—dom and piz, — g, is a linear combination of coroots of Ggq, we
M, G

have (/’LxQ)GQ—dOm = (/’Lxl)GQ—dOm = (/’LJ?)GQ—dOm' Thus z2 € I “. O

LEMMA 4.7.2. Let Q € ®nr be adapted. Let z,z’ € f% with ' = z + oV — o'V for some
a € Qand0 <1 < n. We assume in addition that either €2 is of type I or that (&', juy) > 0 for
alli € N and all y € fM’GQ Then for all g € X%(b) there is a ¢’ € X%,(b) such that g ~ ¢’ and
wn(g') = wulg) — Zﬁ éa
Proof. We remind the reader that g ~ ¢’ means that g, ¢’ are in the same connected component
of X,(b).

We use induction on [. Suppose that 2 := z + oloV — !V € Izﬁ;G for some 0 < lg < [. Then
2 2 e I_M’G” by Lemma 4.7.1. Applying the induction hypothesis to (x,z”) and (2", 2) we
obtain a g” € Xi\/[” (b) such that g ~ ¢” and war(g”) = war(g) — S0 o™, and a ¢ € XM (b)
such that ¢” ~ ¢" and wps(g9") = wp(g') — Zi;llo V. Then ¢’ is the desired element. Thus we
may assume that for all 0 < i < [, we have z +aV —a® ¢ I %}G. A similar argument shows that

we may also assume z + o' — ofV ¢ f%)’G for 0 < 7 < I. We assume from now on that these two
conditions hold.

As JM(F) acts transitively on the set of connected components of each X % (b) by Proposition
3.3.1, and wyy is constant on connected components by Lemma 2.1.6, it is enough to prove the
lemma for the particular element g = g,. If x — 2’ is immediate, then the desired element ¢ is
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the one constructed in Proposition 4.5.4. Thus it remains to consider the case where z — 2’ does
not hold. In particular, by Definition 4.4.8, we only need to consider the following two cases:
either Q is of type II and d < I < 2d or € is of type III and 2d <[ < 3d. For i € N, let

Uily) = b5 Vo' Ual(y)) (05 D) "

For i = 0 this coincides with U, (y). Let R = k[y] and Z be the R-frame chosen in 4.5.6. We
define g(y) € G(%1)/G(%) by

9(y) = g 7 y) - USp~'y).

Using the same strategy as in Section 4.5 we want to show that S<,(g(y) 'bog(y)) = Spec R.
Then we will extend this family to a “projective line” and use that the point ¢g(0) and the point

g’ “at infinity” are in the same connected component of Xfu(b). In order to compute U}, to

verify the above statement and to compute g’ we consider the different types of Q separately. We
distinguish two cases according to the type of €.

LEMMA 4.7.3. Keep the above notations and assumptions, and suppose that €) is of type II and
d <1< 2d. Then 8 # 0 if and only if (§, u,) = 1. Moreover, we have

— weat = a + B and (wya®, ) =1

— wya!™? = !~ and (wyal =4, py) =0

— For 0 <i <1 withi#1—d,d, wea! = at, (8% ) =0 and (o, piz) = 0.

Proof. As xz+a" —a!V € ffb’G we have (o, 1) = —1 and (wa!, pz) = 1, by Lemma 4.4.6. Our

assumption (a+B+4a?, pz) > 0 and the fact that y, is minuscule then imply that (8+a?, u,) = 1.
If (8, uy) =1, then we have

1= (B+a”, pe) = (ss(a”), pia),
and if (B, pz) = 0, we have 1 = (a?, uz) = (wya?, p,). Therefore, by Lemma 4.4.7, we obtain
wya® = o + B(B, py) and (wya?, p,) = 1.
Moreover, if (a9, ;) = 1, and (a,a?) = 0, then = + ¥ — a? = s,4(juz + @), which
contradicts z + ¥ — oV ¢ f/ﬁ’c. Hence (3, 1) = 0 implies that «, a? are neighbors, and 8 = 0.
In particular wya? = a® + f.

If (wpa'™® py) = 1, then s, qi-a(pa) = po — wea! ™ = p,_ g by Lemma 4.4.5, which
contradicts = + ¥ — o/~ ¢ I_I%’G. Hence we obtain that

<al_d7:ur> g <w$al_da:ul"> < 0 (474)

We use an indirect proof to show (/=% u,) = 0, so assume (a!~%, u,) = —1. By assumption

(@ gy = (=4 4+ g4 + ol p,) > 0, hence (B¢ + o, ;) = 1 and (&'~9, u,) = 0. As above
this implies that w,a! = o! or wya! = o + g~ by Lemma 4.4.7. Thus
<al_d + ﬁl_d + al’ Ux’) = <al_d + Bl_d + ala Mz — wxalv>
=0-1 <0
which contraditcs an assumption of the Lemma. So {(a!~¢ u,) = 0. Then by (4.7.4), 0 =
(= 1) < (weat™9, py) < 0. This implies o/~ = w,a!~? by Lemma 4.4.7.
Finally, for 0 < i < [ with i # [ —d, d, the conditions =+ a" —a'" ¢ f%}’G and z+a? — oV ¢
f%G imply that (1,4 qiv)G—dom # # and (Uy_aiv)G—dom # p- Then by Lemma 4.5.1, w,a' = of,
(8", uz) = 0 and (o, pz) = 0. O
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4.7.5. Proof of Lemma 4.7.2 continued: Assume that Q is of type Il and d < I < 2d. As wyol =% =
o'~ we have w,8"~% = 5=, Then

weo w0t = wy(al + 7Y = weal + g4

l—d

Using the M-dominance of p, we have (w,o'~%w,a?, jz) > (weal, pg) = 1.

Altogether, using Lemma 4.7.3 we obtain
U,i(p~teioi(y)) if 0
ﬁé(p_ly) - Uai—dwzad (Claz(y)) if d
Up, ol—du, i (PCio' (y)) if i =1

<i<d
<<l

with ¢; € Of as usual depending on 1w, and o', but not on ¥, and with ¢y = 1. Obviously root
subgroups corresponding to roots in different connected components of the Dynkin diagram of
G commute. By definition, we have

=i o (U (9) (p'=is) ~H = UG (y).
Using these two facts many of the factors in the definition of g(y) "'bo(g(y)) cancel and we obtain

9(y) oo (g(y))
= U(—p ')UL (—p ') UL(p™ ) UL (0~ )= tig
= Ua(_p_ly)Ual*d(_p_lcl—dal_d(y))meal*dwxad (pclo*l(y))
’Ual—d(pilcl—dalid(y))puzw:c-
If (wyo'~wzad, ol =)
—1 we obtain
9@) " b0 (9(1) = Ua(=p" ")V, o1- 0,00 (P10 (1)1 € G(R)P G(%).

