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Abstract. We consider the Harder-Narasimhan formalism on the category of normed
isocrystals and show that the Harder-Narasimhan filtration is compatible with tensor
products which generalizes a result of Cornut. As an application of this result, we are
able to define a (weak) Harder-Narasimhan stratification on the B+

dR-affine Grassmannian
for arbitrary (G, b, µ). When µ is minuscule, it corresponds to the Harder-Narasimhan
stratification on the flag varieties defined by Dat-Orlik-Rapoport. And when b is basic,
it’s studied by Nguyen-Viehmann and Shen. We study the basic geometric properties of
the Harder-Narasimhan stratification, such as non-emptiness, dimension and its relation
with other stratifications.

introduction

Let F be a p-adic local field, with F̆ the p-adic completion of the maximal unramified
extension. Consider the p-adic flag variety F(G,µ) attached to the pair (G,µ), where G is
a connected reductive group over F and µ a geometric minuscule cocharacter of G. Let E
be the reflex field of the conjugacy class {µ} of µ. Throughout this paper, we view the flag

variety F(G,µ) as an adic space over Ĕ, the p-adic completion of the maximal unramified

extension of E. Fix b ∈ G(F̆ ) which satisfies the Kottwitz condition [b] ∈ B(G,µ) (cf.
Section 1.1.2). There are two open subspaces, both called p-adic period domains, inside
F(G,µ)

F(G,µ, b)a ⊂ F(G,µ, b)wa ⊂ F(G,µ),

where F(G,µ, b)wa is the weakly admissible locus and F(G,µ, b)a is the admissible locus.
The weakly admissible locus F(G,µ, b)wa is of algebraic nature, and was constructed by
Rapoport and Zink ([RZ96]) as the complement of a profinite union of explicit closed sub-
spaces of F(G,µ). Rapoport and Zink also conjectured the existence of the admissible
locus F(G,µ, b)a which is of geometric nature, with the property that there exists a p-adic
local system with additional structures over this space which interpolates the crystalline
representations attached to all classical points of F(G,µ)a. Since then, the admissible locus
was first constructed only for several PEL type triples (G,µ, b) by Hartl ([Har13], [Har08])
and by Faltings ([Fal10]). Thanks to the recent revolutionary progress in p-adic Hodge
theory, we are now able to define the admissible locus F(G,µ, b)a for an arbitrary triple
(G,µ, b) based on the work of Fargues-Fontaine ([FF18]), Fargues ([Far20]), Kedlaya-Liu
([KL15]) and Scholze-Weinstein ([SW20]). The weakly admissible locus F(G,µ, b)wa can be
considered as an algebraic approximation of the admissible locus F(G,µ, b)a in the sense
that they have the same classical points due to a fundamental result in p-adic Hodge theory
by Colmez-Fontaine ([CF00]). The study of the weakly admissible locus could reflect some
information about the admissible locus whose geometry is in general still very mysterious
(e.g. [CFS21]).
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The admissible locus F(G,µ, b)a could be also understood as the image of an étale mor-

phism of rigid analytic spaces over Ĕ, i.e., the p-adic period mapping ([RZ96], [SW20])

π : (MG,µ,b,K)K⊂G(Qp) −→ F(G,µ),

where (MG,µ,b,K)K⊆G(Qp) is the local Shimura variety attached to the triple (G,µ, b). For
a general (not necessarily minuscule) geometric cocharacter µ, the p-adic period mapping

above could be upgraded to an étale morphism of diamonds over Ĕ ([SW20]):

π⋄ : (ShtG,µ,b,K)K⊂G(Qp) −→ GrG,≤µ,

where (ShtG,µ,b,K)K⊂G(Qp) is the moduli space of local Shtukas attached to (G,µ, b) and

GrG,≤µ =
⋃
λ≤µ

GrG,λ

is the B+
dR-affine Grassmannian attached to (G,µ) (cf. Section 1.2). There exists a natural

Bialynicki-Birula map
BB : GrG,µ −→ F(G,µ)⋄,

where F(G,µ)⋄ denotes the diamond associated with F(G,µ). When µ is minuscule, the
Bialynicki-Birula map is an isomorphism ([CS17]) and the upgraded p-adic period mapping
π⋄ is the morphism of diamonds associated with the usual p-adic period mapping π above.
For non-minuscule µ, the Bialynicki-Birula map is no longer an isomorphism. Moreover,
when µ is non-minuscule, the points in the B+

dR-affine Grassmannian GrG,µ but not the
points in F(G,µ) are naturally related to the modifications of G-bundles on the Fargues-
Fontaine curve (cf. [SW20]). This suggests that when we work with general µ, the flag
variety should be replaced by the B+

dR-affine Grassmannian GrG,≤µ (or GrG,µ). As inside
the flag varieties, for [b] ∈ B(G,µ), we still have subspaces

GraG,≤µ,b ⊂ Grwa
G,≤µ,b ⊂ GrG,≤µ.

Here the admissible locus GraG,≤µ,b := Im(π⋄) could be also defined directly using modi-

fication of G-bundles on the Fargues-Fontaine curve for arbitrary triple (G,µ, b) with the
Kottwitz condition. On the other hand, the weakly admissible locus Grwa

G,≤µ,b is only de-

fined for the triple (G,µ, b) with the condition that µ is minuscule ([DOR10], [CFS21]),
or b = 1 ([Vie24], [Sh23]), or G = GLn ([NV23]). When µ is minuscule, the admis-
sible locus GraG,≤µ,b = GraG,µ,b (resp. the weakly admissible locus Grwa

G,≤µ,b = Grwa
G,µ,b)

is the diamond associated to F(G,µ, b)a (resp. F(G,µ, b)wa) through the identification

BB : GrG,µ
∼→ F(G,µ)⋄.

To better understand the admissible locus (resp. weakly admissible locus) on the B+
dR-

affine Grassmannian GrG,µ, it’s useful to have a natural stratification on GrG,µ having the
admissible locus (resp. the weakly admissible locus) as its unique open stratum. The strat-
ification on GrG,µ with the required property for the admissible locus is called the Newton
stratification. Like the construction of the admissible locus, it’s defined by the isomorphism
classes of modifications of G-bundles on the Fargues-Fontaine curve for any triple (G,µ, b).
Basic properties of the Newton stratification are studied by many people, such as Rapoport
([Rap18]), Caraiani-Scholze ([CS17]), Chen-Fargues-Shen ([CFS21]), Hansen ([Han]) and
Viehmann ([Vie24]).

On the weakly admissible side, the corresponding stratification on the B+
dR-affine Grass-

mannian GrG,µ is called the weak Harder-Narasimhan stratification. Like the situation
of the weakly admissible locus, in the literature, it’s not yet defined for all the triples
(G,µ, b). When µ is minuscule, this is done by Dat-Orlik-Rapoport ([DOR10]). Indeed,
they construct and study the Harder-Narasimhan stratification on the flag variety F(G,µ)
for arbitrary (G,µ, b). When µ is minuscule, recall that the Bialynicki-Birula map BB is an
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isomorphism, their construction gives the desired weak Harder-Narasimhan stratification
on GrG,µ. When b is basic while µ is general, the corresponding weak Harder-Narasimhan
stratification on GrG,µ is constructed and studied by Nguyen-Viehmann ([NV23]) and Shen
([Sh23]) based on a crucial result of Cornut-Peche Irissarry ([CPI19]) about the compat-
ibility of certain notion of semistability with tensor products that we will explain later.
Moreover, Nguyen-Viehmann also completely settles the case when G = GLn.

The reason we name it weak Harder-Narasimhan stratification here and also in the title
is twofold. One is that it generalizes the weak admissibility condition. And the other is
that historically the Newton stratification is also called Harder-Narasimhan stratification
(e.g. [CFS21, 5.3]). In the following, for simplicity, we will omit the word “weak” and call
it simply the Harder-Narasimhan stratification if there is no confusion.

The purpose of this paper is to propose a construction of a Harder-Narasimhan strati-
fication on GrG,µ for arbitrary (G,µ, b) that coincides with the previous constructions. A
key ingredient is to generalize the result of Cornut-Peche Irissarry in a more general setting.
To explain the main idea of our construction, let us first recall how to define the Harder-
Narasimhan stratification on the flag variety F(G,µ). We know that the weakly admissible
locus F(G,µ, b)wa parametrizes weakly admissible filtered isocrystals with G-structures,
with the isocrystal determined by b and the filtration of type µ. Let C be a field extension
of F̆ . Consider the category

FilIsocC
F̆ |F

of filtered isocrystals over C|F̆ whose objects consist of an isocrystal D over F̆ |F together
with a separated exhaustive decreasing filtration by C-subspaces of D ⊗F̆ C. We can de-
fine a Harder-Narasimhan formalism on this category, so that the semi-stable objects of
degree 0 are precisely the weakly admissible filtered isocrystals introduced by Fontaine.
By classifying the filtered isocrystals according to the type of their Harder-Narasimhan fil-
tration, we obtain the Harder-Narasimhan stratification on F(GLn, µ) for any triple of
the form (GLn, µ, b). Moreover, Faltings ([Fal94]) and Totaro ([Tot94]) show that the
Harder-Narasimhan filtration is compatible with tensor products. Based on this result,
using Tannakian formalism, Dat-Orlik-Rapoport are able to define the Harder-Narasimhan
stratification on the flag variety F(G,µ) for arbitrary G.

From now on, let C be a complete algebraically closed non-archimedean field over F̆ .
Let B+

dR and BdR be Fontaine’s de Rham period rings corresponding to C. Recall that for
an arbitrary cocharacter µ (possibly non-minuscule), we replace the flag variety F(G,µ)
(which parametrizes filtrations of type µ) by the B+

dR-affine Grassmannian GrG,µ (which
parametrizes lattices having relative position µ with the standard lattice). Accordingly, we
replace the category FilIsocC

F̆ |F by the category

BunIsocBdR

F̆ |F

whose objects consist of isocrystalsD over F̆ |F equipped with a B+
dR-lattice insideD⊗F̆BdR.

There exists a natural Harder-Narasimhan formalism on this category, which leads to the
construction of the Harder-Narasimhan stratification on GrG,µ for G = GLn by classifying

the objects in BunIsoBdR

F̆ |F
according to the type of their Harder-Narasimhan filtration. In

order to work with arbitrary G, we then need a result parallel to the result of Faltings
([Fal94]) and Totaro ([Tot94]) mentioned above. More precisely, let

FHN : BunIsocBdR

F̆ |F
−→ F(IsocF̆ |F )

be the functor sending any object to its Harder-Narasimhan filtration, where F(IsocF̆ |F )

denotes the category of R-descending filtrations of isocrystals over F̆ |F by subisocrystals.
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Theorem (Theorem 2.23). The functor FHN : BunIsocBdR

F̆ |F
→ F(IsocF̆ |F ) is compatible

with tensor products.

When we restrict the functor FHN to the subcategory consisting of objects whose under-
lying isocrystals are isoclinic of slope 0, this result is proved by Cornut and Peche Irissarry
([CPI19], compare also [Cor18]). To show the desired compatibility with tensor products
without any restriction on the slopes, we follow the general approach developed by Cornut
in [Cor18]. Indeed, generalizing the notion of normed vector spaces considered by Cornut in
loc. cit., we introduce the notion of normed isocrystals, so that the isocrystals with lattices
are precisely those normed isocrystals equipped with the gauge norm induced from a lat-
tice (cf. Section 2.4). We show that one can also develop a Harder-Narasimhan formalism
for normed isocrystals, and the resulting Harder-Narasimhan filtration is compatible with
tensor products (cf. Theorem 2.10).

Based on this result, we are able to define the Harder-Narasimhan stratification on GrG,µ

for arbitrary triple (G,µ, b). Then we study the basic properties of the Harder-Narasimhan
stratification and its relations to other stratifications. We show that the Harder-Narasimhan
stratification, the Newton stratification on the B+

dR-affine Grassmannian, and the Harder-
Narasimhan stratification on the flag variety (via Bialynicki-Birula map) coincide on clas-
sical points (Theorem 4.10) which generalizes the result of Viehmann ([Vie24]) for b = 1.
We give a combinatorial criterion for the non-emptiness of any Harder-Narasimhan stra-
tum (Theorem 5.2) which is compatible with the result of Nguyen-Viehmann ([NV23]) for
b = 1 and is parallel to the result of Orlik ([Orl06]) for the Harder-Narasimhan stratum on
flag varieties for G = GLn. When µ is minuscule, we also give a dimension formula for a
Harder-Narasimhan stratum (Theorem 5.9) which generalizes the result of Fargues ([Far])
for G = GLn and b = 1.

We briefly describe the structure of this article. In Section 1, we review the preliminaries
such as G-bundles on the Fargues-Fontaine curve and the B+

dR-affine Grassmannian. In
Section 2, we show the fact that the Harder-Narasimhan filtration is compatible with tensor
products in the category of normed isocrystals, which generalizes a result of Cornut for
normed vector spaces. As an application, in Section 3, we define the Harder-Narasimhan
stratification on the B+

dR-affine Grassmannian for arbitrary triple (G,µ, b). In Section 4,
we compare the Harder-Narasimhan stratification with the Newton stratification and the
Harder-Narasimhan stratification on the flag variety. In Section 5, we discuss some basic
properties of a Harder-Narasimhan stratum such as non-emptiness and dimension formula.
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The first author is partially supported by NSFC grant No.12222104, No.12071135, and the
second author is partially supported by NSFC grant No. 12231009.

1. preliminaries on G-bundles on the Fargues-Fontaine curve

We denote by Perf the category of perfectoid spaces over Fq which is the residue field
of the p-adic local field F . Let G be a connected reductive group over F . Unless otherwise
specified, we fix two algebraic subgroups A ⊂ T ⊂ G of G defined over F , where A is
a maximal split torus and T is a maximal torus containing A in G. Let W = WG =
(NG(T )/T ) (F̄ ) be the absolute Weyl group of T in G and let w0 ∈ W be the longest
element. In the case that G is quasi-split, we also fix a Borel subgroup B ⊂ G containing
the maximal F -torus T ⊂ G.
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1.1. G-bundles on the Fargues-Fontaine curve.

1.1.1. Fargues-Fontaine curve. We briefly recall the construction of the (relative) Fargues-
Fontaine curve (cf. [Far1, § 1], or [FS, § II.1]). Let πF be a uniformizer of F and let Fq be
the residue field of F . For S = Spa(R,R+) ∈ Perf a perfectoid affinoid space over Fq, fix
a pseudo-uniformizer ω ∈ R+ ⊂ R. Let

YS := Spa(A,A)\V (πF [ω]),

where

A = WOF
(R+) =

∑
n≥0

[xn]π
n
F | xn ∈ R+


is the ramified Witt ring with coefficients in R+ equipped with the (πF , [ω])-adic topology.
It’s known that YS is an analytic adic space over OF ([FS, Proposition II.1.1]). The q-
th Frobenius automorphism on R+ induces an automorphism ϕS on YS over OF , and
this action is free and totally discontinuous ([FS, Proposition II.1.16]). The relative adic
Fargues-Fontaine curve XS is by definition the following quotient

XS := YS/ϕ
Z
S .

We also have the relative schematic Fargues-Fontaine curve XS defined as

XS := Proj

( ∞⊕
d=0

H0(YS ,OYS
)ϕS=πd

F

)
.

When S = Spa(K,K+) with K a perfectoid field, XS (sometimes also denoted by X or XK

since it does not depend on the choice of K+) is a noetherian scheme of dimension 1.

Remark 1.1. Let S ∈ Perf be a perfectoid space over Fq.

(1) By gluing, the local construction above defines the relative Fargues-Fontaine curves
XS ([FS, Proposition II.1.3]).

(2) Suppose moreover that S is affinoid. There is a morphism of locally ringed spaces:

(XS ,OXS
) −→ XS .

The GAGA functor associated to the morphism of ringed spaces above gives an
equivalence of categories ([KL15]):

BunXS
−→ Bun(XS ,OXS

),

where BunXS
(resp. Bun(XS ,OXS

)) denotes the category of vector bundles on XS

(resp. on the locally ringed space (XS ,OXS
)). See [FS, Proposition II.2.7] for more

details.

Let S = Spa(R,R+) ∈ Perf/Spd(F ) be a perfectoid affinoid space lying over the diamond
Spd(F ), which corresponds to an untilt S♯ = Spa(R♯, R♯+) over F of S. The untilt S♯ gives
rise to a natural closed immersion of adic spaces

S♯ ↪→ YS

that presents S♯ as a closed Cartier divisor in YS ([FS, Proposition II.3.1]), with image
V (ξ) ⊂ YS for some element ξ ∈ A. Furthermore, locally on S the closed Cartier divisor
above can be also defined by an element in H0(XS ,OXS

(1)) = H0(YS ,OYS
)ϕS=πF ([FS,

Proposition II.2.3]). Consequently, it defines a Cartier divisor of the relative schematic
Fargues-Fontaine curve

Spec(R♯) ↪→ XS .
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The Fontaine’s de Rham period ring B+
dR(R

♯) is defined to be the completion of OXS
along

this Cartier divisor(cf. [Far1, 1.33]) which is also the ξ-adic completion of A[ 1
πF

]. We write

BdR(R
♯) = B+

dR(R
♯)[1ξ ].

1.1.2. The Kottwitz set. Let B(G) be the set of σ-conjugacy classes of G(F̆ ), where σ is the

Frobenius with respective to F̆ |F . For b ∈ G(F̆ ), let [b] ∈ B(G) be the σ-conjugacy class of
b. The Kottwitz set is characterized by two invariants. One is called the Newton map (cf.

[Kot85, § 4]). For any b ∈ G(F̆ ), we can define a slope morphism:

νb : DF̆ −→ GF̆

whose conjugacy class is defined over F , where D is the pro-torus with characters X∗(D) =
Q. This defines the Newton map:

ν : B(G) −→ N (G),

[b] 7−→ [νb]

where

N (G) := [Hom(DF̄ , GF̄ )/G(F̄ )− conjugacy]Γ.

with Γ = Gal(F̄ |F ). An element [b] in B(G) is called basic if νb is central. When G is
quasi-split, there is a natural identification

N (G) ≃ X∗(A)
+
Q.

The other invariant is the Kottwitz map (cf. [Kot97, 4.9, 7.5]):

κ = κG : B(G) −→ π1(G)Γ,

[b] 7−→ κ([b])

where π1(G) is the algebraic fundamental group of G and π1(G)Γ is its Galois coinvariants.
By [Kot97, 4.13], the induced map:

(ν, κ) : B(G) −→ N (G)× π1(G)Γ(1.1.1)

is injective.
Let [b] ∈ B(G) and µ ∈ X∗(T )

+, we define the Kottwitz set ([Kot97])

B(G,µ) := {[b] ∈ B(G) | [νb] ≤ µ⋄, κG(b) = µ♯},

where µ⋄ ∈ N (G) is the Galois average of µ, µ♯ ∈ π1(G)Γ is the image of µ via the natural
quotient map X∗(T ) → π1(G)Γ, and the order ≤ on N (G) is the usual dominance order :
ν1 ≤ ν2 if and only if ν1 lies in the convex hull of the Weyl orbit of ν2.

We also need the following generalized Kottwitz set (cf. [CFS21]). For ϵ ∈ π1(G)Γ and
δ ∈ N (G) we set

B(G, ϵ, δ) = {[b] ∈ B(G) | κG(b) = ϵ and [νb] ≤ δ}.

We will need the following well-known fact, which can be deduced easily from a general
result of Kottwitz ([Kot97, 3.6]).

Lemma 1.2. Let P be a parabolic subgroup of G over F with M the Levi component. Then
B(M) ≃ B(P ).
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1.1.3. G-bundles. Recall that a G-bundle on an F -scheme Z is a (right) G-torsor on Z
locally trivial for the étale topology. It could also be viewed as an exact tensor functor

RepG −→ BunZ ,

where RepG is the category of rational algebraic representations of G and BunZ denotes
the category of vector bundles (of finite rank) over Z.

Let S be a perfectoid affinoid space over the residue field F̄q of F̆ . For each b ∈ G(F̆ ),
we can associate a G-bundle

Eb
on the relative Fargues-Fontaine curve XS as follows. Suppose S = Spa(R,R+). In par-

ticular XS = Proj(⊕dB
ϕS=πd

F ), with B = H0(YS ,OYS
). As an exact tensor functor the

G-bundle Eb is given by

Eb : RepG −→ BunXS
, (V, ρ) 7→ Eb(V, ρ),

with Eb(V, ρ) the vector bundle on XS corresponding to the following graded module⊕
d∈Z

(V ⊗F B)ρ(b)ϕS=πd
F

over the graded ring ⊕dB
ϕS=πd

F . Here we use the same notation ρ(b) to denote the B-

linear automorphism on V ⊗F B = (V ⊗F F̆ ) ⊗F̆ B induced by ρ(b) ∈ GL(V ⊗F F̆ ). The
isomorphism class of Eb only depends on the σ-conjugacy class of b.

If moreover S = Spa(C,C+) with C an algebraically closed perfectoid field containing
F̄q and write X = XS , this construction gives a bijection of pointed sets by a fundamental
theorem of Fargues ([Far20]):

B(G)
∼−→ H1

ét(X,G).

