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ABSTRACT. We consider the Harder-Narasimhan formalism on the category of normed
isocrystals and show that the Harder-Narasimhan filtration is compatible with tensor
products which generalizes a result of Cornut. As an application of this result, we are
able to define a (weak) Harder-Narasimhan stratification on the Bj-affine Grassmannian
for arbitrary (G,b, ). When g is minuscule, it corresponds to the Harder-Narasimhan
stratification on the flag varieties defined by Dat-Orlik-Rapoport. And when b is basic,
it’s studied by Nguyen-Viehmann and Shen. We study the basic geometric properties of
the Harder-Narasimhan stratification, such as non-emptiness, dimension and its relation
with other stratifications.

INTRODUCTION

Let F' be a p-adic local field, with F the p-adic completion of the maximal unramified
extension. Consider the p-adic flag variety F(G, 1) attached to the pair (G, i), where G is
a connected reductive group over F' and p a geometric minuscule cocharacter of G. Let E
be the reflex field of the conjugacy class {u} of p. Throughout this paper, we view the flag
variety F (G, ) as an adic space over E, the p-adic completion of the maximal unramified
extension of E. Fix b € G(F) which satisfies the Kottwitz condition [b] € B(G, ) (cf.
Section 1.1.2). There are two open subspaces, both called p-adic period domains, inside
F(G, )

F(G,p,0)* € F(G, p, )" € F(G, ),

where F(G, u,b)"® is the weakly admissible locus and F(G, u,b)* is the admissible locus.
The weakly admissible locus F(G, u,b)"® is of algebraic nature, and was constructed by
Rapoport and Zink ([RZ96]) as the complement of a profinite union of explicit closed sub-
spaces of F(G,pu). Rapoport and Zink also conjectured the existence of the admissible
locus F(G, u, b)® which is of geometric nature, with the property that there exists a p-adic
local system with additional structures over this space which interpolates the crystalline
representations attached to all classical points of (G, u)?. Since then, the admissible locus
was first constructed only for several PEL type triples (G, u, b) by Hartl ([Har13], [Har08])
and by Faltings ([Fall0]). Thanks to the recent revolutionary progress in p-adic Hodge
theory, we are now able to define the admissible locus F(G, u, b)* for an arbitrary triple
(G, p,b) based on the work of Fargues-Fontaine ([FF18]), Fargues ([Far20]), Kedlaya-Liu
([KL15]) and Scholze-Weinstein ([SW20]). The weakly admissible locus F(G, i, b)* can be
considered as an algebraic approximation of the admissible locus F(G, u,b)* in the sense
that they have the same classical points due to a fundamental result in p-adic Hodge theory
by Colmez-Fontaine ([CF00]). The study of the weakly admissible locus could reflect some
information about the admissible locus whose geometry is in general still very mysterious
(e.g. [CFS21)).
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The admissible locus F(G, p,b)* could be also understood as the image of an étale mor-
phism of rigid analytic spaces over E, i.e., the p-adic period mapping ([RZ96], [SW20])

T (Ma k) kca@,) — F(G,p),

where (Mg p,k)Kca(q,) is the local Shimura variety attached to the triple (G, u,b). For
a general (not necessarily minuscule) geometric cocharacter u, the p-adic period mapping
above could be upgraded to an étale morphism of diamonds over E ([SW20]):

7 (Shte b k) kca@,) — Gr6,<pu;
where (Shtg ,.5,Kx)kca(g,) is the moduli space of local Shtukas attached to (G, u1,b) and

GrG,SM = U GI‘G,)\
A<p

is the Bj;-affine Grassmannian attached to (G, yt) (cf. Section 1.2). There exists a natural
Bialynicki-Birula map

BB : GI"G# — f(G,/L)Q,
where F(G, 1)° denotes the diamond associated with F(G, px). When g is minuscule, the
Bialynicki-Birula map is an isomorphism ([CS17]) and the upgraded p-adic period mapping
¢ is the morphism of diamonds associated with the usual p-adic period mapping 7 above.
For non-minuscule p, the Bialynicki-Birula map is no longer an isomorphism. Moreover,
when p is non-minuscule, the points in the BIR—afﬁne Grassmannian Grg,, but not the
points in F(G, ) are naturally related to the modifications of G-bundles on the Fargues-
Fontaine curve (cf. [SW20]). This suggests that when we work with general p, the flag
variety should be replaced by the Bjp-affine Grassmannian Grg <, (or Grg,,). As inside
the flag varieties, for [b] € B(G, u), we still have subspaces

a wa
GrG,Su,b C GrG,Su,b C GI‘G7§H.

Here the admissible locus Gr; <, := Im(7®) could be also defined directly using modi-
fication of G-bundles on the Fargues-Fontaine curve for arbitrary triple (G, u,b) with the
Kottwitz condition. On the other hand, the weakly admissible locus Grg’c),, is only de-
fined for the triple (G, u,b) with the condition that p is minuscule ([DOR10], [CFS21]),
or b = 1 ([Vie24], [Sh23]), or G = GL, ([NV23]). When g is minuscule, the admis-
sible locus Grg; o, = Grg,p, (vesp. the weakly admissible locus Grg’e,, = Grgl, ;)
is the diamond associated to F(G, u,b)* (resp. F(G, p,b)"®) through the identification
BB : Grg,, — F(G, p)°.