If (wyo'~%w,ad, al=4V)

9(y) oo (g(y))

= Ua(7p_1y)Ual*d+wzcrl*dwzad (CJZ (y)o-l_d(y))Uwzol*dwzad (pClO'l (y))p'uxwx

=0, then Uy-a and U, ,i-a,, n¢ commute. Using in addition (o, ptz) =

= —1, then U,i-a and U, ,i-d,, ¢ do not commute. We obtain

where ¢ € Oy, is the product of ¢, c_4 and the structure constant obtained from the com-
mutator of the two root subgroups. Thus g(y) 'bo(g(y)) is again in G(Z)p'=G(Z), hence
S=<u(9(y)~"bog(y)) = Spec R.

/o«

Now we compute the point g at inﬁnity” of the affine line g(y). Let #Z’ be as in the proof
of Proposition 4.5.4. Then for 0 < ¢ <1 —d — 1 we have (using (4.5.8)) the following equalities
in G(%;)/G(#').

Uity UL 'y)

= Upitay i (irad” () Uni (p™ " cio" ()

= az+d+gz(cz+d0’+d(y)) _az(pc oy

=U_nipe; 'o'(y )0~ Upivay 5 (0 eirac ™ (y))

=U_pi(pe; o' (y™))p~" U (it g0y (PCi 0 Ty~ bp @ an?
= Ui (pe; 0 (Y™ ) U iy (g0 Ay~ ) p et
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We define a second element f(y) € G(ZL) by setting

l—d—-1

-1 i -1 i (i1 BiqitTd)V

F0) =90 TT (U-atper 0" DU (i (eg0™ )p™ @7 +007)
=0

d—1

[T (V-aloe o ")

i=l—d

where the d factors of the two products correspond to different connected components of the
Dynkin diagram of Go and can thus be multiplied in any order. The above computation shows
that for all y # 0 we have f(y) = g(y™!) in G(%})/G(#'). In particular, S<,(f ‘bo(f)) 2
Spec (k[t]) \ {0}. By Lemma 2.1.6, this set is Zariski closed. Hence f(y) defines an element
of X<,(b)(#). In particular g(0) = g, and ¢’ = f(0) have the same image in my(X<,(b)).
Furthermore, ¢’ = f(0) € g.p~ e D fBiv, which proves the lemma in this case.

Next we consider the case where € is of type III

LEMMA 4.7.6. With the above assumptions and notation, suppose that € is of type III and
2d <1 < 3d.

— Ifd{i, (I —i), then wya' = o, (8%, py) = 0 and {(a*, p,) = 0.

— Ifl = 2d, then (B, uz) = 0, {a, pz) = —1, <ad,%> =0 and <042d,ux> =1.

— Ifl > 2d, then (B, pz) = 1, (B2 u,) =0, (o, pg) = —1, (&, pz) = 0 fori = d, 2d,1 —d,l —
2d, and (!, pz) = 1.

Proof. The equalities when d t 4, (I — 7), follow as in the proof of Lemma 4.7.3, using Lemma
4.5.1.

If | = 2d, then z + oV — oY € f%G implies that (o, u;) = —1 and (a??, p,) = 1. Hence
(B, uiz) = 0. The minimality assumption on I, and the condition (&, ;) > 0, then imply (a?, j1,) =
0.

Suppose | > 2d. As before we have (a, 1) = —1 and (wa!, i) = 1 by Lemma 4.4.6. Then
the minimality assumption on [ implies (o, y;) < 0 for i = d,2d, and also for i = — d, | — 2d,
using Lemma 4.4.5, as above. As

(@, pa) = (a+ B+ %+, py) >0,

we have (3, uz) = 1 and (o, pu,) = 0 for i = d, 2d.

Next we show (8724 1) = 0. Suppose (3724 u,) = 1, then one checks that = 4+ o —
aVv ¢ 1:%;0 for i = 1 —d,l — 2d implies (o', ;) = —1, and hence (&@~2% u,) = —1 < 0 which
contradicts our standing assumptions. Therefore (3'=2¢, p,) = 0, (!, puz) = 1 and (o, pz) = 0
fori=1—d,l — 2d. 0

4.7.7. Proof of Lemma 4.7.2 continued: Suppose {2 is of type III, and | = 2d. Then using Lemma
4.7.6 we have

U,i(p~teioi(y)) if0<i<2d
U 2d(02d0'2d(y)) if i =2d

«

Ul(p~ly) = {

with ¢; € OF. In particular, all these elements commute, and one easily verifies that we have

9(y) oo (9(y)) € G(Z)p"G(Z).
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Now suppose that € is of type III, and | > 2d. Using Lemma 4.7.6 we obtain
U,i(p~leoi(y)) if0<i<d
Uiy gi-a(cio'(y)) ifd<i<2d
U,i(cio'(y)) if2d <i<l
U (peiat(y)) ifi=1
with ¢; € OF. When computing g(y) 'bo(g(y)) many factors commute and cancel. We obtain
9(y)~"bo(g(y))
= Ua(=p~ ') U5 (= ') UL (=p ™ ) Ua (™ ) Us (0™ ) Us > (0 ")
= Ua(—p_ly)Uaz_zd(—p_lcl_Qda ( ) <Uz dypi-2d(— cl_dal_d(y))Uaz(pclal(y))
: Ualfd_;'_ﬁlde (Cl_dal (y ))) U,i- 2a(p~ Cl Qd(T —2d (y))pHeay
= Ua(—p~'9)Uni—2a(=p " c1-2a00" 24 (Y)) Uiy pr2a .t (¢ (y) o'~ () Ut (peio’ ()
- Upi—2a(p™ ermga0’™ 24 (y))pH=ii
=U (_ -1 U n_1 l—d 1—2d
= Ua(=p" y)Usi-214 g1y aty gi-2a( "0 (y)o ™ (y) o (y))
+Ugt-ay gi2a ot (060 ()0~ (y)) Ut (perc (y))pH =g
with ¢/, ¢’ € Or. The final expression is in G(Z)p'G(Z) as (o, pz) = —1.