[b] 7−→ Eb

1.1.4. Harder-Narasimhan reduction in the quasi-split case. In this subsection, suppose G
is quasi-split.

Recall the following definition of semi-stable G-bundles on X. See for example [CFS21,
Definition 1.5].

Definition 1.3. A G-bundle E on the Fargues-Fontaine curve X is called semi-stable if
for any standard parabolic subgroup P of G, any reduction EP of E to P and any χ ∈
X∗(P/ZG)

+, we have degχ∗(EP ) ≤ 0.

Remark 1.4. Because any two Borel subgroups of G are G(F )-conjugate, the notion of
semi-stability defined above does not depend on the choice of the Borel subgroup that we fixed
before. Moreover, for a G-bundle E = Eb on X with [b] ∈ B(G), the following statements
are equivalent (cf. [Far20, § 5.1, § 5.3], or [CFS21, § 1.3]):

(1) E is semi-stable;
(2) the associated adjoint bundle

E ×G,Ad Lie(G)

of E on X is semi-stable (of degree 0);
(3) [b] ∈ B(G) is basic.

For any G-bundle E on X, by [CFS21, Theorem 1.7], there exist a unique standard
parabolic subgroup P of G and a unique reduction EP of E to P , such that the associated
M -bundle EP ×P M is semi-stable and P is maximal among all the standard parabolic with



8 MIAOFEN CHEN, JILONG TONG

the previous condition. The reduction EP is called the Harder-Narasimhan reduction or
canonical reduction of E . This defines the Harder-Narasimhan polygon of E :

νE ∈ X∗(A)+Q,

such that for any χ ∈ X∗(P ), we have ⟨χ, νE⟩ = degχ∗(EP ). By [Far20, Proposition 6.6],
we have νEb = −w0νb.

The Harder-Narasimhan reduction has the following characterization.

Proposition 1.5 ([Schi15, Theorem 4.5.1]). For E a G-bundle on X equipped with a re-
duction EQ to the standard parabolic subgroup Q of G, consider the vector

v : X∗(Q) −→ Z
χ 7−→ degχ∗EQ

seen as an element of X∗(A)Q, then

(1) one has v ≤ νE ; and
(2) if this inequality is an equality, then Q ⊂ P and the canonical reduction EP ≃

EQ ×Q P .

1.2. B+
dR-affine Grassmannian. We collect some basic properties of the B+

dR-affine Grass-
mannian that we will need in the sequel. The main references for this section are [SW20]
and [FS]. We consider the B+

dR-affine Grassmannian

GrG = Gr
B+

dR
G

as a functor on the category Perf/Spd(F ) of perfectoid spaces over Fq lying above Spd(F ).
More precisely, GrG is the étale sheafification of the functor taking S = Spa(R,R+) ∈
Perf/Spd(F ), which corresponds to an untilt (R♯, R♯+) of (R,R+) over F , to the coset
space

G(BdR(R
♯))/G(B+

dR(R
♯)).

According to [SW20, Proposition 19.1.2],

GrG(S) ≃

{
(E , ι)

∣∣∣∣∣E is a G-bundle on Spec(B+
dR(R

♯)), and

ι is a trivialization of E|Spec(BdR(R♯))

}
/ ≃,

and GrG is a small v-sheaf.

1.2.1. Schubert varieties. Let F̄ be an algebraic closure of F . We choose a maximal torus
T ⊂ GF̄ and a Borel subgroup containing T . Write GrG,F̄ the restriction of GrG to

Perf/Spd(F̄ ). Let S = Spa(C,C+) → Spd(F̄ ) be a geometric point of Spd(F̄ ), given
by an untilt Spa(C♯, C♯+) of S over F̄ .

Remark 1.6. The period ring B+
dR(C

♯) is a complete discrete valuation ring with residue

field C♯. Moreover as F̄ ⊂ C♯, the F -algebra B+
dR(C

♯) is also naturally an F̄ -algebra.

Non-canonically we have B+
dR(C

♯) ≃ C♯[[ξ]] with ξ a uniformizer of B+
dR(C

♯).

By the Cartan decomposition,

G(BdR(C
♯)) =

∐
µ∈X∗(T )+

G(B+
dR(C

♯))µ(ξ)−1G(B+
dR(C

♯)).

In particular,

GrG(S) = G(BdR(C
♯))/G(B+

dR(C
♯))

=
∐

µ∈X∗(T )+ G(B+
dR(C

♯))µ(ξ)−1G(B+
dR(C

♯))/G(B+
dR(C

♯)).
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Here we have the first equality since C is algebraically closed and thus every G-bundle
over Spec(B+

dR(C
♯)) is trivial. By abuse of notation, for any geometric conjugacy class

{µ} ∈ X∗(G)/G(F̄ ), we denote by

GrG,µ ⊂ GrG,≤µ ⊂ GrG,F̄

the subfunctors of GrG,F̄ defined by the condition that a map

S′ −→ GrG,F̄

with S′ ∈ Perf/Spd(F̄ ) factors through GrG,µ, or respectively GrG,≤µ, if and only if for all
geometric point S = Spa(C,C+) → S′, the corresponding S-valued point of GrG,F̄ lies in

G(B+
dR(C

♯))µ(ξ)−1G(B+
dR(C

♯))/G(B+
dR(C

♯)),

or respectively lies in∐
µ′≤µ

G(B+
dR(C

♯))µ′(ξ)−1G(B+
dR(C

♯))/G(B+
dR(C

♯)).

According to [SW20, Proposition 19.2.3], GrG,≤µ ⊂ GrG,F̄ is a closed subfunctor proper

over Spd(F̄ ), and GrG,µ ⊂ GrG,≤µ is an open subfunctor. Furthermore, the small v-sheaf
GrG,≤µ is a spatial diamond ([SW20, Theorem 19.2.4]).

1.2.2. Generalized semi-infinite orbits. We keep the notations in § 1.2.1. Let P ⊂ GF̄

be a standard parabolic subgroup. Let M be the Levi quotient of P , Mab the maximal
torus quotient of M and N ⊂ P the unipotent radical. We have a natural identification of
v-sheaves on Perf/Spd(F̄ )

GrMab
∼−→ X∗(M

ab),

which sends v(ξ)−1Mab(B+
dR) ∈ GrMab(C) to v for every cocharacter v ∈ X∗(M

ab).

Remark 1.7. To be consistent with the definition of Schubert varieties, we insert a minus
sign here compared with [FS].

On the other hand, consider the B+
dR-affine Grassmannian GrP associated with the par-

abolic subgroup P . For v ∈ X∗(M
ab), write

GrvP ⊂ GrP,F̄

the open and closed subfunctor of GrP,F̄ (over Perf/Spd(F̄ )) obtained as the preimage of

v ∈ X∗(M
ab) under the following composed map

GrP,F̄ −→ GrM,F̄ −→ GrMab,F̄
∼−→ X∗(M

ab).

Proposition 1.8 ([FS, Proposition VI 3.1] ). The map

GrP =
∐

v∈X∗(Mab)

GrvP −→ GrG,F̄

is bijective on geometric points, and it is a locally closed immersion on each GrvP . Moreover,
the image of the union ⋃

v≤v′

Grv
′

P

is closed in GrG,F̄ . Here X∗(M
ab) ⊂ X∗(T )Q is equipped with the dominance order, where

v ≤ v′ if v′ − v ∈ X∗(T )Q is a sum of positive coroots with Z≥0-coefficients.
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We also have a finer version of GrvP obtained as follows. Let λ ∈ X∗(T ) be anM -dominant
cocharacter. We set

GrP,λ ⊂ GrP,F̄

the locally closed subfunctor given by the preimage of GrM,λ ⊂ GrM through the natural
projection

prM : GrP −→ GrM .

Clearly,

GrP,λ ⊂ Grλ̄P ,

where λ̄ denotes the image of λ ∈ X∗(M) in X∗(M
ab). So GrP,λ ⊂ GrG,F̄ is locally closed.

Moreover, for a geometric point Spa(C,C+) → Spd(F̄ ) of Spd(F̄ ) corresponding to an untilt
(C♯, C♯+) over F̄ , we have

GrP,λ(C,C
+) = N(BdR(C

♯))M(B+
dR(C

♯))λ(ξ)−1G(B+
dR(C

♯))/G(B+
dR(C

♯)).

Remark 1.9. When the parabolic subgroup P is minimal (i.e., a Borel subgroup), then
GrP,λ = GrλP is studied by Viehmann (cf. [Vie24, §2.2], see also [FS, Example VI.3.4]), and
is denoted by Sλ in loc. cit. It is the analogue of the semi-infinite orbit for λ ∈ X∗(T ) of
the usual affine Grassmannian.

Motivated by [GHKR06], for a given G-dominant cocharacter µ we write SM (µ;C,C+)
for the set of M -dominant cocharacters λ for which the intersection

N(BdR(C
♯))λ−1(ξ) ∩G(B+

dR(C
♯))µ−1(ξ)G(B+

dR(C
♯)) ̸= ∅.

We shall see in the next lemma that the set SM (µ;C,C+) does not depend on the choice
of the geometric point Spa(C,C+) → Spd(F̄ ) and hence there will be no confusion to write
SM (µ) := SM (µ;C,C+).

Lemma 1.10. We keep the notations above.

(1) The set SM (µ) = SM (µ;C,C+) does not depend on the choice of the geometric point
of Spd(F̄ ).

(2) Let λ ∈ X∗(T ) be M -dominant and µ ∈ X∗(T ) be G-dominant. Then the following
assertions are equivalent:
(a) GrG,µ ∩GrP,λ ̸= ∅,
(b) GrG,µ(C,C

+) ∩ GrP,λ(C,C
+) ̸= ∅ for some geometric point Spa(C,C+) →

Spd(F̄ ),
(c) GrG,µ(C,C

+) ∩ GrP,λ(C,C
+) ̸= ∅ for every geometric point Spa(C,C+) →

Spd(F̄ ),
(d) λ ∈ SM (µ).

Proof. It is enough to prove (1). Recall that non-canonically B+
dR(C

♯) ≃ C♯[[ξ]]. Write GG

for the classical affine Grassmannian, that is, the étale sheafification of the functor on the
category Aff F̄ of affine F̄ -schemes sending Spec(R) ∈ Aff F̄ to the coset

G(R((ξ)))/G(R[[ξ]]).

Let GG,µ ⊂ GG be the corresponding Schubert variety attached to µ (with our convention
on the minus sign), and Sλ ⊂ GG be the orbit of the F̄ -point

λ(ξ)−1G(F̄ [[ξ]]) ∈ GG(F̄ )

under the action of the ind-group scheme

N : Aff F̄ −→ Grps, Spec(R) 7−→ N(R((ξ)))
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by left-multiplication on GG. Using the (non-canonical) identification B+
dR ≃ C♯[[ξ]], we have

λ ∈ SM (µ;C,C+) if and only if

N(C♯[[ξ]])λ−1(ξ) ∩G(C♯[[ξ]])µ−1(ξ)G(C♯[[ξ]]) ̸= ∅,
or equivalently (GG,µ ∩ Sλ)(C

♯) ̸= ∅. But GG,µ ∩ Sλ is an F̄ -scheme of finite type, so it has

a point with values in the algebraically closed field C♯ if and only if GG,µ ∩ Sλ ̸= ∅. This
shows that the set SM (µ;C,C+) is actually independent on the choice of the geometric
point Spa(C,C+) → Spd(F̄ ). □

For the description of SM (µ), we have an analogous result as [GHKR06, Lemma 5.4.1].

Lemma 1.11. Keep the notations above.

(1) There are inclusions of finite sets

Σ(µ)M−max ⊆ SM (µ) ⊆ Σ(µ)M−dom,

where Σ(µ)M−dom denotes the set of M -dominant cocharacters λ ∈ X∗(T ) such that
(λ)dom ≤ µ, and Σ(µ)M−max denotes the set of elements in Σ(µ)M−dom that are
maximal with respect to the partial order ≤M . In particular, when µ is minuscule
or M = T is the maximal torus, the inclusions become equalities.

(2) For any λ ∈ SM (µ), κ(λ) = κ(µ) in π1(G)Γ.

Proof. The assertion (2) is obvious.
For (1), let us start with the case where M = T is the maximal torus (and thus N = U is

the unipotent radical of the Borel subgroup B ⊂ G), Σ(µ)M−max = SM (µ) = Σ(µ)M−dom.
In this case, our lemma says that for λ ∈ X∗(T )

U(BdR(C
♯))λ−1(ξ) ∩G(B+

dR(C
♯))µ−1(ξ)G(B+

dR(C
♯)) ̸= ∅

if and only if (λ)dom ≤ µ. Using a non-canonical identification B+
dR(C

♯) ≃ C♯[[ξ]], the desired
assertion follows from the geometry of semi-infinite orbits of the usual affine Grassmannian
for the group G (cf. [MV07, 3.2 Theorem], or [Zhu17, Lemma 5.3.7 and Theorem 5.3.9]).
The proof for the general standard Levi M ⊂ G is then the same as that of [GHKR06,
Lemma 5.4.1]. □

Remark 1.12. Fix µ, there are only finitely many v ∈ X∗(M
ab) such that GrvP ∩GrG,µ ̸= ∅.

Indeed, ∐
λ∈X∗(T )

λ=v in π1(M
ab)

GrP,λ −→ GrvP

induces a bijection on geometric points. By Lemma 1.10, GrvP ∩GrG,µ ̸= ∅ if and only if v

is contained in the image of SM (µ) via θ : X∗(T ) → X∗(M
ab), if and only if v ∈ θ(Wµ) by

the previous lemma.

1.2.3. B+
dR-affine Grassmannian and modifications of G-bundles. Let S be a perfectoid affi-

noid space over Fq lying above Spd(F̆ ), given by an untilt S♯ of S over F̆ . Let b ∈ G(F̆ ).
Consider the associated G-bundle Eb on the relative Fargues-Fontaine curve XS (whose
construction is recalled in § 1.1.3). An element x ∈ GrG(S) gives rise to a modification

Eb,x
of Eb à la Beauville-Laszlo whose construction is recalled briefly as follows. Write S =
Spa(R,R+), and S♯ = Spa(R♯, R♯+). Let x ∈ GrG(S) correspond to the G-bundle F on
B+

dR(R
♯) together with a trivialization of G-bundles

ι : G|Spec(BdR(R♯))
∼−→ F|Spec(BdR(R♯)).
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Recall that the completion of XS along the Cartier divisor Spec(R♯) ↪→ XS is given by the
de Rham period ring B+

dR(R
♯) (cf. [Far1, 1.33]). Moreover, the G-bundle Eb is canonically

trivialized on Spec(B+
dR(R

♯)) through the natural map Spec(B+
dR(R

♯)) → XS (cf. [CT,
Remark 1.7]). So by a theorem of Beauville-Laszlo (cf. [BL95]), we can glue Eb and the
G-bundle F along the trivialization ι. In this way we obtain the G-bundle Eb,x on XS .

Proposition 1.13. Assume S = Spa(C,C+). Let x ∈ GrG,µ(S), and write Eb,x = Eb′, with
[b′] ∈ B(G). Then κ(b′) = κ(b)− µ# ∈ π1(G)Γ.

Proof. The b = 1 case is proved in [CS17, Lemma 3.5.5]. For general b, the proof in loc.
cit. also shows that we may reduce to the case G = Gm which can be done by explicit
computation. □

Recall also the following useful fact.

Proposition 1.14 ([CFS21, Lemma 2.6], [Vie24, Lemma 3.10],[Sh23, Lemma 6.6]). Assume
G quasi-split. Let M ⊂ G be a standard Levi subgroup. Suppose that (bM , g) is a reduction

of b to M : so bM ∈ M(F̆ ) and g ∈ G(F̆ ) such that b = gbMσ(g)−1. For a geometric point
x ∈ GrG(C,C

+), also viewed as an element of GrP (C,C
+) via the bijection

GrP (C,C
+)

∼−→ GrG(C,C
+)

given by the Iwasawa decomposition, we have a natural isomorphism

(Eb,g·x)P ×P M ≃ (EbM ,x)P ×P M ≃ EbM ,prM (x),

where prM : GrP → GrM is the natural projection.

Proof. Indeed, [CFS21, Lemma 2.6] and [Vie24, Lemma 3.10] deals with the case b basic,
while [Sh23, Lemma 6.6] deals with the general case. For the convience of the readers,
we still give the proof here. Since b = gbMσ(g)−1, the element g gives an isomorphism of
G-bundles

EbM ,x
∼−→ Eb,g·x.

On the other hand, as bM ∈ M(F̆ ) the G-bundle EbM ,x has a natural reduction to the P -

bundle (EbM ,x)P = EP
bM ,x where we view x ∈ GrG(C,C

+) as an element of GrP (C,C
+) using

the Iwasawa decomposition, yielding a reduction (Eb,g·x)P to P of Eb,g·x. By functoriality

EP
bM ,x ×P M ≃ EbM ,prM (x), so we get the required isomorphisms

(Eb,g·x)P ×P M ≃ (EbM ,x)P ×P M ≃ EbM ,prM (x).

□

2. Harder-Narasimhan filtration of normed isocrystals

Let L be a field extension of F̆ . Recall that a filtered isocrystal over L/F̆ consists of

an isocrystal D over F̆ |F together with a separated exhaustive decreasing filtration by L-

subspaces of D ⊗F̆ L. When L/F̆ is of finite degree, Fontaine introduced the notion of
weak admissibility for filtered isocrystals, and together with Colmez, they showed in [CF00]
that the latter can be used to characterize those filtered isocrystals coming from crystalline
representations. Recently, building on their discovery of the fundamental curve (that is,
the Fargues-Fontaine curve), Fargues and Fontaine gave an elegant geometric proof of this

classical result in [FF18, § 10.5.3]: a key observation is that, as L/F̆ is finite, a filtration on
D⊗F̆ L corresponds naturally to a Gal(L̄/L)-invariant B+

dR-lattice inside D⊗F̆ BdR, hence
one can apply the powerful theory of modifications of vector bundles on Fargues-Fontaine
curves. Here BdR and B+

dR are the de Rham period rings corresponding to C, the p-adic
completion of L̄. However, such a correspondence between general filtrations and lattices
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does not exist in general. Hence, this will cause some trouble once we are working with
filtered isocrystals in the geometric setting.

To overcome the difficulty mentioned above, a natural idea is that, instead of considering
filtrations on D ⊗F̆ C, we should work directly with the B+

dR-lattices inside D ⊗F̆ BdR.
When D is semi-stable of slope 0, this point of view has been already adopted in the
recent work of Cornut-Peche Irissarry ([CPI19]), Viehmann ([Vie24]), Nguyen-Viehmann
([NV23]) and Shen ([Sh23]). In this work, we develop a theory of isocrystals equipped
with a B+

dR-lattice without restriction on the slope of the isocrystals. In particular, there
exists a natural Harder-Narasimhan formalism for such objects. As the main result of this
section, we show that the corresponding Harder-Narasimhan filtration is compatible with
tensor products (Theorem 2.23). Later on we will apply this crucial result to construct the
Harder-Narasimhan stratification on the B+

dR-affine Grassmannian for a general reductive
group.

2.1. The category NIsocK
F̆ |F . Let F be a p-adic local field, F̆ the completion of a maximal

unramified extension of F , with σ the Frobenius F -automorphism of F̆ . LetK be a henselian
discrete valuation field, such that its ring of integers OK contains F̆ . Let π ∈ OK be
a uniformizer. Recall that a norm α on a finite dimensional K-vector space V is called
splittable if there exists a K-basis e = (e1, . . . , er) of V such that

α(v) = max{|λi|α(ei)}, for all v =
∑

λiei ∈ V.

In this case we say that e is an orthogonal basis of (V, α).

Remark 2.1. In [Cor18, § 5.2], Cornut considers normed vector spaces over a general
henselian non-archimedean field. Here for simplicity, we only consider those henselian non-
archimedean fields which are discretely valued. In this setting, if K is moreover complete,
by [BT84, Proposition 1.5 (i)], every norm on V is splittable.

Definition 2.2. (1) A K-normed isocrystal over F̆ |F is a triple (D,ϕ, α) consisting

of an isocrystal D = (D,ϕ) over F̆ |F equipped with a splittable K-norm α on the
K-vector space D ⊗F̆ K.

(2) A morphism
f : (D1, ϕ1, α1) −→ (D2, ϕ2, α2)

of K-normed isocrystals is a morphism f : D1 → D2 of F̆ |F -isocrystals such that

α2((f ⊗ 1)(v)) ≤ α1(v), for all v ∈ D1,K := D1 ⊗F̆ K.

Remark 2.3. If there is no possible confusion, a normed isocrystal (D,ϕ, α) is often simply
denoted by (D,α), that is, we omit the Frobenius ϕ from the notation.

We denote by
NIsocK

F̆ |F

the category of K-normed isocrystals over F̆ |F . Like the category NormK of normed
K-vector spaces considered in [Cor18, 5.2], NIsocK

F̆ |F is a quasi-abelian ⊗-category. For

example, the tensor product of two objects in NIsocK
F̆ |F is given by the formula

(D1, α1)⊗ (D2, α2) := (D1 ⊗F̆ D2, α1 ⊗ α2),

whereD1⊗F̆D2 is the tensor product of isocrystals, and for v ∈ (D1⊗D2)K ≃ D1,K⊗KD2,K ,

(α1 ⊗ α2)(v) := min

{
max

i
{α1(v1,i)α2(v2,i)}

∣∣∣∣ v =
∑
i

v1,i ⊗ v2,i ∈ D1,K ⊗D2,K

}
.
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This formula indeed defines a splittable K-norm on (D1 ⊗D2)K .