To better understand the admissible locus (resp. weakly admissible locus) on the BGJ{R—
affine Grassmannian Grg ,, it’s useful to have a natural stratification on Grg,, having the
admissible locus (resp. the weakly admissible locus) as its unique open stratum. The strat-
ification on Grg,, with the required property for the admissible locus is called the Newton
stratification. Like the construction of the admissible locus, it’s defined by the isomorphism
classes of modifications of G-bundles on the Fargues-Fontaine curve for any triple (G, u, b).
Basic properties of the Newton stratification are studied by many people, such as Rapoport
([Rap18]), Caraiani-Scholze ([CS17]), Chen-Fargues-Shen ([CFS21]), Hansen ([Han]) and
Viehmann ([Vie24]).

On the weakly admissible side, the corresponding stratification on the B(J{R—aﬂﬁne Grass-
mannian Grg,, is called the weak Harder-Narasimhan stratification. Like the situation
of the weakly admissible locus, in the literature, it’s not yet defined for all the triples
(G, pu,b). When g is minuscule, this is done by Dat-Orlik-Rapoport ([DOR10]). Indeed,
they construct and study the Harder-Narasimhan stratification on the flag variety F(G, )
for arbitrary (G, p,b). When p is minuscule, recall that the Bialynicki-Birula map BB is an
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isomorphism, their construction gives the desired weak Harder-Narasimhan stratification
on Grg,,. When b is basic while 4 is general, the corresponding weak Harder-Narasimhan
stratification on Grg,, is constructed and studied by Nguyen-Viehmann ([NV23]) and Shen
([Sh23]) based on a crucial result of Cornut-Peche Irissarry ([CPI19]) about the compat-
ibility of certain notion of semistability with tensor products that we will explain later.
Moreover, Nguyen-Viehmann also completely settles the case when G = GL,,.

The reason we name it weak Harder-Narasimhan stratification here and also in the title
is twofold. One is that it generalizes the weak admissibility condition. And the other is
that historically the Newton stratification is also called Harder-Narasimhan stratification
(e.g. [CFS21, 5.3]). In the following, for simplicity, we will omit the word “weak” and call
it simply the Harder-Narasimhan stratification if there is no confusion.

The purpose of this paper is to propose a construction of a Harder-Narasimhan strati-
fication on Grg,, for arbitrary (G, pu,b) that coincides with the previous constructions. A
key ingredient is to generalize the result of Cornut-Peche Irissarry in a more general setting.
To explain the main idea of our construction, let us first recall how to define the Harder-
Narasimhan stratification on the flag variety F(G, u). We know that the weakly admissible
locus F(G, p,b)"* parametrizes weakly admissible filtered isocrystals with G-structures,
with the isocrystal determined by b and the filtration of type p. Let C' be a field extension
of F. Consider the category

. c
FllIsocF‘F

of filtered isocrystals over C ]F' whose objects consist of an isocrystal D over F |F' together
with a separated exhaustive decreasing filtration by C-subspaces of D ®; C. We can de-
fine a Harder-Narasimhan formalism on this category, so that the semi-stable objects of
degree 0 are precisely the weakly admissible filtered isocrystals introduced by Fontaine.
By classifying the filtered isocrystals according to the type of their Harder-Narasimhan fil-
tration, we obtain the Harder-Narasimhan stratification on F(GLy, u) for any triple of
the form (GLy,p,b). Moreover, Faltings ([Fal94]) and Totaro ([Tot94]) show that the
Harder-Narasimhan filtration is compatible with tensor products. Based on this result,
using Tannakian formalism, Dat-Orlik-Rapoport are able to define the Harder-Narasimhan
stratification on the flag variety F (G, ) for arbitrary G.

From now on, let C be a complete algebraically closed non-archimedean field over F.
Let B;’R and Bggr be Fontaine’s de Rham period rings corresponding to C. Recall that for
an arbitrary cocharacter p (possibly non-minuscule), we replace the flag variety F(G, u)
(which parametrizes filtrations of type p) by the B;{R—afﬁne Grassmannian Grg,, (which
parametrizes lattices having relative position p with the standard lattice). Accordingly, we

C

replace the category Fillsoc FIF by the category

Bar

BunIsocF‘F
whose objects consist of isocrystals D over F|F equipped with a BJR—lattice inside D® j» ByRr-
There exists a natural Harder-Narasimhan formalism on this category, which leads to the
construction of the Harder-Narasimhan stratification on Grg , for G = GL,, by classifying

dR

the objects in BunIsog| » according to the type of their Harder-Narasimhan filtration. In

order to work with arbitrary G, we then need a result parallel to the result of Faltings
([Fal94]) and Totaro ([Tot94]) mentioned above. More precisely, let

FHN : BunIsoc?T‘; — F(Isocﬁw)

be the functor sending any object to its Harder-Narasimhan filtration, where F(Isoc F 7)

denotes the category of R-descending filtrations of isocrystals over 3 |F' by subisocrystals.
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Theorem (Theorem 2.23). The functor Fun : BunIsoc?Tle — F(ISOCF‘F) is compatible

with tensor products.