The construction and computation of the “point at infinity” ¢’ is as in case of type II.

Ua(p™'y) =

Before we prove Proposition 4.1.10, we need one more lemma.

LEMMA 4.7.8. Let Q € ®y be adapted. Then for all z,z' € fy’ig, there exists a series of
z()

GQ

. =M .
elements x1,--- ,x, in I "2 such that x1 = z, v, = 2’ and x;41 — v; = o’ — 'V in w1 (M) for

some a, o’ € (dependmg oni)foralll <i<r—1.

Proof. As the problem only concerns the elements in 71 (M), and x = 2’ in 71 (Gg), after replacing
G by the standard Levi subgroup corresponding to the Galois orbit of any connected component
of the Dynkin diagram of G which contains some element in {2, we may assume that I' acts
transitively on the set of connected components of the Dynkin diagram of Gg. If v € X, (T) is a
linear combination of coroots of G, let [v|yr = - cq [na| Wwhere v =37 . nqea in 7 (M). For

x, 2 € IM GQ , let dy(x,2') := |pe — piz|pr- We will prove the lemma by induction on dys(z, z').

Suppose &' # xinm(M). Write 2/ —x = Y cq na” in 71 (M) withng € Z. Then ) na =
0. Write QF = {a € QJn, > 0} and @~ = {a € Qna < 0}. Let gy — o = > ;e be
as in Lemma 4.3.7. Write I = {i € I'|y/ # 0inm (M)}, I™ = {i € I|v is positive} and
I~ = {i € Il; is negative}. Then for any i € I (resp. i € I™), the image of 7 in m (M) is a
linear combination of (a"),cq+ (resp. (@")aca-)-

If all the (y;);er are in the same connected component of Dynkin diagram of G, then we may
replace Gq by the standard Levi subgroup corresponding to that component, and assume that Gg
has connected Dynkin diagram. If  is of type I, this implies x = 2’ contrary to our assumption.
If Q is of type I, then Q] = 2, and |Q"| = |Q7| = 1. Therefore |v,'|ss = 1 for all i € I. Take any
it €I and i~ € I", and define z1 = x ++,, +7,~ € m(M). Then z; —z = o — o’V for some

93



a,o € Qand (Ug,)Go—dom = (fa)Go—dom, hence x1 € I GQ . Moreover,

M) = 1 = 1 v — ZI%\M—2<Z\%!M dy(z, 7).

iel el el
By induction hypothesis, we are done.

If Q is of type II1I, then |Q2] = 3 and the Dynkin diagram of Gq, is of type D4. As |[QT|+]Q7| <
2] = 3, we have |[QF| =1 or |Q7| = 1. We may assume that QT = {a} has only one element,
the other case being analogous. Then as before |7 |a =1 for all ¢ € I'™. If there exists i~ € I~
such that |y,” |y = 1, then the choice of i* and i~ as before applies and we are done. Otherwise
there exists ¢ € I~ such that |[v/|y > 2. As 2’ = z in 1 (M), > cqr [Pal = Paca- [nal = 2.
Thus there exist two different elements 41,49 € I such that ’yivl = fyi\; = " in m(M). This is
impossible since (v;,,7;,) = 0.

It remains to consider the case when not all the ~; for ¢ € I are in the same connected
component of Dynkin diagram of Gg. Choose i™ € I'™ and i~ € I~ such that v;+ and 7,- are

not in the same connected component of Gq. As (y;+, i) = —1, there exists an a € Q such that

o' <~} and (a,pe) = —1. On the other hand suppose 7. = —ay —--- — ay in m (M) for

ay, - ,as € . Then by Lemma 4.4.5(1),
1= (=7i-, pa) < Z (Wi, i)

1<y<s

Therefore there exists o/ := a; € €, such that (wya/, ;) = 1. Let 21 = r+a¥ —a’V. As a and o/
are not in the same connected component of Gq, we have jiz, = SoSu,o/(tiz), by Lemma 4.4.5,
so 1 € I . Hence z1 € IMGQ by Lemma 4.7.1. As dp(x1,2") < dy(x,2'), we are done by
mductlon o

In the following we will prove Proposition 4.1.10 by subdividing it into several particular
cases which we prove in the form of Lemmas 4.7.9, 4.7.10 and 4.7.19.

LEMMA 4.7.9. Proposition 4.1.10 holds under the following additional hypotheses.

— The set I Q has at least two elements.

_leoftypelor( ) = OforallzeNandaﬂmefﬁﬁ,Q-

Proof. As the set fi\;[;%“ has at least two elements, by Lemma 4.7.1 and Lemma 4.7.8, there
exists 11 = xg+a¥ —al¥ € I_ﬁfbﬂ with o € Qand 0 <! < n =|Q|. For any ¢g; € X%o (b)(W (k)),
by applying Lemma 4.7.2 to the pair (zg,x1), we obtain a ¢’ € Xl%1 (b) such that g; ~ ¢’ and
wpr(g") = war(g1) — Zi;(l) av. As Iﬂfof;bﬂ = IM »'» we apply again Lemma 4.7.2 to the pair
(21, x0). We obtain a g, € X%o (b)(W (k)) such that g ~ g2 and war(g2) = wp(g') — Y- ll at.
Then gs is the desired element of Proposition 4.1.10 for x = xg. ]
LEMMA 4.7.10. Proposition 4.1.10 holds under the following additional hypotheses.

— The set I = {x0} contains only one element.

— Qisof type I or (&, liy,) = 0 for all a € Q.

EXAMPLE 4.7.11. Here is an example where all the hypotheses of Lemma 4.7.10 are satisfied.
Let G be a unitary similitude group such that G ~ GL5 x G,, 1, with standard simple roots

o4



Bi = e;—ejpq fori =1,2,3,4. The group I' = {Id, o} acts on G, with o8; = B5_; fori =1,--- , 4.
The Levi subgroup M is defined by the roots 31 and /4. The cocharacter jiz, is defined as follows:

Mz - Gm,L — GL ~ GL5 X Gm,L
y — (diag(y,y,1,v,1),y)

Then p,, determines xg and . Therefore it determines wy, and b = pH@oy,. Let o = 3. One
can check that the datum (M, G, T'a, b, u) satisfies all the conditions of Lemma 4.7.10.