2.2. Harder-Narasimhan filtration for normed isocrystals. There exists a theory
of Harder-Narasimhan filtration for normed isocrystals. To see this, recall the following
fundamental result.

Theorem 2.4. Let V be a finite dimensional K-vector space. Let α and β be two splittable
norms on V.

(1) There exists a K-basis e = (e1, . . . , er) of V which is orthogonal for both of the
norms α and β.

(2) Write α(ei) = |π|λi and β(ei) = |π|µi for 1 ≤ i ≤ r. The following quantity

ν(α, β) :=
∑
i

(µi − λi)

does not depend on the choice of the basis e.
(3) For γ a third splittable norm on V, we have

ν(α, γ) = ν(α, β) + ν(β, γ).

Proof. In our setting, K is supposed to be discretely valued, so the assertion (1) follows from
[BT84, Proposition 1.26]. Moreover, for α a splittable norm on V and for e = (e1, . . . , er)
an orthogonal basis of (V, α), by [BT84, Proposition 1.9], the quantity

vol(α) := vol(e)−
∑
i

λi

does not depend on the choice of the basis e. Here vol(e) is the volume of the lattice
generated by the basis e of V relative to some fixed lattice of V. In particular, we have

ν(α, β) = vol(α)− vol(β)

from which we get immediately (2) and (3). □

Remark 2.5. As indicated in [Cor18, § 5.2.1], the previous theorem also holds for a general
henselian non-archimedean base field. For example, (1) is confirmed in [BT84, Appendice,
page 300] , while (2) and (3) are proved in [Cor20].

Definition 2.6. Let (D,α) be a normed isocrystal.

(1) The rank and the degree of (D,α) are defined respectively by

rank(D,α) = dimF̆ D

deg(D,α) = ν(o, α)− deg(D),

with o the splittable norm on DK given by

o(v) = inf{|λ| : λ ∈ K, v ∈ λ(D ⊗F̆ OK) ⊂ DK},

and deg(D) the degree of the isocrystal D = (D,ϕ), that is, the integer vF̆ (detϕ)

with vF̆ the normalized additive valuation on F̆ .
(2) When D ̸= 0, the slope ρ(D,α) of (D,α) is defined by the following ratio

ρ(D,α) :=
deg(D,α)

rank(D,α)
∈ R.

(3) Assume D ̸= 0 and write ρ = ρ(D,α). We say that the normed isocrystal (D,α)
is semi-stable of slope ρ if for any non-zero subisocrystal D′ ⊂ D, the normed
isocrystal (D′, α|D′) is of slope ≤ ρ.
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Remark 2.7. Let (D,α) be a normed isocrystal over F̆ |F with underlying F̆ -vector space
V . Then ν(o, α) is the degree (defined in [Cor18, § 5.2.4]) of the normed vector space (V, α)
obtained from (D,α) by forgetting the Frobenius.

Remark 2.8. As in [Cor18, 5.2.4], the functions rank and deg are additive on short exact
sequences and respectively constant and non-decreasing on mono-epis, and for

f : (D1, α1) −→ (D2, α2)

a mono-epis, f is an isomorphism of normed isocrystals if and only if

deg(D1, α1) = deg(D2, α2).

Consider the following faithful exact F -linear functor

ω : NIsocK
F̆ |F −→ IsocF̆ |F , (D,α) 7→ D.

Here IsocF̆ |F is the category of isocrystals over F̆ |F . Like the case considered by Cornut

in [Cor18], the functions rank and deg above give rise to a Harder-Narasimhan formalism

on NIsocK
F̆ |F . More precisely, for (D,α) a normed isocrystal over F̆ |F , there exists an

exhaustive separated decreasing R-filtration
FHN(D,α) = (FilsD)s∈R

of D by sub-isocrystals such that for each s ∈ R,

FilsD = Fils,−D :=
⋂
s′<s

Fils
′
D,

and that the isocrystal
grsFHN(D,α)D := FilsD/Fils+D

equipped with the norm induced from α, is either trivial or semi-stable of slope s. We
call FHN(D,α) the Harder-Narasimhan filtration of the normed isocrystal (D,α). Since the
degree function on NIsocK

F̆ |F is additive on short exact sequences, we have

deg(FHN(D,α)) :=
∑
s∈R

s dimF̆ grsFHN(D,α)D = deg(D,α).

The proof of the following properties of Harder-Narasimhan filtration is standard. We refer
to Example 2.13 below for the definition of the direct sum of two filtrations.

Proposition 2.9. Let (D,α) and (D′, α′) be two normed isocrystals. Then

FHN(D ⊕D′, α⊕ α′) = FHN(D,α)⊕FHN(D
′, α′).

In other words, the Harder-Narasimhan filtration for normed isocrystals is compatible with
direct sums.

2.3. Compatibility of the Harder-Narasimhan filtration with tensor products.
Let

F(IsocF̆ |F )

be the category of pairs (D,F) with D an isocrystal over F̆ |F and F = (FiliD)i∈R a finite
exhaustive separated decreasing R-filtration of D by sub-isocrystals. The formalism of
Harder-Narasimhan filtration for normed isocrystals provides a functor

(2.3.1) FHN : NIsocK
F̆ |F −→ F(IsocF̆ |F ), (D,α) 7−→ FHN(D,α).

Note that the category F(IsocF̆ |F ) is naturally a quasi-abelian F -linear rigid ⊗-category,

so one may wonder if the functor FHN is compatible with tensor products. The main result
of this section is the following theorem.
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Theorem 2.10. The functor FHN in (2.3.1) is compatible with tensor products. In other
words, for (D,α) and (D′, α′) two normed isocrystals, we have

FHN(D ⊗D,α⊗ α′) = FHN(D,α)⊗FHN(D
′, α′).

We refer to Example 2.13 for the definition of the tensor product of two filtrations.

Remark 2.11. It’s easy to verify that the assertion of the previous theorem is equivalent to
the following: the tensor product of two semi-stable normed isocrystals is still semi-stable.

The analogue of the theorem above for normed vector spaces is due to Cornut (cf. [Cor18,
Theorem 5.8]). Our proof of Theorem 2.10 given below is motivated by his proof of loc. cit.

2.3.1. The vectorial Tits building for GLn. Let L be a field, and V a finite-dimensional
L-vector spaces. Let F(V ) be the set of separated exhaustive decreasing R-filtrations f =
(V a

f )a∈R of V by sub-spaces so that

V a
f = V a,−

f :=
⋂
a′<a

V a′
f , for all a ∈ R.

For such a filtration f of V we denote as usual by

grfV :=
⊕
a∈R

grafV

the associated graded L-vector space, where

grafV := V a
f /V

a,+
f

with V a,+
f :=

⋃
a′>a V

a′
f ⊂ V a

f .

Let e = (e1, . . . , en) be an L-basis of V . We say that an R-filtration f ∈ F(V ) is splitted
by e if each subspace V a

f is spanned by a subset of {e1, . . . , en}. We have a natural injective
map

(2.3.2) Rn −→ F(V ),

sending α = (a1, . . . , an) ∈ Rn to the R-filtration fα of V given by setting

V a
fα := Span{ei|ai ≥ a} ⊂ V.

The image of (2.3.2) is an apartment of F(V ), denoted by F(e). Hence, F(V ) is the union
of all its apartments. It is known that any two R-filtrations of V can be splitted by a same
L-basis, thus are contained in a common apartment.

Example 2.12. Let f, g ∈ F(V ), and λ ∈ R>0. We can define two new elements f + g and
λ · f of F(V ) by

V a
f+g :=

∑
b+c=a

V b
f

⋂
V c
g and V a

λ·f := V λ−1a
f .

Note that the formula defining f + g makes sense since the sets

{V b
f | b ∈ R} and {V c

g | c ∈ R}

consist of only finitely many subspaces of V . Moreover, if f, g are contained in the apartment
F(e) for a certain L-basis, and write f = fα and g = fβ for some α, β ∈ Rn, then f + g =
fα+β and λ · f = fλα.

Example 2.13. Let V, V ′ be two L-vector spaces. Let f, f ′ be two R-filtrations of V and
V ′ respectively.
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(1) The direct sum of f and g, denoted by f ⊕ g, is the R-filtration of V ⊕ V ′ given by
setting

V a
f⊕f ′ := V a

f ⊕ V
′a
f ′ ⊂ V ⊕ V ′, ∀a ∈ R.

Clearly,

graf⊕f ′(V ⊕ V ′) = grafV ⊕ graf ′V ′.

(2) The tensor product of f and g, denoted by f ⊗ g, is the R-filtration on V ⊗V ′ given
by setting (one checks easily that the formula below indeed makes sense)

V a
f⊗f ′ :=

∑
s+t=a

V s
f ⊗ V

′t
f ′ ⊂ V ⊗ V ′, ∀a ∈ R.

As for the graded pieces of f ⊗ f ′, we have the following well-known description

graf⊗f ′ =
⊕

s+t=a

grsfV ⊗ grtf ′V ′.

Moreover, if e = (e1, . . . , en) (resp. e′ = (e′1, . . . , e
′
m)) is an L-basis of V (resp. of

V ′) and f = fα ∈ F(e) (resp. f ′ = fβ ∈ F(e′)) with α = (a1, . . . , an) ∈ Rn (resp.
β = (b1, . . . , bm) ∈ Rm), then

e⊗ e′ := (ei ⊗ e′j)i,j

is an L-basis of V ⊗ V ′ and f ⊗ f ′ = fα ⊗ fβ = fα⊗β ∈ F(e⊗ e′), where

α⊗ β := (ai + bj)i,j ∈ Rnm.

The set F(V ) is naturally a metric space ([Cor18, § 2.3]): let f, g ∈ F(V ), and write

⟨f, g⟩ :=
∑
s,t∈R

st dimgrsf
(
grtgV

)
,

|f | :=
√
⟨f, f⟩, and

d(f, g) :=
√
|f |2 + |g|2 − 2⟨f, g⟩.

Here grsf (gr
t
gV ) is the subquotient of the L-vector space grtgV associated to the filtration

induced from f .

Proposition 2.14. The function d(−.−) defines a metric on F(V ), and the metric space
(F(V ), d) is complete.

Proof. This can be viewed as the special case of some general results of Cornut. Indeed, as
V is a finite-dimensional L-vector space, the set X of all L-subspaces, equipped with the
partial order ≤ given by the inclusion relation of subspaces, is a bounded modular lattice
of finite length dimK V , with

W1 ∨W2 := W1 +W2 and W1 ∧W2 := W1 ∩W2.

Moreover, the set F(V ) is naturally identified with the set F(X) of all R-filtrations on X

considered in [Cor18, § 2.2], and the map

X −→ R, W 7−→ dimLW

gives a rank function (in the sense of [Cor18, § 2.1.3]) on X. So our proposition follows
from the corresponding general statements for bounded modular lattices of finite length
established in [Cor18, Proposition 2.6, 2.7]. □
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Remark 2.15. Let e be an L-basis of V . Restricting to the apartment F(e), identified with
Rn via (2.3.2), the pairing above is just the standard scalar product ⟨−,−⟩ in Rn, i.e.,

⟨fα, fβ⟩ = ⟨α, β⟩, ∀ α, β ∈ Rn.

In particular, for f, g, h ∈ F(e), we have

⟨f, g + h⟩ = ⟨f, g⟩+ ⟨f, h⟩.
In general the pairing ⟨−,−⟩ is only concave ([Cor18, Lemma 2.5]): we have

(2.3.3) ⟨f, g + h⟩ ≥ ⟨f, g⟩+ ⟨f, h⟩, ∀f, g, h ∈ F(V ).

Let C ⊂ F(V ) be a closed subset. Assume moreover that it is convex, i.e., for any f, g ∈ C

λ · f + (1− λ) · g ∈ C, ∀λ ∈ [0, 1].

Then, for every f ∈ F(V ), there exists a unique pC(f) ∈ C, called the convex projection of
f to C, such that

d(f, pC(f)) = min{d(f, g)|g ∈ C}.

Lemma 2.16. Let f ∈ F(V ), with convex projection pC(f) ∈ C. We have

|pC(f)| ≤ |f |.
Moreover, if g ∈ F(V ) so that pC(f)+ t · g ∈ C for sufficiently small positive real t, we have

⟨pC(f), g⟩ ≥ ⟨f, g⟩.

Proof. The inequality |pC(f)| ≤ |f | follows from the fact that the convex projection pC is
non-expanding ([BH99, II.2.4]). The second asssertion is also well-known and let us recall
the proof for the sake of completeness. Note that, for t ∈ R>0 with pC(f) + tg ∈ C,

d(f, pC(f))
2 ≤ d(f, pC(f) + tg)2

= |f |2 + |pC(f) + tg|2 − 2⟨f, pC(f) + tg⟩
= |f |2 + |pC(f)|2 + |g|2t2 + 2⟨pC(f), g⟩t− 2⟨f, pC(f) + tg⟩
≤ |f |2 + |pC(f)|2 + |g|2t2 + 2⟨pC(f), g⟩t− 2⟨f, pC(f)⟩ − 2⟨f, tg⟩
= |f |2 + |pC(f)|2 + |g|2t2 + 2⟨pC(f), g⟩t− 2⟨f, pC(f)⟩ − 2t⟨f, g⟩
= |g|2t2 + 2 (⟨pC(f), g⟩ − ⟨f, g⟩) t+ |f |2 + |pC(f)|2 − 2⟨f, pC(f)⟩
= |g|2t2 + 2 (⟨pC(f), g⟩ − ⟨f, g⟩) t+ d(f, pC(f))

2.

Here the second inequality follows from the fact that the pairing ⟨−,−⟩ is concave (cf.
(2.3.3)). Since these inequalities hold for any sufficiently small positive real number t, it
follows that the polynomial

|g|2t2 + 2 (⟨pC(f), g⟩ − ⟨f, g⟩) t
attains its minimum at some t0 ≤ 0. As a result, we find ⟨pC(f), g⟩ ≥ ⟨f, g⟩, as required. □

2.3.2. Vectorial Tits building and Harder-Narasimhan filtration. We use the notations fixed
at the beginning of § 2.1. Let (D,α) be a normed isocrystal overK/F , with V the underlying

F̆ -vector space. Let F(D) ⊂ F(V ) be the subset of R-filtrations of D by subisocrystals.
As in the proof of Proposition 2.14, the set of all subisocrystals of D, equipped with the
partial order ≤ given by the inclusion relation, is naturally a bounded modular lattice of
finite length ≤ dimF̆ D. So by [Cor18, Proposition 2.7], the subset F(D), equipped with
the distance function induced from that on F(V ) is complete, thus is closed in F(D). The
norm α on D ⊗F̆ K defines a map

⟨α,−⟩ : F(D) −→ R, f 7−→ ⟨α, f⟩ =
∑
s∈R

s · deg(grsfD,α).
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Using the vectorial Tits building, the Harder-Narasimhan filtration for the normed isocrystal
(D,α) has the following characterization:

Proposition 2.17 ([Cor18, Proposition 2.12]). The Harder-Narasimhan filtration for (D,α)
is the unique filtration F ∈ F(D) such that

|F|2 − 2⟨α,F⟩ ≤ |f |2 − 2⟨α, f⟩
for any f ∈ F(D).

On can slightly strengthen the above inequality:

Corollary 2.18. Let (D,α) be a normed isocrystal, with F = FHN(D,α) its Harder-
Narasimhan filtration. Then for any f ∈ F(D),

|F|2 − 2⟨α,F⟩ ≤ |f |2 − 2⟨α, f⟩ − (deg(f)− deg(D,α))2

dimF̆ D
.

Here deg(f) denotes the degree of the filtration f , i.e.,

deg(f) :=
∑
a∈R

a · dimF̆ grafD.

Proof. For r ∈ R, let fr be the R-filtration on D with

Da
fr := Da−r

f , for all a ∈ R.
Then

|F|2 − 2⟨α,F⟩ ≤ |fr|2 − 2⟨α, fr⟩
=

∑
a∈R

(a+ r)2 dimF̆ grafD − 2
∑
a∈R

(a+ r)deg(grafD,α).

= r2 · dimF̆ D + 2r · (deg(f)− deg(D,α)) + |f |2 − 2⟨α, f⟩.

Since this holds for any r, taking r = −deg(f)−deg(D,α)
dimF̆ D , we obtain the desired inequality. □

2.3.3. Compatibility of Harder-Narasimhan filtration for normed isocrystals with tensor
products. Let (D,α) and (D′, α′) be two normed isocrystals on K/F , with underlying F̆ -
vector spaces V and V ′ respectively. Consider the isocrystal

E = D ⊕D′ ⊕ (D ⊗D′)

equipped with the norm β on EK induced from α and α′. We have the following map

F(D)× F(D′) −→ F(E), (f, f ′) 7→ f ⊕ f ′ ⊕ (f ⊗ f ′).

Lemma 2.19. The above map is injective, and identifies F(D)×F(D′) as a closed convex
subset of F(E).

Proof. The injectivity of the above map is clear. So we can view F(D)×F(D′) as a subset
of F(E). To check that F(D) × F(D′) is convex in F(E), we claim that, for (f, f ′) and
(g, g′) in F(D)× F(D′),

(f + g)⊗ (f ′ + g′) = f ⊗ f ′ + g ⊗ g′ ∈ F(D ⊗D′).

For this, let e = (e1, . . . , en) (resp. e′ = (e′1, . . . , e
′
m)) be an F̆ -basis that split f and

g (resp. f ′ and g′) at the same time, with the corresponding n-tuples (resp. m-tuples)
α = (a1, . . . , an) and β = (b1, . . . , bn) (resp. α

′ = (a′1, . . . , a
′
m) and β′ = (b′1, . . . , b

′
m)). Then

the F̆ -basis (ei ⊗ e′j)i,j splits both the filtrations (f + g)⊗ (f ′ + g′) and f ⊗ f ′ + g⊗ g′, and
the corresponding mn-tuples are the same, given by(

(ai + bi) + (a′j + b′j)
)
i,j

=
(
(ai + a′j) + (bi + b′j)

)
i,j

,
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giving our claim.
It remains to check that F(D) × F(D′) ⊂ F(E) is closed. Let (f, f ′) and (g, g′) be two

elements in F(D)× F(D′). Viewed as two elements in F(E), their distance is√
d(f, g)2 + d(f ′, g′)2 + d(f ⊗ f ′, g ⊗ g′)2.

On the other hand, consider the F̆ -bases e and e′, the tuples α, α′, β and β′ as above, then
we have

d(f ⊗ f ′, g ⊗ g′)2 =

n∑
i=1

m∑
j=1

(ai + a′j − bi − b′j)
2

≤
n∑

i=1

m∑
j=1

2
(
(ai − bi)

2 + (a′j − b′j)
2
)

= 2m · d(f, g)2 + 2n · d(f ′, g′),

with m = dimF̆ D′ and n = dimF̆ D. Consequently,√
d(f, g)2 + d(f ′, g′)2 ≤

√
d(f, g)2 + d(f ′, g′)2 + d(f ⊗ f ′, g ⊗ g′)2

≤
√

(2m+ 1)d(f, g)2 + (2n+ 1)d(f ′, g′)2.

In particular, the distance function on F(D)×F(D′) induced from the distance function on
F(E) is equivalent to the product of the distance functions on F(D) and on F(D′). Since
(F(D), d) and (F(D′), d) are complete, it follows that as a subset of F(E), F(D)×F(D′) is
also complete, thus is closed, as required. □

As a result, we can consider the convex projection of F(E) to the closed convex subset
F(D)× F(D′), denoted by

p : F(E) −→ F(D)× F(D′).

in the sequel. Recall that the normed isocrystals have underlying F̆ -vector spaces V and
V ′ respectively. Let

W = V ⊕ V ′ ⊕ (V ⊗ V ′)

be the underlying F̆ -vector space of the isocrystal E. A similar argument shows that the
natural map

(2.3.4) F(V )× F(V ′) −→ F (W ), (f, f ′) 7−→ f ⊕ f ′ ⊕ (f ⊗ f ′)

identifies F(V )×F(V ′) as a closed convex subset of F(W ). Let us denote the corresponding
convex projection by q.

Lemma 2.20. The square below is commutative:

F(E)
p //

� _

��

F(D)× F(D′)� _

��
F(W )

q // F(V )× F(V ′)

Proof. By the uniqueness of convex projection, it suffices to check that, for f ∈ F(E) viewed
as an element in F(W ), its convex projection q(f) ∈ F(V ) × F(W ) is an R-filtration by
subisocrystals. To show this, by abuse of notation, we denote by ϕ the Frobenius on the
related isocrystals in the proof. So for D ∈ {D,D′, E}, with underlying F̆ -vector space V,
we have an isomorphism of F̆ -spaces

ϕ⊗ 1 : V ⊗F̆ ,σ F̆ −→ V.
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In particular, for g ∈ F(V), we obtain a filtration ϕ(g) of V by setting

Va
ϕ(g) = (ϕ⊗ 1)(Va

g ) ⊂ V.