When we restrict the functor Fun to the subcategory consisting of objects whose under-
lying isocrystals are isoclinic of slope 0, this result is proved by Cornut and Peche Irissarry
([CPI19], compare also [Corl8]). To show the desired compatibility with tensor products
without any restriction on the slopes, we follow the general approach developed by Cornut
in [Cor18]. Indeed, generalizing the notion of normed vector spaces considered by Cornut in
loc. cit., we introduce the notion of normed isocrystals, so that the isocrystals with lattices
are precisely those normed isocrystals equipped with the gauge norm induced from a lat-
tice (cf. Section 2.4). We show that one can also develop a Harder-Narasimhan formalism
for normed isocrystals, and the resulting Harder-Narasimhan filtration is compatible with
tensor products (cf. Theorem 2.10).

Based on this result, we are able to define the Harder-Narasimhan stratification on Grg ,
for arbitrary triple (G, i, b). Then we study the basic properties of the Harder-Narasimhan
stratification and its relations to other stratifications. We show that the Harder-Narasimhan
stratification, the Newton stratification on the B(J{R—afﬁne Grassmannian, and the Harder-
Narasimhan stratification on the flag variety (via Bialynicki-Birula map) coincide on clas-
sical points (Theorem 4.10) which generalizes the result of Viehmann ([Vie24]) for b = 1.
We give a combinatorial criterion for the non-emptiness of any Harder-Narasimhan stra-
tum (Theorem 5.2) which is compatible with the result of Nguyen-Viehmann ([NV23]) for
b =1 and is parallel to the result of Orlik ([Orl06]) for the Harder-Narasimhan stratum on
flag varieties for G = GL,,. When pu is minuscule, we also give a dimension formula for a
Harder-Narasimhan stratum (Theorem 5.9) which generalizes the result of Fargues ([Far])
for G = GL,, and b = 1.

We briefly describe the structure of this article. In Section 1, we review the preliminaries
such as G-bundles on the Fargues-Fontaine curve and the B(J{R—af”ﬁne Grassmannian. In
Section 2, we show the fact that the Harder-Narasimhan filtration is compatible with tensor
products in the category of normed isocrystals, which generalizes a result of Cornut for
normed vector spaces. As an application, in Section 3, we define the Harder-Narasimhan
stratification on the B;“R—afﬁne Grassmannian for arbitrary triple (G, u,b). In Section 4,
we compare the Harder-Narasimhan stratification with the Newton stratification and the
Harder-Narasimhan stratification on the flag variety. In Section 5, we discuss some basic
properties of a Harder-Narasimhan stratum such as non-emptiness and dimension formula.
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1. PRELIMINARIES ON (G-BUNDLES ON THE FARGUES-FONTAINE CURVE

We denote by Perf the category of perfectoid spaces over I, which is the residue field
of the p-adic local field F. Let G be a connected reductive group over F. Unless otherwise
specified, we fix two algebraic subgroups A C T C G of G defined over F', where A is
a maximal split torus and 7' is a maximal torus containing A in G. Let W = Wg =
(Ng(T)/T) (F) be the absolute Weyl group of T in G and let wy € W be the longest
element. In the case that G is quasi-split, we also fix a Borel subgroup B C G containing
the maximal F-torus T' C G.
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1.1. G-bundles on the Fargues-Fontaine curve.

1.1.1. Fargues-Fontaine curve. We briefly recall the construction of the (relative) Fargues-
Fontaine curve (cf. [Farl, § 1], or [F'S, § IL.1]). Let 7z be a uniformizer of F' and let Fy be
the residue field of F. For S = Spa(R, R") € Perf a perfectoid affinoid space over Fy, fix
a pseudo-uniformizer w € R™ C R. Let

Vs = Spa(A, A\V (mp[w]),

where

A=Wo,(R") = [zp|np | 2n € BT
n>0
is the ramified Witt ring with coefficients in R* equipped with the (7, [w])-adic topology.
It’s known that )gs is an analytic adic space over O ([FS, Proposition II.1.1]). The g¢-
th Frobenius automorphism on RT induces an automorphism ¢g on Mg over Op, and
this action is free and totally discontinuous ([F'S, Proposition I1.1.16]). The relative adic
Fargues-Fontaine curve Xg is by definition the following quotient

Xs := Vs /d%.

We also have the relative schematic Fargues-Fontaine curve Xg defined as

Xg = Proj (EB H(Ys, oys)%”i‘w) .

d=0

When S = Spa(K, K*) with K a perfectoid field, X (sometimes also denoted by X or X
since it does not depend on the choice of KT) is a noetherian scheme of dimension 1.

Remark 1.1. Let S € Perf be a perfectoid space over F,.