Proof of Lemma 4.7.10. For simplicity, we write x for g, and let a €  such that (a, pu,) < 0.
7M,Go
Letg:gxefuxb .

Suppose that 0 < i < n and that « and o' are in different components of the Dynkin diagram
of Gq. Since z + a¥ — o'V ¢ Ixfﬂ we have (wza', u,) < 0. By assumption v, is G-dominant,
and so (a, 1) > 0. Since b is basic in M, v, is the W -average of the Galois-average of p,.. Using
(wza”, ) < 0 and Lemma 4.4.7, there exists a; € T'aw which is in the same connected component
of the Dynkin diagram of Gq as « such that (w,aq, p,) > 0. Since z — o) + o'V ¢ Ix’bG“, we
obtain that (a’, ;) > 0. Hence by Lemma 4.4.7, o' = w,c’, and for every positive root 3 in M,
we have —(a’, BY)(B, ) < (spa’, pip) < 0. In particular, if B is a maximal root in M, such that
o' and (3 are contained in the same component of the Dynkin diagram of Gg, then (a*, 8V) < 0
so (B, uz) = 0, as p, is M-dominant. This implies (53, ;) = 0 for every positive root 8 in the

same component as . Thus p, and w, are central in the connected component of Gg, containing

a’.

Case 1: Q) is of type I. By the above, we have u, and w, are central in the connected component
of Gq containing o for 0 < i < n, and a1 = a. In particular (w,a’, ;) = 0, and (wsa, ;) > 0.
Claim: Uy and Uy, () commute.
By Lemma 4.6.1, there exist positive roots (3;)ics in M such that
— (Bi,8]) =0foralli#jeJ.
— wya = ([[;ey88)(a) and (o, 5) <0 foralli € J.
= |wza] = |af + 325, o, BY)] - [Bil-
By the hypothesis of Proposition 4.1.10, {8;,a") = —1 for all i € J. And by Lemma 4.4.7,

(Bi, pz) = 1 for all i € J (Indeed, If (B;, 1) = 0 for some i, then (sg,wyv, pp) = (W, pz). But
58,Wg0 = Wy, so this contradicts the minimality of wya in Lemma 4.4.7). Therefore

2= <wmauu'1> - <avﬂw> - Z(O‘?ﬁz\/> ' <Blnul"> - - Z(avﬁz\/>
i€ ieJ
In particular the cardinality of the set J is at most 2. Furthermore we have
(wea,0¥) = (a = (,8)8i,0") =2+ (a,8) =0.
ieJ ieJ
Thus, if a + wza is a root, then it is longer than « and hence longer than f3; for all ¢ € J.
And so is the root s, (a + wya). As

Sa(a+wga) = wea —a = — Z(a, B Bs
ieJ
is a root in M, it should have the same length as f3; for any i € J. We get a contradiction.
Therefore a + w, v cannot be a root and this finishes the proof of the Claim.
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Let R = k[y] and Z the R-frame chosen in 4.5.6. We define g(y) € G(%L)/G(Z) by

9(y) = 6:Ua(p™ ' y)Uai (0™ c10(y)) - Uan-1 (™ en10" ()
where the ¢; € OF are such that wyoUy:(c;o"(y))ig " = Uyit1(ciy10" (y)) and ¢o = 1. In type
I, all of these root subgroups commute. Using the above equations to compute the conjugation
action of b, = p"*w, on these root subgroups we obtain

g 'bo(9) = Ua(=p y)p'= i Ua(p™ o (cn—1)0"(y))
= Ua(—p_ly)p“Iwaa(p_lcia(cn_l)an(y))u'}z
= Uw,a(cao(cn—1)0"(y))p"* Ua(—y)t0s
and the final expression is in G(Z)p"*G(Z). Here, in the last equality, we have used that U,
and U, (o) commute and that (o, y1;) < 0 and (wga, p1,:) > 0. Thus

S<,.(g9(y) " tbog(y)) = Spec R.

In the usual way (as for example in the proof of Lemma 4.7.2) we can extend this family to
a “projective line” and use that the point g(0) and the point ¢’ “at infinity” are in the same
connected component of Xfu(b). Here one obtains ¢’ € g,p~ St eV , which finishes the proof
in this case.

Now we will deal with case when 2 is of type II or III. After replacing G by the standard
Levi subgroup corresponding to the Galois orbit of any connected component of the Dynkin
diagram of G containing some element of 2, we may assume that I" acts transitively on the
Dynkin diagram of Ggq. As we only use Gq to distinguish several cases, this modification does
not change the following argument.

Case 2: Q) is of type II.

By assumption (o + 3 4+ a?, uz) > 0, hence (8 + o, ;) = 1. We have that p, and w, are
central on all connected components of the Dynkin diagram of Gq except for the one containing
o and o,

LEMMA 4.7.12. We have
— (wgpa®, pg) =1
— wpa® =a®+ 3
— B #0 if and only if (B, u,) =1
— (wgad, aV) = —1

d

In particular o + wya? is equal to the root &, and o, wya® do not commute.

Proof. As o is M-anti-dominant we have
<wxadvux> = <ad7wM,0Mx> = <ad + 5,Hx> =1.

If 3 =0 then (o, p;) = 1, and thus (a?, u,) = (wya?, u;). Thus by Lemma 4.4.7, w;cosz:
.. . =M,
at = a?+ 3. Suppose 8 # 0. If (B, ;) = 0, then (o, u,) = 1. This implies =+ —a® € Ly
(use (@, py) < 0 and o M-antidominant), which is impossible. Thus (3, p,) = 1 and

<wxadaﬂx> =1= <O‘d + B, pz) > 0= <O‘dal‘w>-

Hence by Lemma 4.4.7, wya® = a® + 5. Now the formula <fwzad, aV) = —1is clear, and the final

claim follows. O
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Case 2.1: w0 # .

LEMMA 4.7.13. (wz@, pz) = 1 and (wy&,a") > 0.

Proof. We check the lemma according to the type of the Dynkin diagram of G which can be
only A,,, D, or Eg.

Suppose the Dynkin diagram of Ggq is of type A,,. By Lemma 4.7.12 we have w,& = w,(« +
B+at) = wya— B+ a+ B. By the assumption of Case 2.1 this implies that wyo # o + . Thus
by Lemma 4.4.7, (wya, pp) > (o + B, pi). Combined with the fact that if 8 = 0, (wgya, py) <
(o, pg) + 1, we have
1 ifmisodd,ie 8#0
0 if m is even, i.e. 8 = 0.