As the Frobenius map ϕ is bijective, we obtain bijection

ϕ : F(V) → F(V)

and F(D) ⊂ F(V) is precisely the subset of elements fixed by ϕ. For g′ a second filtration
of F(V), we have

⟨g, g′⟩ = ⟨ϕ(g), ϕ(g′)⟩

and thus d(ϕ(g), ϕ(g′)) = d(g, g′). Moreover, the map (2.3.4) is equivariant with respect to
the bijection ϕ on both sides. It follows that, for f ∈ F(E) ⊂ F(W ), q(f) and ϕ(q(f)) are
two elements in F(V )× F(V ′) minimizing the function

F(V )× F(V ′) ∋ g 7−→ d(f, g).

As a result, ϕ(q(f)) = q(f) ∈ F(V )×F(V ′) and thus q(f) ∈ F(D)×F(D′), as required. □

We are now ready to prove the main result of this section.

Proof of Theorem 2.10. Recall that (D,α) and (D′, α′) are two normed isocrystals on K/F ,
and

(E, β) := (D,α)⊕ (D′, α′)⊕
(
(D,α)⊗ (D′, α′)

)
.

Let

F = (FHN(D,α),FHN(D
′, α′)) ∈ F(D)× F(D′)

and view it as the element

FHN(D,α)⊕FHN(D
′, α′)⊕

(
FHN(D,α)⊗FHN(D

′, α′)
)

in F(E). We want to show that this coincides with the Harder-Narasimhan filtration
FHN(E, β) for (E, β). For this, it suffices to check that F satisfies the inequality char-
acterizing the Harder-Narasimhan filtration FHN(E, β):

(2.3.5) |F|2 − 2⟨β,F⟩ ≤ |f |2 − 2⟨β, f⟩, ∀f ∈ F(E).

For the moment, let us check the inequality (2.3.5) for f = (g, g′) ∈ F(D)×F(D′) ⊂ F(E).
Firstly,

|f |2 =
∑
a∈R

a2 dimgraf (D ⊕D′ ⊕D ⊗D′)

=
∑
a∈R

a2
(
dimgrag(D)⊕ grag′(D

′)⊕ grag⊗g′(D ⊗D′))
)

= |g|2 + |g′|2 +
∑
a

a2 dim
(
⊕r+s=agr

r
gD ⊗ grsg′D

′)
= |g|2 + |g′|2 +

∑
r,s∈R

(r + s)2 dim(grrgD) · dim(grsg′D
′)

= (dimD′ + 1)|g|2 + (dimD + 1)|g′|2 + 2deg(g)deg(g′).
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Secondly,

⟨α⊗ α′, g ⊗ g′⟩ =
∑
a∈R

a · deg(grag⊗g′ , α⊗ α′)

=
∑
r,s∈R

(r + s)deg(grrgD ⊗ grsg′D
′, α⊗ α′)

=
∑
r,s∈R

(r + s)
(
deg(grrgD,α) · dim(grsg′D

′) + deg(grsg′D
′, α′) · dim(grrgD)

)
= ⟨α, g⟩ dimD′ + ⟨α′, g′⟩ dimD + deg(D,α)deg(g′) + deg(D′, α′)deg(g),

yielding

⟨β, f⟩ = ⟨α, g⟩+ ⟨α′, g′⟩+ ⟨α⊗ α′, g ⊗ g′⟩
= ⟨α, g⟩(dimD′ + 1) + ⟨α′, g′⟩(dimD + 1) + deg(D,α)deg(g′) + deg(D′, α′)deg(g).

So

|f |2 − 2⟨β, f⟩ = (dimD′ + 1)(|g|2 − 2⟨α, g⟩) + (dimD + 1)(|g′|2 − 2⟨α′, g′⟩)
+2deg(g)deg(g′)− 2deg(D,α)deg(g′)− 2deg(D′, α′)deg(g).

Applying this equality to f = F , and noticing that

deg(FHN(D,α)) = deg(D,α) and deg(FHN(D
′, α′)) = deg(D′, α′),

we find

|F|2 − 2⟨β,F⟩ = (dimD′ + 1)(|FHN(D,α)|2 − 2⟨α,FHN(D,α)⟩)
+(dimD + 1)(|FHN(D

′, α′)|2 − 2⟨α′,FHN(D
′, α′)⟩)

−2deg(D,α)deg(D′, α′).

Using Corollary 2.18, we deduce

|F|2 − 2⟨β,F⟩ − (|f |2 − 2⟨β, f⟩)
≤ −

(
dimD′+1
dimD (deg(g)− deg(D,α))2 + dimD+1

dimD′ (deg(g′)− deg(D′, α′))2
)

−2(deg(g)− deg(D,α))(deg(g′)− deg(D′, α′))

≤ −
(
dimD′

dimD (deg(g)− deg(D,α))2 + dimD
dimD′ (deg(g′)− deg(D′, α′))2

)
−2(deg(g)− deg(D,α))(deg(g′)− deg(D′, α′))

≤ 0

Here for the last inequality, we use the classical inequality

a2 + b2 ≥ 2ab, ∀a, b ∈ R.

As a result, we see that the inequality (2.3.5) holds once f ∈ F(D)× F(D′) ⊂ F(E).
For general f ∈ F(E), consider its convex projection p(f) to F(D) × F(D′). According

to Lemma 2.16, we have

|p(f)|2 ≤ |f |2.
On the other hand, viewing f as an R-filtration of the underlying F̆ -vector space W of E,
we have by Remark 2.7 the following equality

deg(grafE, β) = deg(grafW,β)− deg(grafE),

where the first term on the right hand side is the degree of the normed vector space grafW ,

equipped with the norm induced from β, and the second term deg(grafE) is the degree of
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the isocrystsal grafW . Hence

⟨β, f⟩ =
∑
a∈R

a · deg(grafE, β)

=
∑
a∈R

a · deg(grafW,β)−
∑
a

a · deg(grafE).

Now the first sum

⟨β, f⟩′ :=
∑
a

a · deg(grafW,β)

has been already considered by Cornut in [Cor18, § 5.2]. As p(f) is also the convex projection
of f ∈ F(E) ⊂ F(W ) to F(V ) × F(V ′) ⊂ F(W ) according to Lemma 2.20, by [Cor18,
Proposition 5.6 and § 5.2.13], we have

(2.3.6) ⟨β, f⟩′ ≤ ⟨β, p(f)⟩′.

Furthermore, if we write FN ∈ F(E) the Newton filtration on the isocrystal E and F∗
N its

opposite (defined from the slope decomposition), it follows that∑
a

a · deg(grafE) = ⟨FN, f⟩ = −⟨F∗
N, f⟩.

Clearly, FN,F∗
N ∈ F(D) × F(D′) ⊂ F(E), and both t · FN + p(f) and t · F∗

N + p(f) are
contained in F(D)×F(D′) for any t ∈ R>0 sufficiently close to 0. By Lemma 2.16 we have

⟨FN, f⟩ ≤ ⟨FN, p(f)⟩ and ⟨F∗
N, f⟩ ≤ ⟨F∗

N, p(f)⟩,

and thus an equality

⟨FN, f⟩ = ⟨FN, p(f)⟩.

Combining with the inequality (2.3.6), we find

⟨β, f⟩ = ⟨β, f⟩′ − ⟨FN, f⟩ ≤ ⟨β, p(f)⟩′ − ⟨FN, p(f)⟩ = ⟨β, p(f)⟩,

and thus

|F|2 − 2⟨β,F⟩ ≤ |p(f)|2 − 2⟨β, p(f)⟩
≤ |f |2 − 2⟨β, f⟩

for any f ∈ F(E), where the first inequality follows from the previous step. Therefore we
find

FHN(D,α)⊕FHN(D
′, α′)⊕

(
FHN(D,α)⊗FHN(D

′, α′)
)
= FHN(E, β),

while

FHN(E, β) = FHN(D,α)⊕FHN(D
′, α′)⊕FHN(D ⊗D′, α⊗ α′)

by Proposition 2.9. In other words,

FHN(D,α)⊗FHN(D
′, α′) = FHN(D ⊗D′, α⊗ α′),

and the functor (2.3.1) is compatible with tensor products. □
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2.4. A variant. Let
BunIsocK

F̆ |F

be the quasi-abelian F -linear ⊗-category whose objects are pairs (D,Ξ), where D is an

isocrystal over F̆ |F and Ξ ⊂ D ⊗F̆ K is a lattice. A morphism

f : (D1,Ξ1) −→ (D2,Ξ2)

in BunIsocK
F̆ |F consists of a morphism f : D1 → D2 of isocrystals with

(f ⊗ 1)(Ξ1) ⊆ Ξ2.

As in [Cor18, 5.2.3], there is a natural F -linear exact ⊗-functor

(2.4.1) BunIsocK
F̆ |F −→ NIsocK

F̆ |F , (D,Ξ) 7→ (D,αΞ).

Here αΞ denotes the gauge norm of the lattice Ξ ⊂ D ⊗F̆ K: for v ∈ D ⊗F̆ K

αΞ(v) := inf{|λ| : v ∈ λΞ}.
For example, for the lattice Ξ0 := D⊗F̆ OK , the gauge norm αΞ0 is the norm o used in the
definition of the degree of a normed isocrystal (Definition 2.6).

Remark 2.21. The functor (2.4.1) above identifies BunIsocK
F̆ |F with a full subcategory of

NIsocK
F̆ |F , made of those (D,α) such that α(D ⊗F̆ K) ⊂ |K|, which is stable under strict

subobjects and quotients.

For (D,Ξ) an object in BunIsocK
F̆ |F , define

rank(D,Ξ) := dimF̆ D, and deg(D,Ξ) := deg(D,αΞ).

Remark 2.22. Let (D,Ξ) be an object in BunIsocK
F̆ |F . Let FΞ be the residue filtration on

D ⊗F̆ C defined by the lattice Ξ, with C the residue field of K: for i ∈ Z,

F i
Ξ(D ⊗ C) =

(πiΞ) ∩ Ξ0 + πΞ0

πΞ0
↪→ D ⊗F̆ C.

Here Ξ0 = D ⊗F̆ OK . In particular, we obtain a filtered isocrystal (D,FΞ), and this con-
struction yields a functor

BunIsocK
F̆ |F −→ FilIsocC

F̆ |F , (D,Ξ) 7−→ (D,FΞ).

By the adapted basis theorem, there exists a basis e = (e1, . . . , er) of the free OK-module
Ξ0 = D⊗F̆ OK , and elements λ1, . . . , λr ∈ Z such that (πλ1e1, . . . , π

λrer) forms an OK-basis
of Ξ. Then e is an orthogonal basis for αΞ and for o = αΞ0 at the same time. Moreover,

αΞ(ei) = |π|−λi , and αΞ(ei) = 1, i ∈ Z.
So

deg(D,Ξ) = −
∑
i

λi − dim(D) = deg(FΞ)− dim(D) = deg(D,FΞ).

In other words, deg(D,Ξ) is the same as the degree of the filtered isocrystal (D,FΞ). How-
ever, we caution the readers that, for D′ ⊂ D a subisocrystal, set FΞ|D′

C
the filtration on

D′
C = D′ ⊗F̆ C induced from FΞ, then we have in general

deg(D′,Ξ ∩ (D′ ⊗F̆ K)) ̸= deg(D′,FΞ|D′
C
).

See [Sh23, Example 2.1] for an explicit example of Viehmann. As a result, the Harder-
Narasimhan filtration on D defined by the lattice Ξ as we consider here differs from the one
defined by the residue filtration FΞ. We will come back to this point later in § 4.4.
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Theorem 2.10 combined with Remark 2.21 give the following result.

Theorem 2.23. The functions rank and deg above on BunIsocK
F̆/F

induce a Harder-

Narasimhan formalism on BunIsocK
F̆ |F , whose Harder-Narasimhan filtration

FHN : BunIsocK
F̆ |F −→ F(IsocF̆ |F )(2.4.2)

is induced from the Harder-Narasimhan filtration FHN on NIsocK
F̆ |F in (2.3.1). Moreover,

FHN is compatible with tensor products, or equivalently, the tensor product of two semi-stable
objects in BunIsocK

F̆ |F is still semi-stable.

Remark 2.24. The similar result of Theorem 2.23 for filtered isocrystals was proved by
Faltings in [Fal94] and by Totaro in [Tot94]. Both proofs work by reducing the problem
of σ-linear algebra to a different problem of pure linear algebra. Motivated by the idea
of Ramanan and Ramanathan from geometric invariant theory, Totaro gave in [Tot96] a
different elementary proof which avoids the reduction from filtered isocrystals to filtered
vector spaces. The method of Cornut in [Cor18] can be viewed as an axiomatized version of
Totaro’s overall strategy in [Tot96] in which the GIT tools are replaced by tools from convex
metric geometry.

In the next section, we will apply Theorem 2.23 in the case where K = BdR to define
Harder-Narasimhan stratification for a general reductive group. Here BdR is the de Rham
period ring associated with an algebraically closed perfectoid field of characteristic 0.

3. Harder-Narasimhan stratification on B+
dR-affine Grassmannian

The goal of this section is to define the Harder-Narasimhan stratification on the B+
dR-affine

Grassmannian of a reductive group G. For G = GLn, it would be enough to use the Harder-
Narasimhan formalism, i.e., the existence of Harder-Narasimhan filtration for isocrystals
with lattices. In order to pass to more general reductive groups, we use Tannakian duality,
and hence the compatibility of Harder-Narasimhan filtration with tensor products (Theorem
2.23) becomes crucial. Note that the special case of the Harder-Narasimhan stratification
for b = 1 with general reductive groups has already been worked out by Nguyen-Viehmann
([NV23]) and by Shen ([Sh23]).

3.1. HN-vectors. Let G be a reductive group over F . Let S = Spa(C,C+) → Spd(F̆ ) be

a geometric point of Spd(F̆ ), given by an untilt S♯ = Spa(C♯, C♯+) over F̆ . Write

BdR = BdR(C
♯) and B+

dR = B+
dR(C

♯)

the corresponding de Rham period rings (cf. Section 1.1.1). Let b ∈ G(F̆ ). Consider the
following faithful exact ⊗-functor

(3.1.1) ωG,b : Rep(G) −→ IsocF̆ |F , (V, ρ) 7−→ (V ⊗F F̆ , ρ(b) ◦ (1⊗ σ)).

Let x ∈ GrG(S) = G(BdR)/G(B+
dR). For an F -representation ρ = (V, ρ) of G, it induces an

element
ρ(x) ∈ GrGLV

(S) = GL(V ⊗F BdR)/GL(V ⊗F B+
dR),

or equivalently, a B+
dR-lattice Ξx,ρ in V ⊗F BdR:

Ξx,ρ = ρ(x)(V ⊗F B+
dR) ⊆ V ⊗F BdR.

The pair (b, x) then gives rise to a ⊗-functor

ωG,b,x : Rep(G) −→ BunIsocBdR

F̆ |F

(V, ρ) 7−→ (ωG,b(V, ρ),Ξx,ρ).
(3.1.2)
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Composing it with the functor FHN in (2.4.2), we obtain

FHN(b, x) : Rep(G) −→ BunIsocBdR

F̆ |F
FHN−→ F(IsocF̆ |F ),

which is exact and compatible with tensor products by Corollary 2.23. Since G is reductive,
there exists some rational cocharacter

(3.1.3) v : DF̆ −→ GF̆

that splits FHN(b, x), i.e., the composed functor

Rep(G)
FHN(b,x)−→ F(IsocF̆ |F ) −→ F(VectF̆ )

of FHN(b, x) with the forgetful functor F(IsocF̆ |F ) → F(VectF̆ ) admits a factorization

Rep(G) //

��

F(VectF̆ )

Rep(DF̆ ) Q−VectF̆

OO
.

Here the left-vertical functor is induced by the rational cocharacter v, while the right-vertical
functor takes a Q-graded F̆ -vector space V = ⊕α∈QVα to the filtered F̆ -space (V,Fil•V )
with

FilαV =
⊕
β≥α

Vβ, ∀ α ∈ R.

Remark 3.1. Let P ⊂ GF̆ be the parabolic subgroup of elements of GF̆ that preserves the
Harder-Narasimhan filtration. In particular

P (F̆ ) = {g ∈ G(F̆ ) | ρ(g) preserves FHN(b, x)(V, ρ),∀(V, ρ) ∈ Rep(G)}.
Then P is also the parabolic subgroup attached to the rational cocharacter v.

Consider as in (3.1.3) a rational cocharacter v that splits the Harder-Narasimhan filtration
FHN(b, x). Since the Tannakian category IsocF̆ |F has a fiber functor over F un, the maximal

unramified extension (inside F̄ ) of F , the rational cocharacter v is G(F̆ )-conjugate to a
rational cocharacter v′ ∈ HomFun(D, G), whose G(F un)-conjugacy class depends only on

the G(F̆ )-conjugacy class of v: for v′′ ∈ HomFun(D, G) a second choice, the two rational

F un-cocharacters v′ and v′′ are G(F̆ )-conjugate, so our assertions follows from the fact that
the set of c ∈ G(F un) with Int(c) ◦ v′ = v′′ is the set of F un-points of a torsor under
the centralizer of v′ which itself is a connected reductive subgroup of GFun , and the famous
result of Steinberg saying that every torsor under a smooth connected linear algebraic group
over F un has a rational point (cf. [Ste65, Theorem 1.9] and [Ser94, Chap. II, § 3.3 (c)]).
Let us denote the resulting G(F̄ )-conjugacy class of v′ by

vb,x ∈ X∗(G)Q/G(F̄ ).

Lemma 3.2. We have vb,x ∈ N (G) =
(
X∗(G)Q/G(F̄ )

)Γ
.

In the following, we call the element vb,x ∈ N (G) the HN-vector of the pair (b, x).

When G is quasi-split, we also consider vb,x as an element in X∗(A)+Q via the identification

N (G) ≃ X∗(A)+Q.

Proof of Lemma 3.2. Consider the rational cocharacter v in (3.1.3). So it suffices to check

that the class [v] ∈ HomF̆ (D, G)/G(F̆ ) is invariant under the action of the Frobenius σ,
i.e., [vσ] = [v] with vσ being the base change of v : DF̆ → GF̆ induced by the Frobenius σ.
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This is a consequence of the fact that the Harder-Narasimhan filtration is a filtration by
subisocrystals. More precisely, recall that v is a splitting of the composed functor

FHN(b, x)
′ : Rep(G)

FHN(b,x)−→ F(IsocF̆ |F )
forgetful−→ F(VectF̆ ).

By functoriality, its twist vσ by Frobenius splits

FHN(b, x)
′′ : Rep(G)

FHN(b,x)−→ F(VectF̆ )
−⊗F̆ ,σF̆−→ F(VectF̆ ).

On the other hand, for (V, ρ) a representation of G and for W ⊂ (VF̆ , ρ(b)σ) a subisocrystal,
we have (ρ(b)σ)(W ) = W . In particular, the isomorphism

ρ(b)−1 : VF̆ −→ VF̆

maps W onto σ(W ). Moreover, under the natural identification VF̆ ⊗F̆ ,σ F̆ ≃ V ⊗F F̆ ,

W ⊗F̆ ,σ F̆ corresponds to σ(W ) ⊂ VF̆ . As a result, the bijection ρ(b)−1 above sends the

Harder-Narasimhan filtration of (ωG,b(V, ρ),Ξx,ρ) to its twist by Frobenius. In this way, we
obtain a natural transformation of functors

b−1 : FHN(b, x)
′ ∼−→ FHN(b, x)

′′.

So Int(b−1) ◦ v also splits FHN(b, x)
′′. Hence, the cocharacter vσ is G(F̆ )-conjugate to

Int(b−1) ◦ v, and the class vb,x of v in X∗(G)Q/G(F̄ ) is Galois invariant. □

3.2. Compatibility with inner-twists. Let H be an inner-twist of G, given by a basic
element b0 ∈ G(F̆ ). In particular, H = Jb0 and for any F̆ -algebra R, we have

H(R) = {g ∈ G(F̆ ⊗F R)|gb0σ(g)−1 = b0}
∼−→ G(R).

Here the morphism is induced by the natural map F̆ ⊗F R → R. Therefore, we have an
identification of algebraic groups over F̆ :

ι : HF̆

∼−→ GF̆ .

Using the element b0 we can deduce a well-defined bijection

ι̃ : B(H) −→ B(G), [h] 7−→ [ι(h)b0].

Indeed identify HF̆ with GF̆ and thus H(F̆ ) with G(F̆ ) through the isomorphism ι, the

Frobenius automorphism σH on H(F̆ ) is given by the composed map Int(b0)◦σG on H(F̆ ) =

G(F̆ ). Therefore for any h, h1 ∈ H(F̆ ) = G(F̆ )

h1(hb0)σG(h1)
−1 = h1hb0σG(h1)

−1b−1
0 b0 = (h1hσH(h1)

−1)b0

and the map h 7→ hb0 sends a σ-conjugacy class in H(F̆ ) to a σ-conjugacy class in G(F̆ ).
Thus the map ι̃ above is well-defined and it is clear that ι̃ is bijective. On the other hand,
the isomorphism ι induces also an isomorphism between the B+

dR-affine Grassmannians, still
denoted by ι in the sequel

GrH,F̆ −→ GrG,F̆ .