(1) By gluing, the local construction above defines the relative Farques-Fontaine curves
Xs ([FS, Proposition II.1.3] ).
(2) Suppose moreover that S is affinoid. There is a morphism of locally ringed spaces:

(XS7 OXS) — XS.

The GAGA functor associated to the morphism of ringed spaces above gives an
equivalence of categories ([KL15]):

Buny, — BUH(X&OXS):

where Bunx, (resp. Bun(x&oxs)) denotes the category of vector bundles on Xg

(resp. on the locally ringed space (Xs,Oxg)). See [FS, Proposition I1.2.7] for more
details.

Let S = Spa(R, R') € Perf/Spd(F) be a perfectoid affinoid space lying over the diamond
Spd(F), which corresponds to an untilt S* = Spa(RF, R#) over F of S. The untilt S* gives
rise to a natural closed immersion of adic spaces

Sﬁ<—>y5

that presents S* as a closed Cartier divisor in Vs ([FS, Proposition I1.3.1]), with image
V(&) C Yg for some element £ € A. Furthermore, locally on S the closed Cartier divisor
above can be also defined by an element in H?(Xs, Ox, (1)) = H°(Vs, Oy, )?s=™F ([FS,
Proposition I1.2.3]). Consequently, it defines a Cartier divisor of the relative schematic
Fargues-Fontaine curve

Spec(R*) < Xg.
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The Fontaine’s de Rham period ring BSFR(Rﬁ) is defined to be the completion of Ox along
this Cartier divisor(cf. [Farl, 1.33]) which is also the &-adic completion of A[—]. We write

BdR(Rﬁ) = B;_R(Rﬁ) [%]

1
)

1.1.2. The Kottwitz set. Let B(G) be the set of o-conjugacy classes of G(F’), where o is the
Frobenius with respective to F'|F. For b € G(F), let [b] € B(G) be the o-conjugacy class of
b. The Kottwitz set is characterized by two invariants. One is called the Newton map (cf.
[Kot85, § 4]). For any b € G(F), we can define a slope morphism:

Vb:DF—>GF

whose conjugacy class is defined over F'; where D is the pro-torus with characters X*(D) =
Q. This defines the Newton map:

v:B(G) — N(G),
b — (]
where
N(G) := [Hom(Dz, Gz)/G(F) — conjugacy]'.

with T' = Gal(F|F). An element [b] in B(G) is called basic if v} is central. When G is
quasi-split, there is a natural identification

N(G) = X (A)f-
The other invariant is the Kottwitz map (cf. [Kot97, 4.9, 7.5]):
k=kg:B(G) — m(G)r,
[b] — w((b])

where 71(G) is the algebraic fundamental group of G and 71(G)r is its Galois coinvariants.
By [Kot97, 4.13], the induced map:

(1.1.1) (v,k) : B(G) — N(G) x m1(G)r

is injective.
Let [b] € B(GQ) and pu € X.(T)", we define the Kottwitz set ([Kot97])

B(G,p) = {b] € B(G) | ] < n°, v (b) = 1},

where p® € N(G) is the Galois average of u, uf € m1(G)r is the image of y via the natural
quotient map X,(T) — m1(G)r, and the order < on N(G) is the usual dominance order:
11 < 1o if and only if v lies in the convex hull of the Weyl orbit of vs.

We also need the following generalized Kottwitz set (cf. [CFS21]). For ¢ € m1(G)r and
§ € N(G) we set

B(G,¢,0) = {[b] € B(G) | kg(b) = € and [1p] < 0}.

We will need the following well-known fact, which can be deduced easily from a general
result of Kottwitz ([Kot97, 3.6]).

Lemma 1.2. Let P be a parabolic subgroup of G over F' with M the Levi component. Then
B(M) ~ B(P).
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1.1.3. G-bundles. Recall that a G-bundle on an F-scheme Z is a (right) G-torsor on Z
locally trivial for the étale topology. It could also be viewed as an exact tensor functor

RepG — Bung,

where RepG is the category of rational algebraic representations of G and Bunyz denotes
the category of vector bundles (of finite rank) over Z.
Let S be a perfectoid affinoid space over the residue field F, of F. For each b € G(F),
we can associate a G-bundle
Ep
on the relative Fargues-Fontaine curve Xg as follows. Suppose S = Spa(R, R'). In par-

ticular Xg = Proj(@dB‘ﬁS:”%), with B = HO())S,(’)yS). As an exact tensor functor the
G-bundle &, is given by

& : RepG — Bunxg, (V,p) — &(V,p),
with &(V, p) the vector bundle on Xg corresponding to the following graded module

P (v @p By®os=mr
deZ

over the graded ring @dB‘z’S:“%. Here we use the same notation p(b) to denote the B-
linear automorphism on V @p B = (V @p F) ®j B induced by p(b) € GL(V ®F F). The
isomorphism class of & only depends on the o-conjugacy class of b.

If moreover S = Spa(C,C*) with C an algebraically closed perfectoid field containing
Fq and write X = Xg, this construction gives a bijection of pointed sets by a fundamental
theorem of Fargues ([Far20]):

B(G) = HL(X,G).
] — &

1.1.4. Harder-Narasimhan reduction in the quasi-split case. In this subsection, suppose G
is quasi-split.

Recall the following definition of semi-stable G-bundles on X. See for example [CFS21,
Definition 1.5].