(W, pz) = {

Furthermore, as (3, ) = 1 if g # 0,
<wxd7,u’$> = <wl‘a + 06daﬂa:> = 1
and
(weir, V) = (wea + a?,aV).

If 8#£0, thissum is > 040, if 8 =0, it is > 1 — 1, thus in all cases non-negative.

If the Dynkin diagram of Gq is of type D,,, we denote the simple roots by By, ..., b1, 3, a, o
where 8 is the simple root with three neighbors 1, a, a?, and f; is a neighbor of 8;_; for all
i > 1. By Lemma 4.7.12 we have (3, ;) = 1. As u, is M-dominant and minuscule this implies

(Bis ppz) = 0 for i = 1,...,7. Then the explicit definition of w, implies that w, = sgsg, --- 53
Thus wyé = we(a + B+ o) = a+ B1 + 26 + a’. Hence

(Wal, pig) = (a+ B1 + 26+ a% py) = —14+04+2+0=1

o

and
(wei,a") = (a+ B +28+a%,a¥)=24+0-2+0=0.

If the Dynkin diagram of Gq is of type Eg, the simple root 5 has again three neighbors
in the Dynkin diagram denoted o, a?, and S_;. Denote the other neighbors of a,a¢ by ~,~,
respectively. As p, is G-minuscule and M-dominant, and (53, ;) = 1 we have (S_1, pi) = 0 and
likewise (v9, 1) = 0, as (a?, y) = 0. If (v, pz) = 0, then w, = sz and hence w,& = a + wya?
which contradicts the hypothesis. Therefore we have (7, pi;) = 1. We have that y+a+28+a%+5_4
is a root, but (y+ a+ 25 + a + B4, lg) = 2, in contradiction to the fact that pu, is minuscule.
Thus this subcase may not occur, which finishes the proof of the Lemma. O

4.7.14. Proof of Lemma 4.7.10, Case 2 continued. We remind the reader that, by Lemma 4.7.12
we have

weo? (o + wyad) = weo(@) = wya.
For R as above we define g(y) € G(%L)/G(Z) as
9¥) =9:Ua(p™ 9)Uart (07 10(y)) - Unar (0™ ea—10%7 1 (y))
Uit (=0 oy (@) -+ Upa-t (apwpaty (= h_10 (1)a* (1))
where the ¢; € Of for i =0,...,d are such that

waUoﬁ (Cio-i (y))wajl = waai+1 (Ci+1ai+1(y))
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and c¢o = 1. Furthermore ¢, € Oy, is such that

Ua(y)mead(z) = Ua—l—wzad(Céyz)Uwzad(z)Ua(y)y
and the ¢, € Op, for i = 1,...,d are such that

wﬂ?o—Uaifl(a-i—wwad) (c;—lai_l(y))w;1 = waai(a—&—wzad) (C;O—Z(y»

We remark that ¢, € Of for i =0,...,d. Indeed, it suffices to check this for i = 0. If ¢{ is in
pOr, then the root groups U, and U, ,« commute in G ® k. Since all the roots of G have the
same length, this is impossible, by [SGA3] XXIII Prop. 6.5.

Now we can compute the conjugation action of b, = p**1, on the root subgroups by using
the above equations. We obtain

g_lbO'(g) = Ua+wzad (p_lcayo'd(y))Ua(—p_ly)Uwzad (Cdad(y))
'mead(a—&—wma‘i) (_ciio-d(y)ozd(y))puz Wy
= Ut (a0 () Ua(=2~ "9 U000 (aswsat) (0™ (1) 0> ()" i

As (wzad(a + wmad),av> > 0, the corresponding root subgroups commute and the above ex-
pression is indeed in Kp*= K. Thus S<,(g(y) 'bog(y)) = Spec R. As before we can extend this
family to a “projective line” and use that the point ¢g(0) and the point ¢’ “at infinity” are in
the same connected component of Xf(b). It remains to compute ¢’. Let 2’ = Or{y,y~ ') be the
frame introduced above. We consider each connected component of the Dynkin diagram of Gq,
separately and for 0 < ¢ < d — 1 we compute in G(%})/G(Z#') :

Uni (07 0" ()i (s wpaty (P~ 0" (o (1))

i(a—l—wzad)v

=Uyi (p_lcio-i (y))UfUi(a+wzad) (_p(cg)_lai (yad(y))_l)p_g
=V _oi(atwzat) (_p(cfi)710—i(yilad(yil)))Ufo'iwzad (diad+i (yil))pial (otuae

for some d; € Of. Here in the last line we have used that the root groups U,: and U_
commute, and that (o, o' (a + wya?)) = 1. Thus we define the second family f(y) as

d)v
otwgad
d—1

f(y) = H U—ai(a—i—wzad)(_p(c;)ilai (yo-d(y)))U—aiwzad“'i (diUdJri (y))pfoi(a+wza
=0

d)\/

In particular ¢' = f(0) = g.p~ Siso o (atwea®)Y g ag claimed.

Case 2.2: wya = a.
Let ¢o = ¢, = 1 and let ¢;, ¢, be defined inductively by

b= Uy, (cir10™ ()

waUai(a+wzad) (C;O-i (y))w;I = Yoitl(atwzal) (Cé+10'i+1(y)).
Furthermore let ¢ € Oy, be such that
Ua (y) Uwzad (Z) = Ua—i—wzad (6yz)Uwzo¢d (Z)Ua(y)

We evidently have ¢, € Of, and ¢ € O] by the same argument as in Case 2.1 above. We now
define the frame we will need.

weoUyi (o (y)) iy

LEMMA 4.7.15. Let h = z — éy99t! — /299 and set A = OL[y,2]/h. Then Spec A is a dense
Zariski open in a smooth, proper curve X over Qp having geometrically connected fibres.
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Proof. Let b = 279 — w9+t — /271 and A’ = Op[w,27!]/R'. Then A’ C A[z~!] by sending w
to yz~1, and Spec A, Spec A’ glue along Spec A[z~!] into a proper flat curve X over Op, which
admits a finite map 1 : X — P! given by the function z.