Proposition 3.3. Keep the notation above. Let h ∈ H(F̆ ) and x ∈ GrH,F̆ be a geometric

point. Then vι(h)b0,ι(x) = vh,x − νb0 ∈ N (G) = N (H).

Proof. The proof is inspired by [Kot97, 3.4], where can be found a similar result for the
Newton vectors. Take a faithful representation (V, ρ) of G. Together with the Frobenius

induced by b0, the base change V ⊗F F̆ becomes an isocrystal over F , denoted by V̆ . One
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can also use the Frobenius structure induced by ι(h)b0 on V ⊗F F̆ , and we denote the

resulting isocrystal by V̆ ′. Let U = Endσ,F̆ (V̆ ), and more generally, for any F -algebra R,

U ⊗F R = Endσ,F̆⊗R(V̆ ⊗F R).

Then H(R) ⊂ U(R), so U gives a faithful representation of H by left-multiplication. In

this way, Ŭ := U ⊗F F̆ becomes an isocrystal whose Frobenius structure is given by h.
If moreover R is an F̆ -algebra, we have naturally an identification induced by the natural
morphism F̆ ⊗F R → R of F -algebras (recall that b0 ∈ G(F̆ ) is basic)

U ⊗F R
∼−→ EndR(V ⊗F R).

Under this identification, the action of HF̆ on Ŭ := U ⊗F F̆ is the same as the action of GF̆

on EndF (V )⊗F F̆ by left multiplication, and hence the isocrystal Ŭ can be identified with
the following isocrystal

EndF (V )⊗F F̆ ≃ HomF̆ (V ⊗F F̆ , V ⊗F F̆ ),

where the Frobenius is induced by the left multiplication given by ρ(ι(h)) ∈ GL(V ⊗F F̆ ).
Consequently, we get a morphism of isocrystals

(3.2.1) Ŭ ⊗ V̆ −→ V̆ ′.

Furthermore, once we put the norm structure on Ŭ ⊗F̆ BdR given by x ∈ GrH,F̆ , or equiva-

lently, the norm structure on

EndF (V )⊗F BdR = HomBdR
(V ⊗F BdR, V ⊗F BdR)

by the gauge norm induced by the lattice

HomB+
dR
(V ⊗F B+

dR,Ξι(x),ρ) ⊂ EndF (V )⊗F BdR,

and the norm on V̆ ⊗F̆ BdR (resp. on V̆ ′ ⊗F̆ BdR = V ⊗F BdR) by the trivial B+
dR-lattice

V̆ ⊗B+
dR (resp. Ξι(x),ρ), the map (3.2.1) above is even a surjective map between the normed

isocrystals. Now take v ∈ X∗(H)Q (resp. v0 ∈ X∗(G)Q) a rational cocharacter that splits the
Harder-Narasimhan filtration FHN(h, x) (resp. corresponding to the slope decomposition of

the isocrystal V̆ ). In particular, −v0 ∈ X∗(G)Q gives a splitting of the Harder-Narasimhan
filtration FHN(b0, x0), where x0 ∈ GrG,F̆ is given by the identity element of G. As the

Harder-Narasimhan filtration is compatible with tensor products (Theorem 2.23), using the
surjective map (3.2.1), we deduce that the rational cocharacter

ρ ◦ ι ◦ v − ρ ◦ v0
splits the Harder-Narasimhan filtratiton of the normed isocrystal V̆ ′. As V is a faithful
representation of G, it follows that the rational cocharacter ι◦v−v0 splits FHN(ι(h)b0, ι(x)).
Therefore, we obtain the required equality vh,x − νb0 = vι(h)b0,ι(x) ∈ N (H) = N (G). □

3.3. HN-vectors in the quasi-split case. We keep the notations in the previous sub-
section. In particular, S = Spa(C,C+) → Spd(F̆ ) is a geometric point of Spd(F̆ ), given

by an untilt S♯ = Spa(C♯, C♯+) over F̆ , with BdR and B+
dR the corresponding de Rham

period rings. Suppose that G is quasi-split. Abusing the notation, we identify vb,x ∈ N (G)

with its dominant representative in X∗(A)
+
Q in the following via the natural identification

X∗(A)+Q ≃ N (G). Let P ⊂ GF̆ be the parabolic subgroup corresponding to the Harder-

Narasimhan filtration of ωG,b,x (Remark 3.1). Since the Harder-Narasimhan filtration on a
normed isocrystal is a filtration by subisocrystals, the intersection of the parabolic subgroup
P with the centralizer of the Newton vector νb descends to a subgroup of Jb defined over F .
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Lemma 3.4. There exist a standard parabolic Q ⊂ G over F with standard Levi M , and a
reduction (bQ, g) of b to Q satisfying the following properties.

• Q is the parabolic subgroup of G defined by vb,x ∈ X∗(A)+Q, and gQF̆ g
−1 = P . In

particular vb,x is dominant Q-regular.

• Write bM ∈ M(F̆ ) the image of bQ ∈ Q(F̆ ), and recall the natural projection prM :
GrQ → GrM . Then the HN-vector of the pair (bM , prM (g−1x)) is vb,x, thus the
functor ωM,bM ,prM (g−1x) (defined in 3.1.2) is semi-stable in the sense that the HN-

vector of (bM , prM (g−1x)) is central in M .

Proof. Let v ∈ X∗(G)Q be a rational cocharacter defined over F̆ that splits the Harder-

Narasimhan filtration of ωG,b,x: so [v] = [vb,x] ∈ N (G). Since G is quasi-split, v is G(F̆ )-

conjugate to vb,x ∈ X∗(A)+Q. Let g ∈ G(F̆ ) with Int(g) ◦ vb,x = v. Consequently,

gQF̆ g
−1 = P ⊂ GF̆

with Q ⊂ G the standard parabolic subgroup defined by vb,x ∈ X∗(A)+Q. In particular, vb,x
is dominant Q-regular.

On the other hand, since the Harder-Narasimhan filtration of ωG,b,x is a filtration by
sub-isocrystals, bσ(P )b−1 = P . It follows that

bσ(g)QF̆σ(g)
−1b−1 = bσ(g)σ(QF̆ )σ(g)

−1b−1 = gQF̆ g
−1,

and thus

g−1bσ(g)QF̆σ(g)
−1b−1g = QF̆ .

As a result, bQ := g−1bσ(g) ∈ G(F̆ ) normalizes QF̆ and hence is contained in Q(F̆ ). So

b = gbQσ(g)
−1 has a reduction (bQ, g) to Q. Furthermore, g ∈ G(F̆ ) gives an isomorphism

from ωG,bQ,g−1x to ωG,b,x, thus an isomorphism of functors

FHN(bQ, g
−1x)

∼−→ FHN(b, x).

In particular, the Harder-Narasimhan filtration of ωG,bQ,g−1x has a splitting given by vb,x =

Int(g−1)◦v. By considering a faithful representation of G (and thus a faithful representation
of Q through the embedding Q ↪→ G), we check that vb,x ∈ X∗(A)Q splits the Harder-
Narasimhan filtration of ωQ,bQ,g−1x, hence also splits the Harder-Narasimhan filtration of
the functor ωM,bM ,prM (g−1x). Since vb,x is central in M , it coincides with the HN-vector of

the pair (bM ,prM (g−1x)) in X∗(A)M,+
Q , and the functor ωM,bM ,prM (g−1x) is semi-stable. □

To go further, it is convenient to use the notion of (modifications of) G-bundles on the
Fargues-Fontaine curve X = X(C,C+). We first introduce the notion of slope vector of a
G-bundle for any G. Later on, we will use the slope vector of a M -bundle where M is a
Levi subgroup of G. The faithful ⊗-functor ωG,b of (3.1.1) corresponds naturally to the
G-bundle Eb on X recalled in § 1.1.3. The map

X∗(G) −→ Z
χ 7−→ deg(χ∗Eb)

is Galois invariant and can thus be viewed as an element v(Eb) ∈ X∗(ZG)
Γ
Q, where ZG

denotes the center of G and χ∗(Eb) is the pushout of the G-bundle Eb by the character χ,
thus is a line bundle on XF̄ , the base change to F̄ of the Fargues-Fontaine curve X/F .1 In
other words,

⟨v(Eb), χ⟩ = deg(χ∗Eb), ∀χ ∈ X∗(G).

1Over XF̄ every vector bundle is a direct sum of line bundles of rational slopes ([FF18, Théorème 8.5.1]).
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In fact, v(Eb) = −AvG(νb), where AvG denote the average over the action of the Weyl group
WG of (G,T ). The element v(Eb) ∈ X∗(ZG)

Γ
Q is called the slope vector of Eb.

Let (bQ′ , g′) be a reduction of b to a standard parabolic subgroup Q′ ⊆ G, which, together
with the G-bundle Eb,x on X, gives rise to a reduction (Eb,x)bQ′ to Q′ and thus an element,

(by abuse of notations) still called the slope vector for the pair (bQ′ , g′),

v(bQ′ ,g′) ∈ X∗(ZM ′)ΓQ ⊂ X∗(T )
Γ
Q = X∗(A)Q

as the slope vector of theM ′-bundle (Eb,x)bQ′×Q′
M ′, where ZM ′ is the center of the standard

Levi M ′ corresponding to Q′, and

(Eb,x)bQ′ ≃ EQ′

bQ′ ,g
′−1x

the reduction to the parabolic subgroup Q′ of Eb,x corresponding to (bQ′ , g′).
The following result is an analogue of [Schi15, Theorem 4.1].

Proposition 3.5. Let Q1, Q2 be two standard parabolic subgroups of G, with M1 and M2

their corresponding standard Levi subgroups. For i = 1 or 2, let (bQi , gi) be a reduction of b

to Qi, and write bMi (resp. xMi) the image of bQi ∈ Qi(F̆ ) (resp. of g−1
i x ∈ GrG(C,C

+) =

GrQi(C,C
+)) in Mi(F̆ ) (resp. GrMi(C,C

+)) via the natural projection Qi → Mi. Assume
that

(i) the M1-bundle EM1
bM1

,xM1
is HN-semi-stable, in the sense that the HN-vector of the

pair (bM1 , xM1) is central in M1; and that
(ii) the slope vector v(bQ1

,g1) is dominant Q1-regular.

Then the following assertions hold:

(1) v(bQ2
,g2) ≤ v(bQ1

,g1);

(2) we have Q1 = Q, the standard parabolic subgroup in Lemma 3.4, and v(bQ1
,g1) = vb,x;

(3) if the inequality in (1) is an equality, then Q2 ⊂ Q1, and (bQ2 , g2), viewed as a
reduction of b to Q1, is equivalent to (bQ1 , g1).

Proof. To simplify notations, write vi = v(bQi
,gi). Write also v′1 ∈ X∗(A)Q the HN-vector

of the pair (bM1 , xM1). We first check that, as v′1 is central in M1 by the assumption (i)
above, v′1 is equal to the slope vector v1 of the M1-bundle EbM1

,xM1
, or equivalently, of the

Q1-bundle (Eb,x)bQ1
= EQ1

bQ1
,g−1x

. More precisely, for every λ ∈ X∗(Q1)
Γ = X∗(M1)

Γ, we

want to show

(3.3.1) ⟨v′1, λ⟩ = deg(λ∗(Eb,x)bQ1
).

By the definition of the HN-vector, λ ◦ v′1 splits the Harder-Narasimhan filtration of the

one-dimensional isocrystal (F̆ , λ(bQ)) equipped with the norm (or equivalently, the B+
dR-

lattice) defined by λ(g−1x) ∈ GrGm(C,C
+). Therefore, λ ◦ v′1 = ⟨v′1, λ⟩ ∈ Q is the degree of

this one-dimensional normed isocrystal, i.e.,

deg(λ∗(Eb,x)bQ1
) = deg(EGm

λ(bQ1
),λ(g−1

1 x)
) = ⟨v′1, λ⟩,

as desired by (3.3.1). So v1 = v′1 ∈ X∗(A)Q since v′1 is already central in M1.
To check the inequality v2 ≤ v1, observe firstly that the difference

v1 − v2 ∈ QΦ∨
0 ,

where Φ∨
0 is the set of coroots for (G,A). Indeed, for any λ ∈ X∗(G) ⊂ X∗(T )Q, we have

⟨v1, λ⟩ = ⟨v2, λ⟩ = degλ∗Eb,x.
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Hence v1 − v2 ∈ X∗(T )Q lies in the orthogonal complementary of X∗(ZG)Q ⊂ X∗(T ) under
the natural pairing

X∗(T )Q ×X∗(T )Q −→ Q.

Consequently v1− v2 ∈ QΦ∨, the Q-subspace of X∗(T )Q generated by the set Φ∨ of coroots
for (G,T ). As v1 − v2 is Galois-invariant, so v1 − v2 ∈ QΦ∨

0 , as wanted.
To complete the proof of (1), we need to check that, for any dominant λ ∈ X∗(A)+Q,

⟨v1, λ⟩ ≥ ⟨v2, λ⟩.

Let ρ : G → GLV be a finite-dimensional representation of highest weight λ, and let

V =
⊕

µ∈X∗(A)

V [µ]

be its weight decomposition. For any q ∈ Q, consider the linear subspaces

V1,q =
⊕

⟨v1,µ⟩≥q

V [µ] ⊂ V.

Then V1,q′ ⊂ V1,q once q ≤ q′, and we obtain a Q-filtration V1,• = (V1,q)q∈Q of V . Since v1
is Q1-dominant, for any character µ occurring in the weight decomposition above we have
µ ≤ λ and thus

⟨v1, µ⟩ ≤ ⟨v1, λ⟩.
Consequently, the maximal rational number q1 occurring among the jumps of the Q-
filtration V1,• is equal to ⟨v1, λ⟩. Moreover, as in [Schi15, Lemma 5.1], the filtration V1,•
is a filtration of V by Q1-subrepresentations, and the Q1-action on each quotient grqV1,•
descends to an action of the Levi M1.

We claim that the normed isocrystal

(3.3.2)
(
grqV1,• ⊗F F̆ , bM1 ◦ (1⊗ σ), αxM1

)
is semi-stable of slope q. Indeed, as a representation of A, we have weight decomposition

grqV1,• ≃
⊕

⟨v1,µ⟩=q

V [µ].

Since the M1-bundle EM1
bM1

,xM1
is HN-semi-stable, v1 = v′1 is the HN-vector of (bM1 , xM1)

and thus splits the Harder-Narasimhan filtration of the normed isocrystal (3.3.2) above. As
⟨v1, µ⟩ = q for all character µ occurring in the weight decomposition of grqV1,•, it follows
that the normed isocrystal (3.3.2) has only one jump q in its Harder-Narasimhan filtration,

hence is semi-stable of slope q as claimed. As a result, the Q-filtration V1,• ⊗ F̆ is precisely

the Harder-Narasimhan filtration of the normed isocrystal (V ⊗F F̆ , bQ ◦ (1⊗σ), αg−1x). In
particular, the maximal destabilized sub-normed isocrystal of

(V ⊗F F̆ , bQ ◦ (1⊗ σ), αg−1x)
∼−→ (V ⊗F F̆ , b ◦ (1⊗ σ), αx)

is of slope q1 = ⟨v1, λ⟩. On the other hand, for the standard parabolic Q2, we can define a
subspace

V ′
2 =

⊕
µ∈λ+ZΦM2,0

V [µ]

of V . As in [Schi15, Lemma 3.5] we know that V ′
2 is a Q2-subrepresentation of V , so it gives

a sub-normed isocrystal (V ′
2 ⊗F F̆ , bQ2 ◦ (1⊗ σ), αg−1x) of slope ⟨v2, λ⟩ of

(V ⊗F F̆ , bQ2 ◦ (1⊗ σ), αg−1x)
∼−→ (V ⊗F F̆ , b ◦ (1⊗ σ).αx).
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So ⟨v1, λ⟩ ≥ ⟨v2, λ⟩. As this inequality holds for every dominant weight, we deduce

v2 = v(bQ2
,g2) ≤ v1 = v(bQ1

,g1),

as asserted by (1).
(2) We use the notation of Lemma 3.4. As vb,x ∈ X∗(A)+Q is the HN-vector of the pair

(bM ,prM (g−1x)) and is central in M , it coincides with the slope vector of EM
bM ,prM (g−1x).

Thus v(bQ,g) = vb,x. Moreover, vb,x ∈ X∗(A)+Q is dominant Q-regular. Consequently, by (1)
we must have

v(bQ1
,g1) = v(bQ,g) = vb,x

and thus also Q1 = Q.
(3) Finally suppose v1 = v2. Since v1 is dominant Q1-regular, necessarily Q2 ⊂ Q1 = Q.

It remains to check that the pair (bQ2 , g2), viewed as a reduction of b to Q1 = Q, is
equivalent to (bQ1,g1). Replacing Q2 by Q1 = Q and bQ2 by its image in Q if needed, we
assume moreover that Q1 = Q2 = Q. Write bi = bQi for i = 1, 2. So we have two reduction

(bi, gi) of b to Q and hence b2 = (g−1
2 g1)b1σ(g

−1
2 g1)

−1. To conclude the result we need to
check that

g−1
2 g1 ∈ Q(F̆ ).

For each i = 1, 2, the element gi ∈ G(F̆ ) induces an isomorphism of functors

(3.3.3) ωG,bi,g
−1
i x

∼−→ ωG,b,x.

We claim that the parabolic subgroup QF̆ ⊂ GF̆ preserves the Harder-Narasimhan filtration
on ωG,bi,g

−1
i x. To see this, it is enough to check the corresponding assertion after evaluating

ωG,bi,g
−1
i x at an algebraic representation (V, ρ) of G. Clearly, we can assume moreover that

(V, ρ) is a highest weight representation with highest weight λ ∈ X∗(A)+Q. Using the fact

that v1 is dominant Q-regular, the construction in (1) provides a filtration V• = (Vq)q∈Q of

V , which is stable under the action of Q. Moreover, as observed above, V•,F̆ = (Vq ⊗ F̆ )q∈Q
gives the Harder-Narasimhan filtration of

ωG,b1,g
−1
1 x(V, ρ) = (V ⊗ F̆ , ρ(b1)(1⊗ σ),Ξρ,g−1

1 x).

Hence this verifies our claim when i = 1. On the other hand, we have two R-filtrations
on the normed isocrystal (D,α) := ωG,b2,g

−1
2 x(V, ρ): the first one is the Harder-Narasimhan

filtration D• = (Dq)q∈R of (D,α), and since v1 = v2, the same filtration V•,F̆ of V ⊗ F̆ as

above yields a second filtration by subisocrystals of (D,α). Using the isomorphism (3.3.3)
for i = 1 and 2, we deduce that both filtrations have the same numerical data, i.e.,

deg(grqD•
D,α) = deg(grqV•,F̆

D,α) = q, and dim(grqD•
D) = dim(grqV•,F̆

D), ∀q ∈ R.

Therefore, according to the lemma below, V•,F̆ coincides with the Harder-Narasimhan fil-

tration D• of (D,α) = ωG,b2,g
−1
2 x(V, ρ), showing our claim when i = 2. In particular, it

follows that QF̆ ⊂ g−1
i Pgi and thus QF̆ = g−1

i Pgi since QF̆ is a G(F̆ )-conjugate of P . As
a result, we get

g1QF̆ g
−1
1 = P = g2QF̆ g

−1
2

and hence g−1
2 g1 ∈ Q(F̆ ) as desired. □

Lemma 3.6. Let (D,α) be a normed isocrystal. Let D• = (Dq)q∈R and D′
• = (D′

q)q∈R be
two R-filtrations of D by subisocrystals. Assume the following two conditions:

• D• is the Harder-Narasimhan filtration of (D,α);
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• D′
• has the same numerical data as D•, i.e.,

deg(grqD•
D,α) = deg(grq

D′
•
D,α), and dim(grqD•

D) = dim(grq
D′

•
D).

Then D• = D′
•.

Proof. Write r (resp. r′) to be the maximal real number occurring among the jumps of
the R-filtration D• (resp. of D′

•). Then (Dr, α) is the maximal destabilized sub-normed
isocrystal of (D,α) and it is of slope r. Since D′

• has the same numerical data as D•, it
follows that r = r′ and that (D′

r, α) is a sub-normed isocrystal of (D,α) of slope r. Therefore,
(D′

r, α) must be semi-stable, and hence coincides with (Dr, α) as dimF̆ Dr = dimF̆ D′
r. Next,

replacing D by D/Dr = D/Dr′ we check by induction that D• = D′
•. □

Combining Lemma 3.4 and Proposition 3.5 we obtain

Corollary 3.7 (Canonical reduction for the HN-filtration). Assume G quasi-split. Let
b ∈ G and x ∈ GrG(C,C

+) a geometric point. Then

vb,x = max

{
v(bQ′ ,g′)

∣∣∣∣Q′ is a standard parabolic of G, and

(bQ′ , g′) is a reduction of b to Q′

}
.

Moreover, there exist a unique standard parabolic subgroup Q with Levi component M and
a unique class of reduction (bQ, g) of b to Q satisfying the following properties:

(1) write bM ∈ M(F̆ ) the image of bQ and recall the projection prM : GrP → GrM ,
then the M -bundle EbM ,prM (g−1x) is HN-semi-stable in the sense that the HN-vector
of (bM , xM ) is central in M ; and

(2) the slope vector of the M -bundle in (1) is dominant Q-regular.

Finally, the slope vector of the M -bundle in (1) is vb,x.