Definition 1.3. A G-bundle £ on the Fargues-Fontaine curve X is called semi-stable if

for any standard parabolic subgroup P of G, any reduction Ep of £ to P and any x €
X*(P/Zg)", we have degx.(Ep) < 0.

Remark 1.4. Because any two Borel subgroups of G are G(F')-conjugate, the notion of
semi-stability defined above does not depend on the choice of the Borel subgroup that we fixzed
before. Moreover, for a G-bundle € = &, on X with [b] € B(G), the following statements
are equivalent (cf. [Far20, § 5.1, § 5.3], or [CFS21, § 1.3]):

(1) € is semi-stable;

(2) the associated adjoint bundle

£ x9A Lie(Q)
of € on X is semi-stable (of degree 0);
(3) [b] € B(G) is basic.

For any G-bundle £ on X, by [CFS21, Theorem 1.7], there exist a unique standard
parabolic subgroup P of G and a unique reduction Ep of £ to P, such that the associated
M-bundle Ep xP M is semi-stable and P is maximal among all the standard parabolic with
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the previous condition. The reduction Ep is called the Harder-Narasimhan reduction or
canonical reduction of £. This defines the Harder-Narasimhan polygon of £:

Vg € X*(A)é,

such that for any x € X*(P), we have (x,vg) = degx«(Ep). By [Far20, Proposition 6.6],
we have vg, = —woy,.
The Harder-Narasimhan reduction has the following characterization.

Proposition 1.5 ([Schil5, Theorem 4.5.1]). For £ a G-bundle on X equipped with a re-
duction Eg to the standard parabolic subgroup @ of G, consider the vector
v: X*NQ)—Z
X — degx«&g

seen as an element of X.(A)qg, then

(1) one has v < vg; and
(2) if this inequality is an equality, then Q@ C P and the canonical reduction Ep =~
EQ XQ P.

1.2 B:{R-aﬂ‘lne Grassmannian. We collect some basic properties of the B;{R—afﬁne Grass-
mannian that we will need in the sequel. The main references for this section are [SW20)]
and [FS]. We consider the Bl-affine Grassmannian

BT
Grg = Gro

as a functor on the category Perf /Spd(F’) of perfectoid spaces over F, lying above Spd(F').
More precisely, Grg is the étale sheafification of the functor taking S = Spa(R,R") €
Perf/Spd(F), which corresponds to an untilt (R*, R*") of (R, R*) over F, to the coset
space

G(Bar(R"))/G(Bi (R")).
According to [SW20, Proposition 19.1.2],

& is a G-bundle on Spec(Bjy (R¥)), and /o
vis a trivialization of E|gyec(pn(R)) o

Grg(S) ~ {(5, L)

and Grg is a small v-sheaf.

1.2.1. Schubert varieties. Let F be an algebraic closure of F. We choose a maximal torus
T C Gp and a Borel subgroup containing 7. Write Grg s the restriction of Grg to
Perf/Spd(F). Let S = Spa(C,CT) — Spd(F) be a geometric point of Spd(F), given
by an untilt Spa(C*, C#T) of S over F.

Remark 1.6. The period ring BgR(Cﬁ) is a complete discrete valuation ring with residue
field C*. Moreover as F C C%, the F-algebra B(TR(C’ﬁ) is also naturally an F-algebra.
Non-canonically we have B;’R(Cﬁ) ~ CH[¢] with € a uniformizer of BIR(Cﬁ).

By the Cartan decomposition,
GBar(C)) = I GBRECHuEOGBRCH).
peXL(T)*
In particular,
Grg(S) = G(Bar(CY)/G(Bir(C)
= Iex.(ry GBIR(C)u(E) T G(BR(CH)/G(BIR(CY)).
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Here we have the first equality since C' is algebraically closed and thus every G-bundle
over SpeC(B;fR(Cﬁ)) is trivial. By abuse of notation, for any geometric conjugacy class
{1} € X.(G)/G(F), we denote by

GI“G# C GrG,Su C GrG,F
the subfunctors of Grg  defined by the condition that a map
Sl — GTG,F
with S’ € Perf/Spd(F) factors through Grg,, or respectively Grg <y, if and only if for all
geometric point S = Spa(C,CT) — S’ the corresponding S-valued point of Grg j lies in
G(Bir(C)p() ™ G(BR(CH)/G(B g (CH)),

or respectively lies in

[T GBI (CHH ()T C(BER(CH)/G(BR(CH)).

W<p
According to [SW20, Proposition 19.2.3], Grg <, C Grg p is a closed subfunctor proper

over Spd(F), and Grg,, C Grg,<, is an open subfunctor. Furthermore, the small v-sheaf
Grg,<, is a spatial diamond ([SW20, Theorem 19.2.4]).