Note that ‘% =1in A®k, and 8,1 =—c;#0in A'® k. Hence X is a smooth curve. Since
7 is totally ramlﬁed over z =0, X has geometrically irreducible fibres. 0

4.7.16. Proof of Case 2.2 continued: Let xg € X be the point given by y = 2 =0, and 1 € X
the point given by z~! = w = 0, using the covering of X introduced in Lemma 4.7.15 above.
Choose a map & : X — P! such that ¢ is étale above &(xq) and &(x1). To see that this is possible,
choose points o, ..., z, for r big enough (e.g. » > 2g with g the genus of X ® k) and such that
the x; are distinct in X ® k for i = 0,...,r, By the Riemann-Roch theorem there is a section
g €T(X ®F, O(>_; x;)) which does not vanish at any z;. Lift go to g € ['(X, O(}_; z;)). Then
as a meromorphic function on X, g has a simple pole at each x; with a residue which is non-zero
mod p. Take & to be given by g~!. Then ¢ is étale over 0, and &(z;) = 0 for all i.

Let X and P! denote the p-adic completion of X and P!. Let Uy C P! ® k be the open
subset where ¢ @ k is étale, and let U C P! denote the corresponding formal open affine, and
Y =¢4U) c X. Since Uy is stable by Frobenius on P! ® k, U is stable by any Frobenius lift
on PL. Fix such a lift. Since Y — U is finite étale, by Lemma 2.1.4, the Frobenius lift on W lifts
uniquely to a Frobenius lift on Y = Spf#. We denote by o the corresponding g-Frobenius on Z.

It will be convenient to denote by Spf%y and Spf#; the formal affine subsets of Y, which

are the complements of the mod p reductions of x1 and xg respectively. Thus z,y € %y and

271w =yz7! € #. Likewise, we denote by Spf%’ the complement of {zg, 21} in Spf%. Define

an element g € G(%o,1) by

9=92Ua(p” " coy)  Uga-1(p™ " ca10" () Up g0t (=0 cf2) - -
16:1 1Ud 1( ))7
Recall that (wyag, tz) = 1 and that wyo%(a + wea?) = o + wya®. We obtain
g9 'bo(g)
= oz+wzo¢d(pilz)Ua(_pily)Uwzad(cdo'd(y))Uwzo'd(a+wma‘i)( (Z))p'uz'u.)z
—1

= a—i—wzoad(pilz_piléyo'd(y) p 1Ciiad(z))Uwzad(cdgd(y))U( —D y)puzwx

’ Uad*1 (atwzad) (

Recall that (o + wyal, aV) =2—1=1, thus @ and a + wya commute. For the second equality
above we use that
wmad(a + wwad) = W& =& = a + wyal
commutes with wya and «, and the definition of &. Since («, yz) = —1, and
z—eyolly) — dol(z) = 2 — ay¥ ™ — 2% = h =0 in Ro/pPo

we see that g~ tbo(g) € G(%o)p"G(%o).

To define and compute a “point at infinity” of the above family we first compute for 0 < i < d

Ui (07" ¢i0" () Upi () (=0 €0 (2)) G(Z)
=Uns (010" (1)Ut () ()10 (z7 ) 02D G ()
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moving U, to the right we obtain

“U_gi(upaty (=di0 (2" NU_gi(as,any (—p(c}) Lo’ (27 1))p= 7 00D ()
for some d; € Oy,.
Define an element f € G(#%; 1) by setting
d—1
F = 00 [T U—oi(uwraty (= di0" (W)U g qrat) (—p(c}) "L (2))p= 7 (ot e,
i=0

Then we have f = g in G(%}). By what we saw above, S<,(f *bo(f)) contains the open and
dense subset Spec %' /pZ' of Spec #1/p%,. By Lemma 2.1.6, S<,,(f 'bo(f)) is Zariski closed.
Hence f defines an element of X<, (b)(#’). In particular g(zo) = g, € X%(b) and ¢’ = f(x1) =

Gup~ Sico o' (a+wea®)Y 416 in the same connected component of X<,,(b). O

Case 3: Q) is of type III. The same argument as for the preceeding cases shows that u, and thus
w, are central on all connected components of the Dynkin diagram of Ggq except for the one
containing a, o, a®?. As x+aV —adV ¢ fxfg, r+a¥ —a?V ¢ figf“, we have (a?, ;) < 0 and
(1) < 0. Combined with the fact that (&, u;) > 0, we obtain (3, u,) = 1 and (a?, u,) =
(@ 1) = 0. Let

Ualy) = 00" (Ualy) (b))~

T

Then
U,i(p~teioi(y)) if0<i<d
01 (p—ly) _ al+ﬁ ( Z(y)) ifd<i<2d
“ Uyi(cia(y)) if 2d <i < 3d

Uatp(cno™(y)) ifi=3d=n.
Let R = k[y] and Z the R-frame chosen in 3.2.2. We define g(y) € G(Z%1) b
9(y) = gUX 07 ty) - Ud™'y).
Then
9(y)~"bo(9(y))
= U579Vt 50 (1)) (U —200™ () Va5 30 3)
 Upea(e240™(y)) ) Uy (cac (y) s
= Ua(—p"'9)Usi s(—cac®(y))Ua5(c3a0™ (y))
Unga2ay g(—¢ 04 y)0* (4)) Uiy g (cao® (y) ) s
= Ua(=0""9)Vat (300 (4)) Un s pa2i 2 ("0 (y)o* ()™ (y))
: Ua+a2d+ﬂ(c UQd(y) (y))puxww

with ¢, € Op. Now U, commutes with the other factors and can be moved to the right. We
obtain that g(y) 'bo(g(y)) € Kpt= K. A computation analogous to the above constructs a point
g “at infinity” and shows that it has the required properties, which finishes the proof of Lemma

4.7.10. O
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Remark 4.7.17. Example 4.7.11 is in Case 2.1 of the proof of Lemma 4.7.10. Another interesting
example is the following: Let G be a unitary similitude group such that G ~ GL3 x G, 1,
with standard simple roots 3; = e; — e;41 for i = 1,2. The group I' = {Id, o} acts on G, with
0B = P3—; for i = 1,2. Take M =T, a = (B2 and the cocharacter p,, is defined as follows which
determines b and p:
Uz - Gm,L — GL ~ GL3 X Gm,L
y — (diag(y, 1,9),y)

Then the datum (M, G, T« b, 1) still satisfies all the conditions of Lemma 4.7.10 and corresponds
to Case 2.2 in that proof.