Corollary 3.8. Let G be a reductive group over F , which is not necessarily quasi-split. Let
b ∈ G(F̆ ) and x ∈ GrG,µ a geometric point, such that Eb,x = Eb′ with [b′] ∈ B(G). Then there

exists a unique element [b′′] ∈ B(G) such that νb′′ = −w0vb,x and κ(b′′) = κ(b′) = κ(b)−µ♯.
Moreover νb′′ ≤ νb′.

In the following, we shall denote by HN(b, x) this unique element [b′′] ∈ B(G).

Proof. The uniqueness is clear as any element in B(G) is uniquely determined by Newton
invariant and Kottwitz invariant (1.1.1). It suffices to prove the existence of b′′.

Assume first that G is quasi-split. Let Q be the standard parabolic subgroup of G as
given in Lemma 3.4, with M its corresponding standard Levi which is the centralizer of
vb,x. Let bQ = (bQ, g) be a reduction of b to Q such that v(bQ,g) = vb,x. Let bM ∈ M(F̆ ) be
the image of bQ via the natural projection. So

(Eb,x)bQ ×Q M ≃ EbM ,x′

with x′ ∈ GrM,λ a geometric point for some λ ∈ SM (µ). Its M -equivariant first Chern class

c1M (EbM ,x′) ∈ π1(M)Γ gives a basic element [b̃′′M ] ∈ B(M) with

κM (b̃′′M ) = c1M (EbM ,x′) = λ♯ − κM (bM ) in π1(M)Γ.

Then νb̃′′M
= vb,x. Let [b̃

′′] ∈ B(G) be its image via the natural map B(M) → B(G). Recall

that by [CT, Corollary 2.9], the map

X∗(A)+Q ≃ X∗(A)+Q

v 7→ v∗ := −w0v

induces a bijection between generalized Kottwitz sets

B(G, ϵ, δ) ≃ B(G,−ϵ,−w0δ).
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Let [b′′] ∈ B(G) be the image of [b̃′′] under this bijection. Then it is clear that

κ(b′′) = −κ(b̃′′) = −µ♯ + κ(b) = κ(b′)

and

νb′′ = −w0νb̃′′ = −w0vb,x.

The inequality νb′′ ≤ νb′ , or equivalently, vb,x ≤ νEb,x (where the HN polygon νEb,x of Eb,x
is defined in Section 1.1.4), follows from the previous result, as vEb,x can be characterized
similarly as the maximum of the slope vectors of all possible reductions of Eb,x to a standard
parabolic subgroups of G (Proposition 1.5).

Now consider the general case where G is not necessarily quasi-split. Let H be the
unique quasi-split inner form over F of G, and write H = Jb0 for some basic b0 ∈ G(F̆ ). In

particular, we have a natural identification ι : HF̆ = Jb0,F̆
∼→ GF̆ . Write bH = ι−1(bb−1

0 ) ∈
H(F̆ ), xH = ι−1(x) ∈ GrH and EbH ,xH

= Eb′H . Then under the natural identification

N (H) = N (G), we have vb,x = vbH ,xH
−νb0 by Proposition 3.3. After applying our corollary

to the quasi-split group H for the triple (bH , xH , b′H), there exists an unique [b′′H ] ∈ B(H)
such that

νb′′H = −w0vbH ,xH
and κ(b′′H) = κ(b′H) = κ(bH)− µ♯.

Let [b′′] ∈ B(G) be the image of [b′′H ] ∈ B(H) via the identification B(H) ≃ B(G). In fact
[b′′] = [ι(b′′H)b0] ∈ B(G). So

−w0vb,x = −w0vbH ,xH
+ νb0 = νb′′H + νb0 = νb′′

and

κG(b
′′) = κH(b′′H) + κG(b0) = κH(b′H) + κG(b0) = κG(b

′).

□

3.4. Harder-Narasimhan stratification on B+
dR-affine Grassmannian. Let b ∈ G(F̆ ).

Then we have the following simple observation.

Lemma 3.9. Let Spa(C2, C
+
2 ) → Spa(C1, C

+
1 ) be a morphism in Perf/Spd(F ) with C1, C2

two algebraically closed perfectoid fields with C+
1 ⊂ C1 and C+

2 ⊂ C2 bounded valuation
subrings. For x1 ∈ GrG(C1, C

+
1 ) with image x2 ∈ GrG(C2, C

+
2 ), we have

HN(b, x1) = HN(b, x2).

Proof. By Tannakian duality, we reduce to the case G = GLV with V a finite-dimensional

F -vector space. Write (C♯
i , C

♯+
i ) for the corresponding untilt of (Ci, C

+
i ), B+

i := B+
dR(C

♯
i )

and Bi = BdR(C
♯
i ) for i = 1, 2. Then the natural map B+

1 → B+
2 is an unramified extension

of DVRs whose residue field extension is just C♯
1 ⊂ C♯

2. Let Ξ1 ⊂ V ⊗F B1 be a B+
1 -lattice

and Ξ2 = Ξ1 ⊗B+
1
B+

2 . Then the HN-filtration for the normed isocrystal (V ⊗ F̆ , b, αΞ1)

coincides with that for (V ⊗ F̆ , b, αΞ2), from where our lemma follows. □

Consequently, we dispose of a map

(3.4.1) HNb : |GrG| −→ B(G), x 7−→ HN(b, x).

Let [b′′] ∈ B(G). We write

|GrG|HNb≥[b′′] (resp. |GrG|HNb=[b′′])

the subset of |GrG| consisting of points x such that

HN(b, x) ≥ [b′′] (resp. HN(b, x) = [b′′]).
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Write also

Gr
HN=[b′′]
G,b := GrG ×|GrG| |GrG|HNb≥[b′′] (resp. Gr

HN≥[b′′]
G,b := GrG ×|GrG| |GrG|HNb=[b′′]),

that is, the v-subsheaf of GrG, such that a morphism S → GrG from a perfectoid space

S ∈ Perf/Spd(F ) factors through Gr
HN=[b′′]
G,b (resp. Gr

HN≥[b′′]
G,b ) if and only if HN(b, x) = [b′′]

(resp. (resp. HN(b, x) ≥ [b′′]) for every geometric point x of S. On the other hand, by the
local constancy of the Kottwitz invariant ([FS, Theorem III.2.7]), the following composed
map is locally constant

κb : |GrG|
BLb−→ |BunG|

κ−→ π1(G)Γ.

Here the first map is the Beauville-Laszlo morphism defined by using the element b ∈ G(F̆ ).
The preimage of an element α ∈ π1(G)Γ is then the underlying topological space of an open
and closed v-subsheaf, denoted by

Grκb=α
G ,

of GrG, and we deduce a decomposition in open and closed subsheaves

GrG =
∐

α∈π1(G)Γ

Grκb=α
G .

For a geometric conjugacy class {µ} of cocharacters of G, write also

Grκb=α
G,≤µ = Grκb=α

G,F̄
∩GrG,≤µ.

Proposition 3.10. Let [b′′] ∈ B(G).

(1) Suppose moreover G quasi-split. Let S → Spd(F̄ ) be a geometric point of Spd(F̄ ).
We have

Gr
HN≥[b′′]
G,b (S) =

 ⋃
reduction (bP ,g) of b to
a standard parabolic P

g ·

 ⋃
u∈X∗(Mab) such that

−AvM (νbM )+u⋄≥−w0νb′′

GruP (S)


⋂Gr

κb=κ(b′′)
G (S),

where
• GruP is defined in section 1.2.2;
• [bM ] is the image of [bP ] via the natural map B(P ) → B(M);
• in the inequality, u⋄ is the Galois average of u and is considered to be an element
in X∗(A)Q via the natural inclusion X∗(M

ab)ΓQ ⊂ X∗(A)Q.

(2) For general reductive group G and for a geometric conjugacy class {µ} of cocharac-
ters of G, the subfunctor

Gr
HN≥[b′′]

G,b,F̄
∩GrG,≤µ (resp. Gr

HN=[b′′]

G,b,F̄
∩GrG,≤µ)

is closed (resp. locally closed) in GrG,≤µ, thus a spatial diamond (resp. a locally
spatial diamond). In particular, the restriction to |GrG,≤µ| of the map HNb in (3.4.1)
is upper semi-continuous.

Proof. (1) Take x ∈ Gr
HN≥[b′′]
G,b (S). Then vb,x ≥ −w0νb′′ and κb(x) = κ(b′′) by Corollary 3.8.

Let M ⊂ G be the centralizer of vb,x, with P ⊂ G the corresponding standard parabolic
subgroup. In particular, b has a reduction (bP , g) to P such that

Eb,x ≃ EbP ,g−1x,
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with g−1x ∈ GruP for some u ∈ X∗(M
ab). Moreover, the HN-vector vb,x is the slope vector

of the M -bundle EbM ,prM (g−1x), which is nothing but −AvM (νbM ) + u⋄. To see the last

assertion, write xM := prM (g−1x) ∈ GruM . Note that for any χ ∈ X∗(M)Γ, we have

⟨v (EbM ,xM
) , χ⟩ = deg(χ∗(EbM ,xM

)) = deg(Eχ(bM ),χ(xM )) = ⟨−νbM , χ⟩+⟨u, χ⟩ = ⟨−νbM+u⋄, χ⟩.

Here the last equality holds because χ is Γ-invariant, and therefore ⟨u, χ⟩ = ⟨u⋄, χ⟩. As a
result

v (EbM ,xM
) = AvM (−νbM + u⋄) = −AvM (νbM ) + u⋄,

as asserted. It follows that

−AvM (νbM ) + u⋄ ≥ −w0νb′′ .

Consequently, x ∈ Gr
HN≥[b′′]
G,b (S) is contained in the right-hand side of the equality in (1).

Conversely, suppose that b has a reduction (bP , g) and x ∈ gGruP (S) for some u ∈ X∗(M
ab)

with −AvM (νbP )+u⋄ ≥ −w0νb′′ . The slope vector of the M -bundle EbM ,pr(g−1x) is precisely

−AvM (νbM ) + u⋄.

Therefore

vb,x ≥ −AvM (νbP ) + u⋄ ≥ −w0νb′′ .

If moreover κb(x) = κ(b′′), we then obtain HN(b, x) ≥ [b′′], as desired.

(2) Clearly we may assume G quasi-split and it is enough to show that Gr
HN≥[b′′]
G,b ∩GrG,≤µ

is closed in GrG,≤µ, i.e., for every totally disconnected perfectoid space S mapping to GrG,≤µ,
the pullback

(Gr
HN≥[b′′]
G,b ∩GrG,≤µ)×GrG,≤µ

S

is representable by a closed immersion to S (cf. [Scho18, Definition 10.7 (ii)]). Since

Gr
HN≥[b′′]
G,b ∩GrG,≤µ = GrG,≤µ ×|GrG,≤µ| |Gr

HN≥[b′′]
G,b ∩GrG,≤µ|,

according to [Scho18, Lemma 7.6 and Definition 5.6], we only need to show that the subset

|Gr
HN≥[b′′]
G,b ∩GrG,≤µ| ⊂ |GrG,≤µ|

is closed and generalizing.
For a standard parabolic P and λ := −w0νb′′ , consider the following v-subsheaves

SbP ,λ :=

 ⋃
u∈X∗(Mab) such that
−AvM (νbM )+u⋄≥λ

GruP

 ∩Gr
κb=κ(b′′)
G,≤µ

and

S :=
⋃

reduction (bP ,g) of b to
a standard parabolic P

g · SbP ,λ.

Clearly we have inclusion

S ⊂ Gr
HN≥[b′′]
G,b ∩GrG,≤µ

of subsheaves of GrG,≤µ and they have the same geometric points by (1). So

|S| = |Gr
HN≥[b′′]
G,b ∩GrG,≤µ| ⊂ |GrG,≤µ|.

Moreover, for g ∈ P (F̆ ), gGruP = GruP , so the subfunctor SbP ,λ is preserved by the left-

multiplication by an element of P (F̆ ).
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We first claim that |SbP ,λ| is closed in |GrG,≤µ|. Indeed, for u, u′ ∈ X∗(M
ab) with u′ ≥ u,

we have also u′⋄ ≥ u⋄. It follows that

SbP ,λ =

 ⋃
u∈X∗(Mab) such that
−AvM (νbM )+u⋄≥λ

GruP

∩Gr
κb=κ(b′′)
G,≤µ =

⋃
u∈X∗(Mab) such that
−AvM (νbM )+u⋄≥λ


 ⋃

u′∈X∗(Mab)
with u′≥u

Gru
′

P

 ∩Gr
κb=κ(b′′)
G,≤µ

 .

On the other hand, the union ⋃
u′∈X∗(Mab)
with u′≥u

Gru
′

P

is closed in GrG by Proposition 1.8, and there exist only finitely many u ∈ X∗(M
ab) with

GruP ∩GrG,≤µ ̸= ∅ by Remark 1.12. So SbP ,λ is a union of finitely many closed subfunctors
of GrG,≤µ. Consequently

|SbP ,λ| ⊂ |GrG,≤µ|
is closed.

Next we show that |S| ⊂ |GrG,≤µ| is also closed. By Lemma 3.11 below, [b] ∈ B(G) has
finite preimage via the natural map B(M) → B(G). We denote by [bi] ∈ B(M) (1 ≤ i ≤ n)

all these preimages. Suppose gibiσ(gi)
−1 = b with gi ∈ G(F̆ ), and write Ji := Jbi where bi

is viewed as an element of G(F̆ ). Let (bP , g) be a reduction of b to P . By Lemma 1.2, there

exist some p ∈ P (F̆ ) and 1 ≤ i ≤ n such that bP = pbiσ(p)
−1, and thus

b = gbPσ(g)
−1 = (gp)biσ(gp)

−1 = gibiσ(gi)
−1.

Therefore g−1
i gp ∈ Ji(F ). Hence all the reductions of b to P are of the form

(pbiσ(p)
−1, g), with p ∈ P (F̆ ) and g ∈ giJi(F )p−1

for some 1 ≤ i ≤ n. Moreover, as [bM ] = [bi] ∈ B(M), it follows that SbP ,λ = Sbi,λ, and

S =
⋃

std parabolic P

 ⋃
reduction (bP ,g)

of b to P

g · SbP ,λ

 =
⋃

std parabolic P

 n⋃
i=1

gi ·

 ⋃
g∈Ji(F )

g · Sbi,λ

 .

Since for a fixed standard parabolic P , the closed subfunctor Sbi,λ is preserved by the action

of an element of P (F̆ ), the union ⋃
g∈Ji(F )

g · |Sbi,λ|

is closed in |GrG,≤µ| if we can show that the quotient Ji(F )/Ji(F )∩ P (F̆ ) is compact. But

Ji(F ) ∩ P (F̆ ) is the F -points of a parabolic subgroup Pi ⊂ Ji, so the compactness of

Ji(F )/Ji(F ) ∩ P (F̆ ) = Ji(F )/Pi(F ) ≃ (Ji/Pi)(F )

follows from the fact that Ji/Pi is projective over locally compact field F (see [Spr10, 15.1.4
Corollary] for the last identification above). As a result, being a finite union of closed
subsets

|S| =
⋃

std parabolic P

 n⋃
i=1

gi ·

 ⋃
g∈Ji(F )

g · |Sbi,λ|


is closed in |GrG,≤µ|.
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Finally we show that the closed subset |S| ⊂ |GrG,≤µ| is generalizing. To check this, let

f : T −→ GrG,≤µ

be a surjective map from a perfectoid space (such a map exists since GrG,≤µ is diamond).
Because the induced map |f | : |T | → |GrG,≤µ| is generalizing ([Scho18, Proposition 11.18])
and surjective. So it is enough to check that the locus of points x ∈ T whose image by |f | is
contained in |S| is generalizing. Since T is an analytic adic space (hence every specialization
in T is vertical), so we are reduced to showing that for any perfectoid field C with an open
and bounded valuation subring C+ ⊂ C, and every morphism Spa(C,C+) → GrG,≤µ, the
induced map

|Spa(C,C+)| −→ |GrG,≤µ|
factors through |S| if and only if |S| contains the image of the closed point of Spa(C,C+).
But this is clear since GrG(C,C

+), GruP (C,C
+) and also the decomposition

GrG(C,C
+) =

∐
u∈X∗(Mab)

GruP (C,C
+)

do not depend on the choice of C+. □

Lemma 3.11. Let G be a quasi-split group, and M ⊂ G a standard Levi. Then, every
element in B(G) has at most finite preimages through the map B(M) → B(G).

Proof. Recall that by [RR96, 4.13], the combination of the Newton map and the Kottwitz
map give an injective map

(ν, κ) : B(G) −→ N (G)× π1(G)Γ.

Moreover, up to torsion, the Kottwitz map κ is determined by the Newton map ν. As the
subgroup of torsion elements in π1(G)Γ is finite, to prove our lemma, it suffices to check
that the natural map

N (M) −→ N (G)

is finite-to-one. But this is clear since the later can be embedded into

X∗(A)M,+
Q −→ X∗(A)+Q, λ 7−→ λdom.

which is finite-to-one. □

Definition 3.12. Fix a triple (G,µ, b) and [b′] ∈ B(G).

(1) Let

Gr
HN=[b′]
G,µ,b := Gr

HN=[b′]
G,b ∩GrG,µ,

Gr
HN≥[b′]
G,µ,b := Gr

HN≥[b′]
G,b ∩GrG,µ.

The subfunctor Gr
HN=[b′]
G,µ,b (resp. Gr

HN≥[b′]
G,µ,b ) is locally closed (resp. closed) in GrG,µ.

This defines the Harder-Narasimhan stratification on GrG,µ. We will also call it
HN-stratification for simplicity.

(2) If b′ is basic, then the HN-stratum Gr
HN=[b′]
G,µ,b is called semi-stable or weakly admis-

sible. There is at most one non-empty semi-stable locus and is denoted by Grwa
G,µ,b.

Remark 3.13. (1)Harder-Narasimhan stratification on the B+
dR-affine Grassmannian has

been studied by many people. When µ is minuscule, this is studied by Dat-Orlik-Rapoport
[DOR10, IX.6]. Indeed, they study the Harder-Narasimhan stratification on the flag variety
F(G,µ) for arbitrary µ. When µ is minuscule, the flag variety F(G,µ) is isomorphic to
GrG,µ via the Bialynicki-Birula map. When G = GLn or b = 1 (or more generally b is
basic), the Harder-Narasimhan stratification is studied by Nguyen-Viehmann ([NV23]) and
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Shen ([Sh23]) based on a result about the compatibility of Harder-Narasimhan filtration with
tensor product by Cornut and Peche Irissarry ([CPI19]) which is Theorem 2.10 for the case
b = 1.

(2)Here the definition of the weakly admissible locus Grwa
G,µ,b is the same as the definition

in [Vie24, NV23] and is more general than the notion in some literatures such as [RZ96,

CFS21, Sh23] where the weakly admissible locus is referred to Gr
HN=[b′]
G,µ,b with [b′] = [1].

Therefore in these literatures, they usually impose the condition [b] ∈ B(G,µ). Under this
condition, our definition of weakly admissible locus coincides with theirs.

4. Compatibility of HN-stratification

In the rest of the article, we change the notations. Let C be a complete algebraically
closed non-archimedean field over F̄ (unlike in the previous sections, C usually stands for a
complete algebraically closed non-archimedean field of characteristic p). Let C+ ⊂ C be an
open valuation subring. To simplify notation, we write GrG(C,C

+) (resp. GrG,µ(C,C
+),

resp. GrG,≤µ(C,C
+)) for GrG(C

♭, C♭,+) (resp. GrG,µ(C
♭, C♭,+), resp. GrG,≤µ(C

♭, C♭,+)).
As GrG(C,C

+) only depends on C but not on C+, we also write GrG(C) for GrG(C,C
+).

The notations GrG,µ(C) and GrG,≤µ(C) are similar.
In this section, we want to compare the HN-stratification for different groups (inner

twists and adjoint) and also compare it with the Newton stratification on GrG,µ and the
HN-stratification on flag varieties.

4.1. Compatibility with inner twists. We take notations as in §3.2. Let H = Jb0 be

an inner twist of G with b0 ∈ G(F̆ ) basic. Then the inner twisting ι : HF̆ → GF̆ induces

an isomorphism GrH,F̆

∼→ GrG,F̆ on which the Harder-Narasimhan stratifications on both

sides are compatible by Proposition 3.3, i.e.

Gr
HN=[b′]
H,µ,b

∼−→ Gr
HN=[ι(b′)b0]
G,ι(µ),ι(b)b0

.

Therefore, when we study the properties of HN-strata, we may always assume that G is
quasi-split.

4.2. Compatibility with adjoint groups. Consider the natural homomorphism

(−)ad : G −→ Gad.

This induces a morphism

π : GrG −→ GrGad

which is compatible with Harder-Narasimhan stratification on both sides in the following
sense:

Proposition 4.1. Suppose Gr
HN=[b̃′]
Gad,µad,bad

is non-empty, then

π−1
(
Gr

HN=[b̃′]
Gad,µad,bad

)
= Gr

HN=[b′]
G,µ,b ,

where [b′] ∈ B(G) is the unique element which is mapped to [b̃′] via B(G) → B(Gad) and to
κG(b

′) = κG(b)− µ♯ in π1(G)Γ.