1.2.2. Generalized semi-infinite orbits. We keep the notations in § 1.2.1. Let P C Gy
be a standard parabolic subgroup. Let M be the Levi quotient of P, M the maximal

torus quotient of M and N C P the unipotent radical. We have a natural identification of
v-sheaves on Perf/Spd(F)

Grpgar — X, (M),
which sends v(£) ' M (BJ) € Grya(C) to v for every cocharacter v € X, (M),

Remark 1.7. To be consistent with the definition of Schubert varieties, we insert a minus
sign here compared with [FS].

On the other hand, consider the BXR-afﬁne Grassmannian Grp associated with the par-
abolic subgroup P. For v € X,(M%), write

Gr% C GI'P’F‘

the open and closed subfunctor of Grp  (over Perf/ Spd(F)) obtained as the preimage of
v € X,(M?) under the following composed map

Grpp — Grypp — Grppar p — Xo (M),
Proposition 1.8 ([FS, Proposition VI 3.1] ). The map
Grp = H Grp — Grg
'UEX*(Mab)

is bijective on geometric points, and it is a locally closed immersion on each Gr'p. Moreover,
the image of the union
U Grg

is closed in Grg . Here X.(M®) C X.(T)q is equipped with the dominance order, where
v <V if v —v e X (T)g is a sum of positive coroots with Zx(-coefficients.
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We also have a finer version of Gr% obtained as follows. Let A € X, (T') be an M-dominant

cocharacter. We set

Gr pPx C Gr PF
the locally closed subfunctor given by the preimage of Grysy C Grys through the natural
projection

prys : Grp — Gryy.

Clearly,

Grpy C Grp,
where A denotes the image of A € X,(M) in X,(M®). So Grp, C Grg p is locally closed.
Moreover, for a geometric point Spa(C, C*) — Spd(F) of Spd(F) corresponding to an untilt
(C*, C*F) over F, we have

Grpa(C,C1) = N(Bar(C*)M (B (CH)AE) 'G(BIr(CH) /G(BI (CY)).

Remark 1.9. When the parabolic subgroup P is minimal (i.e., a Borel subgroup), then
Grpy = Grp is studied by Viehmann (cf. [Vie24, §2.2], see also [FS, Example V1.3.4]), and
is denoted by Sy in loc. cit. It is the analogue of the semi-infinite orbit for A\ € X.(T') of
the usual affine Grassmannian.

Motivated by [GHKRO06], for a given G-dominant cocharacter u we write Sys(u; C,CT)
for the set of M-dominant cocharacters A for which the intersection

N(Bar(CH)A(€) N G(BR(CHu () G(B{R(CF) # 0.

We shall see in the next lemma that the set Sy (u; C, C™) does not depend on the choice
of the geometric point Spa(C, C*) — Spd(F) and hence there will be no confusion to write

Sm () = Sm(p; C,CT).
Lemma 1.10. We keep the notations above.
(1) The set Sy(p) = Sn(p; C,C*) does not depend on the choice of the geometric point
of Spd(F).
(2) Let A € Xy (T) be M-dominant and p € X.(T') be G-dominant. Then the following
assertions are equivalent:
(a) Grg,, NGrpy # 0,
(b) Grg ,(C,CT) N Grpp(C,CT) # O for some geometric point Spa(C,Ct) —
Spd(F),
(¢) Grg,u(C,C1) N Grpa(C,CT) # 0 for every geometric point Spa(C,CT) —
Spd(F),
(@) X € Surln).

Proof. 1t is enough to prove (1). Recall that non-canonically B, (C*) ~ C*[¢]. Write G¢
for the classical affine Grassmannian, that is, the étale sheafification of the functor on the
category Aff; of affine F-schemes sending Spec(R) € Aff; to the coset

G(R((&)/G(RIED)-

Let §g,u C S be the corresponding Schubert variety attached to u (with our convention
on the minus sign), and 8\ C G be the orbit of the F-point

AE)TIG(F[E]) € Sa(F)
under the action of the ind-group scheme

N: Aff; — Grps, Spec(R) — N(R((£))
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by left-multiplication on G¢. Using the (non-canonical) identification Bl ~ C*[£], we have
A € Sy (p; C,CT) if and only if

N(CHENAT (&) NG D ()G (CHIED) # 0,
or equivalently (Gg,, N 8))(C*) # 0. But G, NSy is an F-scheme of finite type, so it has
a point with values in the algebraically closed field C* if and only if Sau N8y # 0. This

shows that the set Sy/(u; C, C™T) is actually independent on the choice of the geometric
point Spa(C, C*) — Spd(F). O

For the description of Sy/(¢), we have an analogous result as [GHKRO06, Lemma 5.4.1].

Lemma 1.11. Keep the notations above.
(1) There are inclusions of finite sets

E(N)M—mux - SM(,U) - E(,Uf)Mfdoma

where L) p—dom denotes the set of M -dominant cocharacters A € X (T) such that
(Ndom < p, and 3(1)p—maz denotes the set of elements in 3(1)r—dom that are
mazximal with respect to the partial order <p;. In particular, when p is minuscule
or M =T is the mazximal torus, the inclusions become equalities.

(2) For any A € Sp(p), k() = k(p) in m1(G)r.

Proof. The assertion (2) is obvious.