COROLLARY 4.7.18. Let ) € ®y be adapted and of type I. Let x € f%G. Suppose there exists
a € Q such that («, gy < 0. Then there exist g,¢’ € X%(b)(W(E)) such that

— g and ¢ are in the same connected component of Xf(b);
- wM(gl) - wM(g) = ZﬁeQ ﬁv in Wl(M)F-

Proof. As Q is of type I, by Lemma 4.7.9 and Lemma 4.7.10, Proposition 4.1.10 holds for €.
In particular, the corollary holds for x = xg. Moreover if we replace xg by x in Proposition

4.1.10, it still holds once we replace correspondingly b by b;. This means that there exist g1, g; €
X%(bx)(W(k)) such that

— g and ¢’ are in the same connected component of Xf(b);
— wyp(g') —wm(g) = ZﬂeQ BY in Wl(M)F-
By Remark 4.1.8, [b;] = [b] in B(M). So there exists an element h € M(L) such that g — hg

gives an isomorphism between X%(bm) and X%(b). Therefore g = hg1,9’ = hg} € X%(b)(W(k))
are the desired elements. O

LEMMA 4.7.19. Proposition 4.1.10 holds if 2 is of type II or III and (&, j1;) < 0 for some o € )
and some x € I_%;G.

Proof. Let a € Q be as in the Lemma. Let ' := I'a. Then Q' is adapted and of type I. Therefore
we can apply Corollary 4.7.18 to (€, ) and obtain elements g,¢’ € X! (b)(W(k)) such that
g~ 9/ and U’M(Ql) - U’M(Q) = ZﬁeQ/ IBV = ZﬁeQ 5\/ in Wl(M)F- t

Proposition 4.1.10 then follows immediately from Lemma 4.7.9, Lemma 4.7.10, and Lemma
4.7.19.

5. Application to Rapoport-Zink spaces

In this section, we apply the main results of this paper to (simple) unramified Rapoport-Zink
spaces of EL type or unitary/symplectique PEL type.

5.1.1. From now on, suppose F' = Q. In the previous sections, we have studied the connected
components of affine Deligne-Lusztig varietes X E (b) defined from the datum (G, b, ). Now we
require that the datum (G, b, u) satisfies the following additional conditions:

— G belongs to one of the following three cases:

x EL case: G = ResoFl‘ZpGL(AO) where F is a finite unramified extension of Q,, and
where V is a finite dimensional Fij-vector space with Ay C V a lattice.
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x PEL symplectic case: G = GSp(Ay, (-,-)) where F;, V are as above and where (-,-) :
V xV — Q, is a non-degenerate alternating Q,-bilinear form on V' such that (A\z,y) =
(x,\y) for all z,y € V, XA € Fy, and Ay C V is an autodual lattice in V' for this form.
* PEL unitary case: G = GU(Ay, (-,)) where F1, V as above, * is a non-trivial involution
on Fy, (-,-) : V.xV — @, is a non-degenerate alternating hermitian form on V, and
Ao C V is a autodual lattice in V for this form.
— The weight decomposition of u in V' ®q, L has only slopes 0 and 1, where we consider
w € X, (T) as the representation

p: Gy =T — G — (ReSFl\QpGL(V))L'

A datum (G, b, ) satisfying the above conditions is called a (simple) unramified Rapoport-
Zink datum of EL type or unitary/symplectique PEL type. To this kind of datum we can associate
a Rapoport-Zink space M = M(G, b, 1t). These spaces are formal schemes locally formally of
finite type over SpfOQr, which are defined as moduli spaces parametrizing certain families of
p-divisible groups in a fixed isogeny class. They are equipped with a natural action of J,(Q,).
For the precise definition of these spaces we refer to [RZ96]. There exists a J;,(Qp)-equivariant
locally constant morphism on M

)

syt M(G.b.p) — Hom(X, (G). Z).
where X@p (G) is the group of Q,-rational characters of G. The classification of p-divisible groups

over F, via Dieudonné theory, induces a natural bijection M(G,b, u)(F,) =~ XE(b)(W(IFp))
compatible with the Jj,(Q,)-action.

PROPOSITION 5.1.2. Suppose that (G,b, u) is HN-indecomposable. Then the natural bijection

)

0 : XMG(b)(W(Fp)) ~ M(G,b, 1)(F,) induces a map on the sets of connected components
mo(X5 (b)) = mo(M(G, b, ),
which is necessarily surjective.

Proof. Let R be a smooth integral k-algebra, and Z a frame for R. We have to show that if
90,91 € XE(b)(W(I_Fp)) are connected via a g € Xf(b)(%) then 0(go) and 6(g1) are in the same
connected component in M. Let sg,s1 € Spec(R)(F,) with g(sg) = go and g(s1) = g1, as in
(2.3.5).

By Proposition 2.1.11, there exists an étale covering f : Spec(R’) — Spec(R) such that
g tbo(g) € G(Z)p'G(#') where %' is the canonical frame for R'. It suffices to prove the
statement with Z replaced by the affine ring of one of the connected components of Spec%’.
(Indeed, we can find a chain of elements (h;)1<i<n € Xf(b)(W(IF‘p)) such that hy = go and
hyn = g1 and there exists s;, s, € Spec(R')(F,) in the same connected component with g(s;) = h;
and g(s}) = hijp1 for 1 < i < n— 1. We can then consider separately each pair (h;, hiy1) with
the connected component of Spec(R’) containing s;). Therefore we reduce to the case when
g~ 'bo(g) € G(Z)W"G(R).

Now we will define an element in M(R) corresponding to g by using Dieudonné theory. The
proof is very similar to the proof of [Kis13] Lemma 1.4.6. Here we only give a sketch. Let Ag C V
be as in the definition of G. Let M := g(Ag ®z, #) C V ®q, #ZL- The Frobenius map F' = bo
acts on M. As the weight decomposition of y on V ® L has only slopes 0 and 1 , we have
pM C FM C M. Therefore M is stable under Frobenius and Verschiebung.

We write %, for the ring #Z considered as an Z-algebra via ¢" : #Z — Z%. Similarly let
R, = %, /p%,. As the action of o on Q}% /01 is topologically nilpotent, there exists n € N
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sufficiently large such that g~'dg € End(Ao) ®z, Q%JH/OL‘ Then we can check that g(Ag ®z, %n)
is stable under the canonical connection

V=1®d: Ao @z, Fns — Mo ®z, Oy /1

Therefore, (M ®g4 %,V , F,V) gives rise to a Dieudonné crystal on %,, with G-structures. This
corresponds to a point in M(G, b, u)(R;,) by [dJo95] Theorem 4.1.1.