Proof. Here the existence and uniqueness of [b′] is due to Kottwitz [Kot97, Corollary 4.11].
By subsection 4.1, we may assume that G is quasi-split. Note that for any x ∈ GrG(C),

Ebad,π(x) = Eb,x ×G Gad.
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And there is a canonical bijection

{standard parabolic subgroups of G} −→ {standard parabolic subgroups of Gad}

Q 7−→ Qad
.

Moreover, the natural map

{reduction of b to Q} −→ {reduction of bad to Qad}

(bQ, g) 7−→ (badQ , gad)

is surjective with slope vectors
vad(bQ,g) = v(badQ ,gad),

where the slope vectors are defined in subsection 3.3. Then the result follows from Propo-
sition 3.5. □

4.3. Compatibility with Newton stratification. On theB+
dR-affine Grassmannian GrG,µ,

we have another stratification called the Newton stratification. Let us first briefly recall
its definition. For each geometric point x ∈ GrG,µ(C,C

+), the isomorphism class of the
modification Eb,x of the G-bundle Eb corresponds to a unique element New(b, x) ∈ B(G) by
a theorem Fargues ([Far20], see also § 1.1.3). So we obtain a map

GrG,µ(C,C
+) −→ B(G).

Letting (C,C+) vary, we deduce a map

Newtb : |GrG,µ| −→ B(G), x 7−→ New(b, x).(4.3.1)

For [b′] ∈ B(G), the corresponding Newton strata Gr
New=[b′]
G,µ,b is defined to be the preimage

of [b′] ∈ B(G) via the map Newb: so for any complete algebraically closed field extension C
of F̄ and for any valuation subring C+ ⊂ C,

Gr
New=[b′]
G,µ,b (C,C+) = {x ∈ GrG,µ(C,C

+)|Eb,x ≃ Eb′}.
In particular, we have a decomposition

(4.3.2) GrG,µ =
∐

[b′]∈B(G)

Gr
New=[b′]
G,µ,b

of the B+
dR-affine Grassmannian GrG,µ. Write also

Gr
New≥[b′]
G,µ,b =

⋃
B(G)∋[b′′]≥[b′]

Gr
New=[b′′]
G,µ,b .

The non-empty Newton stratum Gr
New=[b′]
G,µ,b with [b′] ∈ B(G) basic is called the admissible

locus and is denoted by GraG,µ,b.

Remark 4.2. The definition of the admissible locus is more general to the one in some
literature which is parallel to the situation of the weakly admissible locus (cf. 3.13 (2)). It

is also known that each Newton stratum Gr
New=[b′′]
G,µ,b is locally closed and Gr

New≥[b′′]
G,µ,b is closed

in GrG,µ ([KL15, Theorem 7.4.5], [CS17, Corollary 3.5.9], [Vie24, § 3.1]).

Proposition 4.3. For any x ∈ GrG,µ(C), we have

HN(b, x) ≤ New(b, x),

which implies

Gr
HN=[b′]
G,µ,b ⊆ Gr

New≥[b′]
G,µ,b .

In particular, when [b] ∈ B(G,µ), we have GraG,µ,b ⊆ Grwa
G,µ,b.
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Proof. The inequality HN(b, x) ≤ New(b, x) following from Corollary 3.8, from which the
second assertion follows. □

Remark 4.4. When b = 1, this result is known by Nguyen-Viehmann [NV23, Lemma 6.1]
and Shen [Sh23, Proposition 3.4].

4.4. Compatibility with HN-stratification on flag varieties. Dat-Orlik-Rapoport de-
fined in [DOR10, IX.6] the Harder-Narasimhan formalism for the flag variety associated to
the triple (G,µ, b). We recall briefly its construction which is parallel to ours.

Let K|F̆ be a field extension. Denote by

FilIsocK
F̆ |F

the category of filtered isocrystals consisting of triples (N,φ,Fil•NK), where

• (N,φ) is an isocrystal over F̆ |F ,
• Fil•NK is a separated exhaustive decreasing Z-filtration of K-subspaces on NK :=
N ⊗F̆ K.

For an object (N,φ,Fil•NK) in FilIsocK|F̆ , define the slope

slope(N,φ,Fil•NK) :=
deg(N,φ,Fil•NK)

rank(N,φ,Fil•NK)
,

where

rank(N,φ,Fil•NK) := rankF̆N,

deg(N,φ,Fil•NK) := deg(Fil•NK)− deg(N,φ),

with deg(Fil•NK) :=
∑

i∈Z idimK(FiliNK/Fili+1NK) and deg(N,φ) = vF (det(φ)) is the
p-adic valuation of the determinant of φ where vF denotes the normalized valuation on F .
This slope function leads to a Harder-Narasimhan formalism on the category FilIsocK|F̆ .

In particular, we have the Harder-Narasimhan filtration for each objects which defines the
functor

F̃HN : FilIsocK
F̆ |F −→ F(IsocF̆ |F ).

It is known that F̃HN is compatible with tensor products ([Fal94], [Tot94]).
Now we apply similar argument as in Section 3.3 to construct HN-vector associated to a

pair (b, x) with x ∈ F(G,µ)(K). We have the functor

F̃HN (b, x) : RepF (G) −→ FilIsocK
F̆ |F

F̃HN−→ F(IsocF̆ |F ).

(V, ρ) 7−→ (VF̆ , ρ(b)σ,Fil
•
ρ(x)VK)

There exists some rational cocharacter of G which splits F̃HN (b, x). Its conjugacy class
does not depend on the choice of the splitting and is denoted by ṽb,x. Similar arguments
as Corollary 3.8 shows that there exists a unique element HN(b, x) ∈ B(G) called the
Harder-Narasimhan vector for the pair (b, x), such that

νHN(b,x) = −ṽb,x and κ(HN(b, x)) = κ(b′) = κ(b)− µ♯.

The parametrization by the HN-vector gives the Harder-Narasimhan stratification on the
flag variety F(G,µ):

F(G,µ) =
∐

[b′]∈B(G)

F(G,µ, b)HN=[b′],

where for each geometric point x ∈ F(G,µ)(C,C+),

x ∈ F(G,µ, b)HN=[b′](C,C+) ⇐⇒ HN(b, x) = [b′].
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Define also

F(G,µ, b)HN≥[b′] :=
∐

[b′′]≥[b′]

F(G,µ, b)HN=[b′′].

Remark 4.5. In [DOR10], the index for the each HN-stratum is given by ṽb,x. Here we
take the index to be HN(b, x) in order to be compatible with the index of the HN-strata and
Newton strata on the B+

dR-Grassmannian.

Proposition 4.6. Via the Bialynicki-Birula map BB : GrG,µ → F(G,µ), we have

HN(b, x) ≤ HN(b,BB(x)).

In particular,

BB−1(F(G,µ, b)HN=[b′]) ⊆
∐

[b′′]≤[b′]∈B(G),

Gr
HN=[b′′]
G,µ,b ,

and Grwa
G,µ,b ⊇ BB−1(F(G,µ, b)ss).

Proof. By Tannakian formalism, we reduce to the GLn case. In this case, the BB map gives
a functor still denoted by BB:

BB : BunIsocBdR

F̆ |F
−→ FilIsocC

F̆ |F

(D,Ξ) 7−→ (D,FΞ),

where FΞ is defined in Remark 2.22.
We want to compare the HN vectors on both sides. First note that the BB map preserves

the rank and degree functions, i.e., deg(D,Ξ) = deg(D,FΞ) and rank(D,Ξ) = rank(D,FΞ).
Let D1 be a sub-isocrystal of D. Let (D1,Ξ1) (resp. (D1,FΞ,1)) be the corresponding strict

sub-object of (D,Ξ) (resp. (D,FΞ)) in BunIsocBdR

F̆ |F
(resp. FilIsocC

F̆ |F ): so

Ξ1 = (D1 ⊗F̆ BdR) ∩ Ξ

and FΞ,1 is the intersection of FΞ with D1⊗F̆ C. In general, the BB map does NOT preserve
strict sub-objects, i.e., FΞ,1 ̸= FΞ1 . More precisely note that for i ∈ Z,

F i
Ξ1

=
πi(D1 ⊗BdR ∩ Ξ) ∩ Ξ1,0 + πΞ1,0

πΞ1,0
⊂ D1 ⊗F̆ C

F i
Ξ,1 =

πiΞ ∩ Ξ0 + πΞ0

πΞ0
∩ (D1 ⊗F̆ C),

where Ξ0 = D⊗B+
dR and Ξ1,0 = D1⊗B+

dR. We can check that the identity map on D1⊗F̆ C
induces a morphism of filtered C-vector spaces

(D1 ⊗ C,FΞ1) −→ (D1 ⊗ C,FΞ,1)

which implies that

degFΞ1 ≤ degFΞ,1,

and hence

deg(D1,Ξ1) = deg(D1,FΞ1) ≤ deg(D1,FΞ,1),

where the first equality holds since the BB map preserves degree. On the other hand,

rank(D1,Ξ1) = rankF̆D1 = rank(D1,FΞ,1),

it follows that HN(b, x) ≤ HN(b,BB(x)). □
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Remark 4.7. (1) Shen mentioned in [Sh23, § 2.4] that the BB map

BB : BunIsocBdR

F̆ |F
−→ FilIsocC

F̆ |F

does not preserve strict sub-objects. Viehmann gave an example in [Vie24, Example 4.10]
to illustrate that the semi-stable locus of the two sides does not correspond to each other via
the BB map.

(2) We keep the notations as in the proof of the previous proposition, the lattice Ξ could
be considered as an element in GrG,µ(C) for some µ, where G = GL(D). Let M1 = GL(D1)
and P = stab(D1) ⊂ G a parabolic subgroup with Levi component GL(D1) × GL(D/D1).
Then is a natural projection prM1

: P → M1.
The fact that the BB map is not compatible with subobjects could be reformulated by the

fact that the following diagram is not commutative:

GrG,µ(C) F(G,µ)(C)

Ξ FΞ

Ξ1 FΞ1 ,FΞ,1

GrM1(C)
∐

µ1
F(M1, µ1)(C)

BB

prGr

BB

prF

where

• prGr(gG(B+
dR)) := prM1

(p)M1(B
+
dR), if gG(B+

dR) = pG(B+
dR) for some p ∈ P (BdR)

by Iwasawa decomposition.
• prF (gPµ(C)) := prM1

(p̃) ∈ F(M1, µ1)(C), where µ1 is the projection of wµ to the
M1-component, if g ∈ p̃wPµ(C) for some p̃ ∈ P (C) by Bruhuat decomposition.

• prGr(Ξ) = Ξ1 and prF (FΞ) = FΞ,1.

The non-commutativity of the diagram follows from the fact that the Iwasawa decomposition
and Bruhat decomposition on G(BdR) are in general NOT compatible.

On the other hand, for Ξ ∈ GrG,µ, if

Ξ ∈ P (B+
dR)wµ

−1(ξ)G(B+
dR)/G(B+

dR)(C)(4.4.1)

for some w ∈ WG, then we can read off simultaneously the Iwasawa decomposition and
the Bruhat decomposition for Ξ, and it follows by direct verification that the previous
diagram is commutative for such that Ξ. For example, when µ is minuscule or Ξ ∈
G(C)µ−1(ξ)G(B+

dR)/G(B+
dR) for some section C → B+

dR, then Ξ satisfies (4.4.1) (compare
also [NV23, Theorem 5.1]).

4.5. Classical points. Recall that {µ} is a geometric conjugacy class of cocharacters of
the F -reductive group G, with E its reflex field inside a fixed algebraic closure F̄ of F .
Write Ĕ = E · F̆ , the p-adic completion of the maximal unramified extension of E. Then
the B+

dR-affine Grassmannian GrG,µ is defined over E, giving in particular a functor on

Perf/Spd(Ĕ). By abusing the notation, for a finite field extension K/Ĕ, we write

GrG,µ(K) := Hom(Spd(K),GrG,µ)

and call it the set of K-valued classical points of GrG,µ. Same notation applies if we replace

GrG,µ by F(G,µ)⋄ or more generally by any v-sheaf on Perf/Spd(Ĕ).
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Lemma 4.8. Let K/Ĕ be a finite field extension and denote by C the p-adic completion of
an algebraic closure of K.

(1) The natural maps

F(G,µ)⋄(K) −→ F(G,µ)⋄(C) = F(G,µ)(C) and GrG,µ(K) −→ GrG,µ(C)

are injective, and induce bijections

F(G,µ)⋄(K)
∼−→ F(G,µ)(C)Gal(C/K) and GrG,µ(K)

∼−→ GrG,µ(C)Gal(C/K).

(2) ([FF18, Proposition 10.4.4], [Vie24, Proposition 5.1]) The Bialynicki-Birula map

induces a bijection GrG,µ(K)
∼→ F(G,µ)⋄(K).

Proof. The first part of this lemma is well-known and the second part of the lemma is
proved by [FF18] and [Vie24]. But we still give the proof for the convenience of the readers.

The morphism Spd(C) → Spd(K) of pro-étale sheaves on Perf/Spd(Ĕ) is surjective. It
follows that the natural map

F(G,µ)⋄(K) −→ F(G,µ)⋄(C)

is injective, whose image is obviously contained in F(G,µ)(C)Gal(C/K). On the other hand,

as CGal(C/K) = K, every element x ∈ F(G,µ)(C)Gal(C/K) is a K-point of F(G,µ). The
latter defines a morphism Spd(K) → F(G,µ)⋄ by mapping any affinoid perfectoid space

S = Spa(R,R+) over K to the R-point of F(G,µ) induced by x. Therefore F(G,µ)⋄(K)
∼→

F(G,µ)⋄(C)Gal(C/K).
The remaining part of the proof is adapted from the proof of [Vie24, Proposition 5.1].

Recall that in the GLn-case, GrGLn(C)Gal(C/K) classifies the B+
dR(C)-lattices in BdR(C)n

that are invariant under the action of Gal(C/K). Therefore, by [FF18, Proposition 10.4.4],
the Bialynicki-Birula map induces a bijection

GrGLn,µ(C)Gal(C/K) ∼−→ F(GLn, µ)(K).

Now for a general reductive group G, we take a closed embedding G ↪→ GLn over F . The
latter induces a commutative diagram as below

GrG,µ(K) //

��

GrG,µ(C)Gal(C/K) BB //

��

F(G,µ)⋄(C)Gal(C/K)

��

F(G,µ)(K)

��
GrGLn,µ(K) // GrGLn,µ(C)Gal(C/K) BB // F(GLn, µ)

⋄(C)Gal(C/K) F(GLn, µ)(K)

.

Here the vertical maps are all induced from the closed immersion G ↪→ GLn thus are
injective: for example the injectivity of the first two maps follows from [SW20, Lemma
19.1.5]. As the Bialynicki-Birula map for GLn in the diagram above is bijective, together
with the fact that the second vertical map (from left) is injective, we deduce that the
Bialynicki-Birula map for general G induces an injective map

(4.5.1) GrG,µ(K) −→ F(G,µ)⋄(K) = F(G,µ)(K).

To complete the proof of our lemma, it remains to show that the map (4.5.1) is also

surjective (which implies also GrG,µ(K)
∼→ GrG,µ(C)Gal(C/K)). Take x ∈ F(G,µ)(K).

Since the field K is strictly henselian with algebraically closed residue field, x lifts to an
element in G(K) still denoted by x. On the other hand, the ξ-adic complete ring B+

dR(C)

is naturally an F̆ -algebra whose residue field B+
dR(C)/ξB+

dR(C) ≃ C contains the finite

separable extension K/F̆ , it follows by Hensel’s Lemma that B+
dR(C) is also naturally an
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algebra over K. Hence the element x ∈ G(K) can be viewed as an element of G(B+
dR(C)),

yielding an element
xµ(ξ)−1G(B+

dR(C)) ∈ GrG,µ(C)

whose image via the Bialynicki-Birula map is x ∈ F(G,µ)(C). Furthermore, x also defines
a morphism

α : Spd(K) −→ GrG,µ

by sending every affinoid perfecoid Spa(R,R+) over K to xµ(ξ)−1B+
dR(R) ∈ GrG,µ(R,R+).

Here as R is an K-algebra, the period ring B+
dR(R) contains naturally K as a subring by

the similar argument using Hensel’s Lemma mentioned above. Finally we check that the
image by (4.5.1) of α is exactly x, showing the desired surjectivity. □

Remark 4.9 (cf. [NV23, Remark 5.4]). We keep the notation of Lemma 4.8. By the proof
of the lemma above, a K-valued classical point, viewed as an element in GrG,µ(C), always

has the form xµ(ξ)−1G(B+
dR) for some x ∈ G(K), where K is identified with B

Gal(C|K)
dR .

The main result for classical points is the following theorem.

Theorem 4.10. Let x be a classical point of GrG,µ with value in some finite field extension

of Ĕ, and let [b′] ∈ B(G), then the following statements are equivalent:

(1) x ∈ Gr
New=[b′]
G,µ,b ,

(2) x ∈ Gr
HN=[b′]
G,µ,b ,

(3) BB(x) ∈ F(G,µ, b)HN=[b′].

Remark 4.11. When b is basic, this theorem is proved in [Vie24, Theorem 5.2] for [b′] = 1
and in [NV23, Proposition 5.5] for general b′.

The rest of this section is devoted to the proof of Theorem 4.10. We first prove some
weaker results.

Proposition 4.12. Let K be a finite extension of Ĕ and [b′] ∈ B(G), then

BB
(
Gr

HN=[b′]
G,µ,b (K)

)
= F(G,µ, b)HN=[b′](K).

Proof. It suffices to show HN(b, x) = HN(b,BB(x)) for any x ∈ GrG,µ(K). When b is basic,
this is done in [NV23, Theorem 5.1]. And their proof could be adapted to this setup. For
the convenience of the readers, we still give the proof here.

Using Tannakian formalism, we may first reduce to the G = GLn case. Recall that in
general, the Bialynicki-Birula map

BB : BunIsocBdR

F̆ |F
−→ FilIsocC

F̆ |F

(D,Ξ) 7−→ (D,FΞ),

is NOT compatible with subobjects. Here, we want to show that BB is compatible with

subojects for the particular object (Db,Ξx) ∈ BunIsocBdR

F̆ |F
, where Db is the isocrystal cor-

responding to [b] and Ξx is the lattice corresponding to x. For simplicity, we will write
D = Db and Ξ = Ξx. Let D1 be a sub-isocrystal of D. Let (D1,Ξ1) (resp. (D1,FΞ,1)) be

the corresponding sub-object of (D,Ξ) (resp. (D,FΞ)) in BunIsocBdR

F̆ |F
(resp. FilIsocC

F̆ |F ).

We want to show deg(D1,Ξ) = deg(D1,FΞ,1). It suffices to show FΞ1 = FΞ,1. By Remark
4.9 and Remark 4.7 (2), x ∈ GrG,µ(K) satisfies (4.4.1). It follows that the diagram in Re-
mark 4.7 (2) is commutative for the particular element Ξ and hence BB map is compatible
with subobjects for the particular object (D,Ξ). In particular

BB(D1,Ξ1) = (D1,FΞ,1),
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and hence FΞ1 = FΞ,1. □

The following result shows that weakly admissible locus can always be considered as an
algebraic approximation of the admissible locus.

Proposition 4.13. Let x be a classical point of GrG,µ, then

x ∈ GraG,µ,b ⇐⇒ x ∈ Grwa
G,µ,b

Remark 4.14. When µ is minuscule and G = GLn, this theorem is proved by Colmez-
Fontaine [CF00, Theorem A]. When b is basic, this theorem is proved by Viehmann [Vie24,
Theorem 5.2].

Proof. The proof is the same as [Vie24, Theorem 5.2]. So we only outline a sketch.
By Proposition 4.12,

x ∈ Grwa
G,µ,b ⇐⇒ BB(x) ∈ F(G,µ, b)ss.

Therefore it suffices to show

x ∈ GraG,µ,b ⇐⇒ BB(x) ∈ F(G,µ, b)ss.

When G = GLn, this is proved in [FF18, Proposition 10.5.6]. The general case is reduced
to the GLn by choosing some suitable faithful representation of G as done in the proof of
[Vie24, Theorem 5.2]. □

Now we are ready to prove the main result about classical points.

Proof of Theorem 4.10. The strategy is the same as [NV23, Proposition 5.5]. By Propo-
sition 4.12, we have (2) is equivalent to (3). It remains to show that (1) is equivalent to
(2). Suppose [b′] = HN(b, x), it remains to show Eb,x ≃ Eb′ . Let M be the centralizer of
w0νb′ and P the corresponding parabolic subgroup of G. Let b′M be the reduction of b′ to
M such that νb′M = w0νb′ . By Proposition 3.7, there exists a canonical reduction (Eb,x)P
of Eb,x such that prM (x) is semi-stable and HN(bM , prM (x)) = [b′M ]. As prM (x) ∈ GrM is

again a classical point, by Proposition 4.13 it follows that (Eb,x)×P M ≃ Eb′M . As the slope

vector of Eb′M is G-dominant, by [Che23, Theorem 2.7, Corollary 2.9], Eb,x ≃ Eb′ . □

5. Basic properties of HN-strata

In this section, we will discuss some basic properties of a HN-stratum, such as non-
emptiness, dimension formula and classical points. By Section 4.1, a HN-stratum associated
to (G,µ, b) is always isomorphic to a HN-stratum associated to some (H,µH , bH) with H
an inner twist of G. Therefore, without loss of generality, in this section we will always
assume that G is quasi-split.