For (1), let us start with the case where M = T is the maximal torus (and thus N = U is
the unipotent radical of the Borel subgroup B C G), (1) M—maz = Sam(it) = X(16) v —dom-
In this case, our lemma says that for A € X, (T)

U(Bar(CF)A™H(€) N G(BI(CH)uH (E)G(BR(CF) # 0

if and only if (A)gom < pt. Using a non-canonical identification B, (C*) ~ C*[¢], the desired
assertion follows from the geometry of semi-infinite orbits of the usual affine Grassmannian
for the group G (cf. [MVO07, 3.2 Theorem]|, or [Zhul7, Lemma 5.3.7 and Theorem 5.3.9]).
The proof for the general standard Levi M C G is then the same as that of [GHKRO06,
Lemma 5.4.1]. O

Remark 1.12. Fiz p, there are only finitely many v € X,(M®) such that GrpNGrg,, # 0.
Indeed,
H GI‘p,)\ — GI‘})D

AEX«(T)
A=v in m (Mab)

induces a bijection on geometric points. By Lemma 1.10, Grp N Grg,, # 0 if and only if v
is contained in the image of Sys(p) via 0 : Xo(T) — Xo(M®), if and only if v € 0(W ) by
the previous lemma.

1.2.3. BS{R—aﬁ?ne Grassmannian and modifications of G-bundles. Let S be a perfectoid affi-
noid space over F, lying above Spd(F'), given by an untilt S* of S over F. Let b e G(F).
Consider the associated G-bundle &, on the relative Fargues-Fontaine curve Xg (whose
construction is recalled in § 1.1.3). An element z € Grg(S) gives rise to a modification

gb:v

)

of & & la Beauville-Laszlo whose construction is recalled briefly as follows. Write S =
Spa(R, Rt), and S* = Spa(Rf, R**). Let x € Grg(S) correspond to the G-bundle F on
B (RY) together with a trivialization of G-bundles

L G|SpeC(BdR(R”)) — }-’SpeC(BdR(R”))'
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Recall that the completion of Xg along the Cartier divisor Spec(R?) < X is given by the
de Rham period ring B, (R?) (cf. [Farl, 1.33]). Moreover, the G-bundle &, is canonically
trivialized on Spec(BJg(R*)) through the natural map Spec(Bl(R*)) — Xg (cf. [CT,
Remark 1.7]). So by a theorem of Beauville-Laszlo (cf. [BL95]), we can glue & and the
G-bundle F along the trivialization ¢. In this way we obtain the G-bundle &, ; on Xg.

Proposition 1.13. Assume S = Spa(C,C%). Let z € Grg,,(S), and write &, = Ey, with
V'] € B(G). Then k(b) = k(b) — u#* € m(G)r.

Proof. The b = 1 case is proved in [CS17, Lemma 3.5.5]. For general b, the proof in loc.
cit. also shows that we may reduce to the case G = Gy, which can be done by explicit
computation. O

Recall also the following useful fact.

Proposition 1.14 ([CFS21, Lemma 2.6], [Vie24, Lemma 3.10],[Sh23, Lemma 6.6]). Assume
G quasi-split. Let M C G be a standard Levi subgroup. Suppose that (byr,g) is a reduction
of b to M: so byy € M(F) and g € G(F) such that b = gbyso(g)~t. For a geometric point
x € Grg(C,C™T), also viewed as an element of Grp(C,C™T) via the bijection

Grp(C,CT) = Grg(C,C™)
given by the Iwasawa decomposition, we have a natural isomorphism
(gb,gw)P XP M ~ (ng,x)P XP M ~ ng,prM(a;)a
where prys : Grp — Grps is the natural projection.

Proof. Indeed, [CFS21, Lemma 2.6] and [Vie24, Lemma 3.10] deals with the case b basic,
while [Sh23, Lemma 6.6] deals with the general case. For the convience of the readers,
we still give the proof here. Since b = gbyso(g)~!, the element g gives an isomorphism of
G-bundles
Ebpr e — Enga

On the other hand, as by; € M(F) the G-bundle &,,, , has a natural reduction to the P-
bundle (&, .)p = &L, where we view & € Grg(C, C") as an element of Grp(C, CT) using
the Iwasawa decomposition, yielding a reduction (& 4.»)p to P of &, 4.,. By functoriality
gL xP M~ Eharpray (z)> SO we get the required isomorphisms

by,
(5b,g-x)P x P M ~ (ng,w)P xF M ~ ng:PTM(f)'

2. HARDER-NARASIMHAN FILTRATION OF NORMED ISOCRYSTALS

Let L be a field extension of F. Recall that a filtered isocrystal over L/ F' consists of
an isocrystal D over F |F' together with a separated exhaustive decreasing filtration by L-
subspaces of D ®j L. When L/ F' is of finite degree, Fontaine introduced the notion of
weak admissibility for filtered isocrystals, and together with Colmez, they showed in [CF00]
that the latter can be used to characterize those filtered isocrystals coming from crystalline
representations. Recently, building on their discovery of the fundamental curve (that is,
the Fargues-Fontaine curve), Fargues and Fontaine gave an elegant geometric proof of this
classical result in [FF18, § 10.5.3]: a key observation is that, as L/E is finite, a filtration on
D & L corresponds naturally to a Gal(L/L)-invariant BJg-lattice inside D ® s Bqgr, hence
one can apply the powerful theory of modifications of vector bundles on Fargues-Fontaine
curves. Here Byr and B(;FR are the de Rham period rings corresponding to C, the p-adic
completion of L. However, such a correspondence between general filtrations and lattices
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does not exist in general. Hence, this will cause some trouble once we are working with
filtered isocrystals in the geometric setting.