O]

5.1.3. Recall that G®> = G/G9" is the cocenter of G. Then X@p(G) = X*(G*")I" and m (G) =

71 (G?) = X, (G*P) by ([Bor98] Lemma 1.5) since G is simply connected. Then by comparing
the definition of wg and sy, we can check that the following diagram commutes

XE (B) (W (Bp)) —2> 1 (G)F ———— 03, X (G*)F (5.1.4)
M(G. b, p)(F,) —*+ Hom(X (G), Z) == Hom(X*(G™)", Z)

where the vertical arrow on the right is induced by the natural T'-equivariant pairing X, (G*?) ®
X*(GaP) — Z.
THEOREM 5.1.5. (i) 0 : mo(XG (b)) — mo(M(G, b, 1)) is a bijection;

(ii) If (u,b) is HN-irreducible, then sy induces an injection on the connected components

)

#yy t mo(M) = Hom(Xg (G), Z).

Proof. Suppose (p,b) is HN-irreducible. By Prop. 5.1.2, the above diagram induces a commuta-
tive diagram on the connected components:

To(X5 (b)) ——— e, X (G*P)F (5.1.6)

| |

mo(M) i Hom(X*(G*)I', 7)

where the top horizontal morphism is a bijection by Theorem 1.1 and Corollary 2.4.3. In order to
show (1) and (2), it suffices to show that c; , X, (G*)I' — Hom(X*(G*"), Z) is injective. Since
X.(G*)T is torsion free, it suffices to prove the statement after ®Q, and then the map is an
isomorphism, as I" acts on X,(G?P) through a finite quotient.

We now prove (1) in the general case. If (G, b, 1) is Hodge-Newton-indecomposable, by The-
orem 2.5.6, we only need to deal with the case when b is o-conjugate to p* with yu central. We
may assume that b = p*. For any algebraically closed extension k of Fp, one uses Dieudonné
theory and the same computation as in Remark 2.5.10 to show that

M(G. b, u) (k) = {g € GW (K)[1/p])/G(W (K)) | g~ "bo(g) € G(W (k))p*G(W ()}
=G(Q)/G(Zy)
where the third equality follows from Lang’s theorem H!({c), G(W(k))) = 0. It follows that

v

M(G,b, 1) is discrete and (1) follows from Theorem 1.1. It remains the case when (G, b, 1) is
Hodge-Newton decomposable. In this case there exists a standard parabolic P with Levi subgroup
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M containing T and a b’ € M N [b] such that (M,V, u) is Hodge-Newton indecomposable. We
may assume b’ = b. With (M, b, u) and (P, b, 1) one can also associate analogs of Rapoport-Zink
spaces M(M , b, ) resp. M(P, b, 1t). They are moduli spaces of p-divisible groups with additional
structure of the same type as for ./\>l(G, b, 1), but which are in addition equipped with a slope
decomposition resp. with a slope filtration corresponding to M resp. to P (see [Man08] for the
precise construction). One obtains naturally defined morphisms

M(M, b, p) > M(P,b, 1) 25 M(G,b, ).

Moreover Mantovan also constructed a morphism p; : M(P, b, )" — M(M , b, 1) satisfying
p1 o s*" = Id by considering the graded pieces of the filtration on the p-divisible groups, where
(=)™ always denote the generic fiber. Then s*" induces an injection on the connected compo-
nents. By [Shel4] Prop 6.3, p3" induces an isomorphism of analytic spaces on the generic fiber,
we find that

~

ﬂo(M(M, b, ,U)) o 71—0('/\;1(]\4’7 b, M))an — 7r()('/\;I(C:7 b, M))an — 7r(]('/\>1<G7 b,/,L))

Here the two bijections follow from the fact that M (M, b, 1) and M(G, b, ;1) are both formally
smooth by Grothendieck-Messing deformation theory (cf. [dJo95] Theorem 7.4.1). Thus mp(p2os)
is an injection. But we already know that 6 induces a surjective map on connected components.
Hence, using Proposition 2.5.4, m(p2 o s) is also surjective. Then (1) follows from the Hodge-
Newton-indecomposable case. O

5.1.7. Theorem 5.1.5 confirms Conjecture 6.1.1 of [Chel4]. As the main results in [Chel4] are
proved after assuming that conjecture, we can now state all these results without this hypothesis.

Let F be the flag variety of parabolic subgroups of type u of G . Let 7 : Man —y Fan pe

the period morphism (cf. [RZ96] chapter 5), where M i the generic fiber of M as Berkovich’s
analytic space, and F?" is Berkovich’s analytic space associated to F. Let F* be the image of .

PROPOSITION 5.1.8 cf. [Chel4] Lemma 6.1.3. If (u,b) is HN-irreducible, then F® is connected.

5.1.9. Recall that (M @) kcG(z,) 18 a tower of finite étale covers over M? parametrizing the

K-level structures with K C G(Zy) open compact. The group J,(Q,) acts on the left on each

¥ v

M and the group G(Qy) acts on the right on the tower (M )z by Hecke correspondences. As
in the introduction we have the map

8 = (81,065 Xog) + To(Qp) X G(Qp) x Gal(L/L) = G™(Qy).

THEOREM 5.1.10 cf. [Cheld] Theorem 6.3.1. If (u,b) is HN-irreducible, then the action of
In(Qp) x G(Qp) x Gal(L/L) on mo(M z&C,) factors through &, and makes mo(M z®Cp) into
a G*(Q,)/dc(K)-torsor. In particular, we have bijections

(M g&Cy) =~ G*(Qp) /36 (K)
which are compatible when K varies.

Remark 5.1.11. Write
Wo(/\;(oo@)(cp) = mkﬁo(/\zf“(@(cp).

Then the theorem above is equivalent to the statement that when (u,b) is HN-irreducible, the
action of J,(Qp) x G(Qp) x Gal(L/L) on mp(M&C,) makes this set a G2 (Q),)-torsor.
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When M is of EL type 4, then we can form the inverse limit /\;1007(11, = @f( ./\>l[~(®(Cp as a

perfectoid space as in [SW13]. In this case the set 7T0<./\>loo®(cp), defined formally above coincides
with the set of connected components of M c,-
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