For a given Harder-Narasimhan stratum Gr
HN=[b′]
G,µ,b , let M be the centralizer of w0νb′ and

P be the associated standard parabolic subgroup of G. Let b′M be the reduction of b′ to M
such that νb′M = w0νb′ . By passing to the graded quotient of the canonical filtration, for

any algebraically closed perfectoid field C containing F̄ with a bounded valuation subring
C+, we have the following inclusion

Gr
HN=[b′]
G,µ,b (C) ⊂

⋃
reduction (bM ,g)

of b to M

⋃
λ∈SM (µ) with

λ=κM (bM )−κM (b′
M

) in π1(M)Γ

g · (GrG,µ ∩GrP,λ) (C),

where GrP,λ and SM (µ) are defined in § 1.2.2 and the conditions on λ follows from Lemma
1.10 and the fact that

Gr
HN=[b′M ]

M,bM ,λ ̸= ∅ ⇒ κM (bM )− λ = κM (b′M ) in π1(M)Γ.
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On the other hand, we have a projection map

GrP,λ −→ GrM,λ

and we denote by GrssP,λ,bM the preimage of the HN-semi-stable locus Grwa
M,λ,bM

⊂ GrM,λ

through the above projection.

Proposition 5.1. Keep the above notations.

(1) Let C be an algebraically closed perfectoid field containing F̄ with a bounded valua-
tion subring C+. We have

Gr
HN=[b′]
G,µ,b (C) =

⋃
reduction (bM ,g)

of b to M

⋃
λ∈SM (µ) with

λ=κM (bM )−κM (b′
M

) in π1(M)Γ

g ·
(
GrG,µ ∩GrssP,λ,bM

)
(C).

(2) Assume µ minuscule. Then the map

GrG,µ ∩GrssP,λ,bM −→ Grwa
M,λ,bM

is (the diamond attached to) an affine fibration with fiber N/N ∩Pλ, where N is the
unipotent radical of P .

Proof. (1) follows from Proposition 3.5. For (2), we need to study the map

GrG,µ ∩GrP,λ −→ GrM,λ

for any λ ∈ SM (µ), provided that µ is minuscule. Recall that, since µ is minuscule the
Bialynicki-Birula map yields an isomorphism of v-sheaves

(5.0.1) BB : GrG,µ
∼−→ F(G,µ)⋄.

In the level of geometric points, the above BB map is given by

GrG,µ(C,C
+) ∋ g[µ−1] 7−→ [ḡ] ∈ F(G,µ)⋄(C♭, C♭,+) = G(C)/Pµ(C),

with [µ−1] := µ(ξ)−1G(B+
dR)/G(B+

dR) ∈ GrG(C,C
+). We will relate GrG,µ ∩GrP,λ to some

subspace of the flag variety F(G,µ). Assume λ = wµ for some w ∈ G(F̄ ) normalizing T
and write F(G,µ)w the P -orbit of the element

[w] ∈ F(G,µ) = G/Pµ.

In particular, we have

F(G,µ)w = P/P ∩ Pwµ ↪→ F(G,µ) = G/Pµ.

We claim that under the BB map (5.0.1) above, GrG,µ ∩GrP,λ ↪→ GrG,µ corresponds to the
sub-diamond

F(G,µ)w,⋄ ↪→ F(G,µ)⋄.

Indeed, in the level of geometric points

GrG,µ(C,C
+) ∩GrP,λ(C,C

+)
= G(B+

dR) · [µ
−1] ∩ (N(BdR)M(B+

dR) · [λ
−1])

= P (B+
dR)w · [µ−1]

where the last equality holds by [HKM12, Proposition 13.1]. Therefore under the identifica-
tion (5.0.1), GrG,µ ∩GrP,wµ and F(G,µ)w,⋄ have the same geometric points. On the other
hand, for a general affinoid perfectoid space S over Spd(F̄ ), a morphism S → GrG,µ factors
through GrG,µ∩GrP,λ if and only if this is the case after restricting to every geometric points
of S. Therefore, to conclude the proof of our claim, it suffices to check that a morphism

α : S♯ −→ F(G,µ)
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factors through the subspace
F(G,µ)w ⊂ F(G,µ)

if α(x̄) ∈ F(G,µ)w for every geometric points x̄ of S. Let U ⊂ F(G,µ) be an open subspace,
which contains F(G,µ)w as a Zariski closed subspace. Because for every geometric point x̄
of S, α(x̄) ∈ F(G,µ)w, it follows that Im(α) ⊂ U . By [Scho15, Lemma II.2.2], the pullback
of F(G,µ)w ↪→ U through the morphism α : S♯ → U defines a Zariski closed immersion
T ↪→ S♯ of affinoid perfectoid spaces, together with a commutative diagram

T //

��

F(G,µ)w

��
S♯ α // F(G,µ).

Moreover, for a morphism f : T ′ → S♯ of perfectoid spaces, the composed map α ◦ f factors
through F(G,µ)w if and only if f factors through T (cf. [Scho15, Remark II.2.3]). Our
assumption on α implies that the induced map T (C,C+) → S♯(C,C+) is bijective for all
algebraically closed perfectoid field C together with an open bounded valuation subring
C+ ⊂ C. Hence by [Scho18, Lemma 5.4], T

∼→ S♯ and the morphism α factors through
F(G,µ)w, as wanted. This finishes the proof of our claim.

On the other hand, the map GrG,µ ∩ GrssP,λ,bM → Grwa
M,λ,bM

is the pullback of the open
subdiamond Grwa

M,λ,bM
⊂ GrM,λ through the morphism GrG,µ ∩ GrP,λ → GrM,λ, which by

the claim above can be identified with the natural map

F(G,µ)w,⋄ = (P/P ∩ Pλ)
⋄ −→ F(M,λ)⋄.

So our proposition follows from the fact that the map P/P ∩ Pλ → M/M ∩ Pλ is an affine
fibration with fiber isomorphic to N/N ∩ Pλ. □

5.1. Non-emptiness.

Theorem 5.2. Suppose G is quasi-split. A HN-stratum Gr
HN=[b′]
G,µ,b is non-empty if and only

if there exists a M -dominant cocharacter λ ∈ SM (µ) such that the generalized Kottwitz set
(cf. 1.1.2 for the definition)

B(M,λ+ κM (b′M ), λ⋄νb′M )

contains a reduction [bM ] of b to M .

Remark 5.3. (1) In the previous proposition, we may replace SM (µ) by Σ(µ)M−max. In-
deed, for any λ ∈ SM (µ) we can always find λmax ∈ Σ(µ)M−max such that λ ≤M λmax. The
result follows from the fact that

B(M,λ+ κM (b′M ), λ⋄νb′M ) ⊆ B(M,λmax + κM (b′M ), λ⋄
maxνb′M ).

(2) When G = GLn, an analogous result for the non-emptiness of Harder-Narasimhan
strata of the flag varieties is obtained by Orlik [Orl06, Theorem 1]. See Proposition 5.5 for
the precise version.

(3) When b is basic, the previous conditions are equivalent to the following: there exists
a reduction bM of b to M , and there exists a M -dominant cocharacter λ ∈ SM (µ) such that

κM (bM )− λ = κM (b′M ) in π1(M)Γ.

In particular, [b′] ∈ B(G, κG(b) − µ, νbµ
−1). This is compatible with the description of the

non-emptiness of HN-strata for b = 1 in [NV23, Prop. 3.13].

Lemma 5.4. Grwa
G,µ,b is non-empty if and only if µad,⋄ ≥ νadb in Gad. In particular, when

[b] ∈ B(G,µ), Grwa
G,µ,b is non-empty if and only if µ⋄ ≥ νb.
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Proof. By §4.2, via the morphism π : GrG → GrGad induced from the quotient G → Gad,
we have

π−1(Grwa
Gad,µad,bad) = Grwa

G,µ,b.

It follows that Grwa
G,µ,b is non-empty if and only if so is Grwa

Gad,µad,bad . So we may assume

that G is adjoint.
Necessity. Suppose Grwa

G,µ,b ̸= ∅. Choose x ∈ Grwa
G,µ,b(C) for some algebraically closed

perfectoid field C containing F̄ . Let bM1 be a reduction of b to a standard Levi subgroup
M1 such that bM1 is basic in M and νbM1

is G-anti-dominant. Let P1 be the standard

parabolic subgroup associated to M1. By weak admissibility, for any χ ∈ X∗(P1/ZG)
+,

degχ∗((Eb,x)P ) = degχ∗(EbM1
,prM1

(x)) = ⟨χ, λ− νbM1
⟩ ≤ 0,(5.1.1)

where prM1
(x) ∈ GrM1,λ(C) for some λ ∈ SM1(µ) by Lemma 1.10.

Claim: λG−dom ≥ νb.
The Claim implies that µ ≥ λG−dom ≥ νb. Now it remains to prove the Claim. The

inequality (5.1.1) implies that

AvM1(λ)− νbM1
= AvM1(λ− νbM1

) ≤ 0,

where AvM1 : X∗(T )Q → X∗(T )Q denotes the WM1-average, i.e.,

AvM1(λ) =
1

|WM1 |
∑

w∈WM1

wλ.

It follows that

νb = w0νbM1
≤ w0AvM1(λ) = Avw0M1((w0λ)w0M1−dom) ≤ (w0λ)w0M1−dom ≤ λG−dom,

as claimed.
Sufficiency. [FR05, Theorem 3] shows that F(G,µ, b)wa = F(G,µ, b)ss is non-empty if

and only if νb ≤ µ⋄. Then the result follows from Proposition 4.6.
□

Proof of Theorem 5.2. Necessity. Suppose x ∈ Gr
HN=[b′]
G,µ,b (C). By Proposition 3.7, there

exists a reduction (bM , h) of b to M such that prM (h−1x) ∈ Grwa
M,λ,b(C) = Gr

HN=[b′M ]

M,λ,b (C)

for some λ ∈ SM (µ). Then κM (b′M ) = κM (bM ) − λ♯ and νadbM ≤M λad,⋄ by Lemma 5.4. It
follows that νbM ≤M λ⋄νb′M and the result follows.

Sufficiency. Suppose (bM , h) and λ are as in the conditions. Then again by Lemma

5.4, Grwa
M,λ,b is non-empty. Note that h · pr−1

M (Grwa
M,λ,b) ⊆ Gr

HN=[b′]
G,µ,b , it follows that the HN

stratum is non-empty. □

We have analogous result for the non-emptiness of Harder-Narasimhan strata in the flag
varieties. Let

SM (µ)cl := {λ ∈ Wµ | λ is M -dominant}.
Obviously, SM (µ)cl ⊂ Σ(µ)M−max.

Proposition 5.5. Suppose G is quasi-split. A HN-stratum F(G,µ, b)HN=[b′] is non-empty
if and only if there exists a M -dominant cocharacter λ ∈ SM (µ)cl such that the generalized
Kottwitz set

B(M,λ+ κM (b′M ), λνb′M )

contains a reduction [bM ] of b to M . Moreover, each non-empty HN-stratum has classical
points.
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Proof. When G = GLn, this is proved by Orlik [Orl06]. For general G, the strategy is the
same which is parallel to the proof of Theorem 5.2. In order to avoid the repetition, we
only outline the strategy here. Fontaine and Rapoport determine in [FR05, Theorem 3] the
condition when a semi-stable locus is non-empty (and contains classical points). The result
then follows from the fact that the HN-stratum is a union of some affine fibrations over the
semi-stable locus of the HN-stratification of flag variety for some Levi subgroup of G (cf.
Proposition 5.1 and [Orl06, Proposition 7]). □

As an application of this result, we can determine which HN-strata contain classical
points.

Proposition 5.6. Suppose G is quasi-split. A HN-stratum Gr
HN=[b′]
µ,b contains classical

points if and only if there exists a M -dominant cocharacter λ ∈ SM (µ)cl such that the set

B(M,λ+ κM (b′M ), λ⋄νb′M )

contains a reduction [bM ] of b to M .

Proof. This follows from Proposition 5.5 combined with Theorem 4.10. □

Remark 5.7. (1) When b is basic, this proposition is proved by Viehmann [Vie24,
Theorem 5.5]. Indeed, Viehmann determines which Newton-strata contain classi-
cal points. It’s the same as which HN-strata contain classical points by Theorem
4.10.

(2) When µ is minuscule, compared with Theorem 5.2, we see that every non-empty
HN-stratum contains classical points.

Example 5.8. Let G = GL3, νb = (52
(2)

, 0) and µ = (3, 1, 1). There are 4 non-empty
HN-strata with HN-vector νb′ of the following form(

1

2
,
1

2
,−1

)
, (1, 1,−2),

(
3

2
,
3

2
,−3

)
, (0, 0, 0).

Except the HN-stratum corresponding to (1, 1,−2), the other 3 non-empty HN-strata all
contain classical points.

5.2. Dimension formula. Now we consider the dimension of a non-empty HN-stratum

Gr
HN=[b′]
µ,b . Let Sµ,b,b′ be the set of λ ∈ SM (µ) which satisfies

[bM ] ∈ B(M,λ♯ + κM (b′M ), λ⋄νb′M ),

for some reduction bM of b to M . The set Sµ,b,b′ is non-empty by Theorem 5.2. We give
the dimension formula of this HN-stratum. Here for X a locally spatial diamond or an adic
space, its dimension, written

dimX,

is defined to be the dimension dim(|X|) of the associated locally spectral space |X|, that is,
the supremum of all integers n for which there exist a chain x0, x1, . . . , xn ∈ |X| of distinct
points in |X| such that xi is a a specialization of xi+1 for i = 0, . . . , n−1 (cf. the paragraph
after Remark 21.8 of [Scho18] for the case of locally spatial diamonds and [Hub96, § 1.8]
for the case of adic spaces). We remark that, for T a locally spectral space, if T = ∪iTi is
a union by closed subsets of T , we have

dimT = maxi dimTi.

Furthermore, if X = Z⋄ is the diamond associated with an analytic adic space Z over Zp

we have |X| = |Z| ([Scho18, Lemma 15.6]) and thus dimX = dimZ.
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Theorem 5.9. Notations as above. Assume that µ is minuscule, then

dimGr
HN=[b′]
G,µ,b = ⟨µ, ρ⟩+maxλ∈Sµ,b,b′ ⟨λ, 2ρM − ρ⟩.

Remark 5.10. (1) We expect that the dimension formula still holds for a non-minuscule
cocharacter µ although we can’t prove it for the moment.

(2) Let Sop
µ,b,b′ := {−wM,0λ | λ ∈ Sµ,b,b′}. Replacing Sµ,b,b′ by Sop

µ,b,b′, we can write the

dimension formula in Theorem 5.9 in a simpler form:

dimGr
HN=[b′]
G,µ,b = maxλ∈Sop

µ,b,b′
⟨µ+ λ, ρ⟩.

(3) When b is basic, the set Sµ,b,b′ consists of the elements λ ∈ SM (µ) such that

λ♯ = κM (bM )− κM (b′M ) in π1(M)Γ.

In particular, AvM (λ) = νb − w0νb′. Hence, the dimension formula could also be
written in the following form:

dimGr
HN=[b′]
G,µ,b = ⟨µ− νb′ , ρ⟩+maxλ∈Sµ,b,b′ ⟨λ, ρM ⟩.

Recall that Nguyen-Viehmann defined in [NV23, 3.17(iii)] the set Θ(µ, b′) of Harder-
Narasimhan types consisting of G(F )-conjugacy classes of Harder-Narasimhan pairs
of the form (Q, {λ}) where Q is a parabolic subgroup which is conjugate to the
centralizer of νb′ and {λ} is a Q(F̄ )-conjugacy class of cocharacters of QF̄ such that
[b′] has a reduction [b′MQ

] to some Levi factor MQ of Q that is basic in MQ, and

such that

−λ
♯MQ = κMQ

(b′) ∈ π1(MQ)Γ and (−λ)G−dom ≤ µG−dom.

We may omit Q in the pairing (Q, {λ}) for Θ(µ, b′). When µ is minuscule, it’s easy
to check that there is an identification Sop

µ,1,b′ = Θ(µ, b′∗), where [b′∗] denotes the

element in B(G) such that νb′∗ = −w0νb′ and κ(b′∗) = −κ(b′) (cf. [CT, Corollary
2.9]). Therefore when b = 1, the dimension formula could also be written in the way
that

dimGr
HN=[b′]
G,µ,1 = maxλ∈Θ(µ,b′)⟨µ+ λ, ρ⟩

from which we could see that the upper bound of the dimension of a HN-stratum
given by Nguyen-Viehmann ([NV23, Proposition 7.1]) is actually reached. This also
answers the question in [NV23, Remark 7.2(2)].

(4) When G is split and b is basic, the set Sµ,b,b′ consists of a unique element. It follows
that in this situation, we don’t need to take maximum in the dimension formula.

(5) When b is basic, the dimension of a HN-stratum is already studied by many people.
For G = GLn, the dimension formula is proved by Fargues in [Far, Proposition
23]. In [Sh23, Theorem 3.9], Shen shows that any non-basic HN-strata are para-
bolic induction by introducing a finer decomposition on a given HN-stratum. As
a byproduct, he also gives a description of the dimension as the maximum of the
dimension of each stratum [Sh23, Remark 3.10]. However, we want to clarify that
our dimension formula is not the same as Shen’s. We have mentioned that when G
is split, the maximum disappears in our dimension formula while it always exists in
Shen’s even for G = GLn. In [NV23, Proposition 7.1, 7.3], Nguyen-Viehmann gives
some upper bound for the dimension formula.

Proof of Theorem 5.9. By Proposition 5.1 combined with Lemma 5.4, we have that∣∣∣Gr
HN=[b′]
G,µ,b

∣∣∣ = ⋃
reduction (bM ,g)

of b to M

⋃
λ∈Sµ,b,b′

g ·
∣∣(GrG,µ ∩GrssP,λ,bM

)∣∣ .



52 MIAOFEN CHEN, JILONG TONG

Note that each |GrG,µ∩GrssP,λ,bM | in the union above is a dense open subset of |GrG,µ∩GrP,λ|,
and the latter is itself a locally closed subset of |GrG,µ| ≃ |F(G,µ)|, it follows that the

dimension of |GrG,µ∩GrssP,λ,bM | is the same as the dimension of its closure |GrG,µ ∩GrssP,λ,bM |
in |GrG,µ|. Consequently,∣∣∣Gr

HN=[b′]
G,µ,b

∣∣∣ = ⋃
reduction (bM ,g)

of b to M

⋃
λ∈Sµ,b,b′

g ·
(∣∣(GrG,µ ∩GrssP,λ,bM

)∣∣ ∩ ∣∣∣Gr
HN=[b′]
G,µ,b

∣∣∣) .
and hence we have

dimGr
HN=[b′]
G,µ,b = max (bM ,g)

λ∈Sµ,b,b′
dim

(∣∣(GrG,µ ∩GrssP,λ,bM
)∣∣ ∩ ∣∣∣Gr

HN=[b′]
G,µ,b

∣∣∣)
= max (bM ,g)

λ∈Sµ,b,b′
dimGrG,µ ∩GrssP,λ,bM

= max (bM ,g)
λ∈Sµ,b,b′

dimN/N ∩ Pλ + dim(Grwa
M,λ,bM

)

= maxλ∈Sµ,b,b′ dimN/N ∩ Pλ + ⟨λ, 2ρM ⟩,

where the third equality follows from Proposition 5.1 (2) and the last equality follows from
the fact that Grwa

M,λ,bM
is the semi-stable HN-stratum and hence open in GrM,λ. So

dimGrwa
M,λ,bM

= dimGrM,λ = ⟨λ, 2ρM ⟩.
is independent of the choice of (bM , g). Therefore it remains to show that

dimN/N ∩ Pλ = ⟨µ− λ, ρ⟩.
Now we compute this dimension:

dimN/N ∩ Pλ =
∑

α∈Φ+
G

−Φ+
M

s.t.⟨λ,α⟩<0

−⟨λ, α⟩

=
∑

α∈Φ+
G

−Φ+
M

s.t.⟨λ,α⟩<0

−1

2
⟨λ, α⟩+

∑
α∈Φ+

G
−Φ+

M
s.t.⟨λ,α⟩≥0

1

2
⟨λ, α⟩ − ⟨λ, ρN ⟩

=⟨µ, ρ⟩ − ⟨λ, ρM ⟩ − ⟨λ, ρN ⟩
=⟨µ− λ, ρ⟩.

□

References

[BL95] A. Beauville, Y. Laszlo, Un lemme de descent, Comptes Rendus de l’Académie des Sciences-Série
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[Fal10] G. Faltings, Coverings of p-adic period domains, J. Reine Angew. Math. 643 (2010), 111-139.
[Far1] L. Fargues, Geometrization of the local Langlands correspondence: an overview, to appear in Journal

of Mathematical Sciences, the University of Tokyo.
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[SW20] P. Scholze, J. Weinstein, Berkeley lectures on p-adic geometry, Annals of Mathematics Studies, 207,

Princeton University Press, 2020.
[Ser94] J. -P. Serre, Cohomologie galoisienne, cinquième édition, révisée et complétée, Lecture notes in
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