To overcome the difficulty mentioned above, a natural idea is that, instead of considering
filtrations on D ® C, we should work directly with the BIR—lattices inside D ® j» Byqr.
When D is semi-stable of slope 0, this point of view has been already adopted in the
recent work of Cornut-Peche Irissarry ([CPI19]), Viehmann ([Vie24]), Nguyen-Viehmann
(INV23]) and Shen ([Sh23]). In this work, we develop a theory of isocrystals equipped
with a B(J{R—lattice without restriction on the slope of the isocrystals. In particular, there
exists a natural Harder-Narasimhan formalism for such objects. As the main result of this
section, we show that the corresponding Harder-Narasimhan filtration is compatible with
tensor products (Theorem 2.23). Later on we will apply this crucial result to construct the
Harder-Narasimhan stratification on the B:{R—aﬂine Grassmannian for a general reductive
group.

K
PR
unramified extension of F', with o the Frobenius F-automorphism of F'. Let K be a henselian
discrete valuation field, such that its ring of integers O contains F. Let 7 € Ok be
a uniformizer. Recall that a norm « on a finite dimensional K-vector space V is called
splittable if there exists a K-basis e = (eq,...,e,) of V such that

a(v) = max{|\;|a(e;)}, forall v = Z)‘iei ev.

2.1. The category Nlsoc Let F' be a p-adic local field, F the completion of a maximal

In this case we say that e is an orthogonal basis of (V, ).

Remark 2.1. In [Corl8, § 5.2], Cornut considers normed vector spaces over a general
henselian non-archimedean field. Here for simplicity, we only consider those henselian non-
archimedean fields which are discretely valued. In this setting, if K is moreover complete,
by [BT84, Proposition 1.5 (i)], every norm on V is splittable.

Definition 2.2. (1) A K-normed isocrystal over F‘|F is a triple (D, ¢,«) consisting
of an isocrystal D = (D, ¢) over F\F equipped with a splittable K-norm o on the
K -vector space D @ K.
(2) A morphism
[+ (D1, 1, a1) — (D2, ¢2, a2)

of K-normed isocrystals is a morphism f : D1 — Do of F’\F—isocrystals such that
az((f®1)(v)) < ar(v), forallv € Dy = D1 ®p K.

Remark 2.3. If there is no possible confusion, a normed isocrystal (D, ¢, ) is often simply
denoted by (D, «), that is, we omit the Frobenius ¢ from the notation.

We denote by

K
NIsocF|F

the category of K-normed isocrystals over F’\F . Like the category Normpg of normed
K-vector spaces considered in [Corl8, 5.2, NIsoc?| P is a quasi-abelian ®-category. For
example, the tensor product of two objects in NIsocg| 18 given by the formula

(D1,01) ® (Do, ) := (D1 ®p Do, o1 ® va),

where D1 ® j D3 is the tensor product of isocrystals, and for v € (D1®D2) g ~ D1 k®k Do i,

v = Zvu ®wvg; € D1 g ® D2,K} .

7

(1 ® ag)(v) := min {mzax {on(v13)aa(va,)}
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This formula indeed defines a splittable K-norm on (D ® Ds)k.

2.2. Harder-Narasimhan filtration for normed isocrystals. There exists a theory
of Harder-Narasimhan filtration for normed isocrystals. To see this, recall the following
fundamental result.

Theorem 2.4. Let V be a finite dimensional K-vector space. Let o and [ be two splittable
norms on V.

(1) There exists a K-basis e = (e1,...,e.) of V which is orthogonal for both of the
norms a and (.
(2) Write a(e;) = |x|* and B(e;) = |x|* for 1 <i < r. The following quantity

v(e, B) =Y (i —N)
does not depend on the choice of the basis e.
(3) For ~ a third splittable norm on V', we have

v(e,7) = v(e, B) +v(B,7)-

Proof. In our setting, K is supposed to be discretely valued, so the assertion (1) follows from
[BT84, Proposition 1.26]. Moreover, for « a splittable norm on V and for e = (ey,...,e€;)
an orthogonal basis of (V, «), by [BT84, Proposition 1.9], the quantity

vol(a) := vol(e) — Z i

does not depend on the choice of the basis e. Here vol(e) is the volume of the lattice
generated by the basis e of V relative to some fixed lattice of V. In particular, we have

v(a, B) = vol(a) — vol(53)
from which we get immediately (2) and (3). O
Remark 2.5. As indicated in [Corl8, § 5.2.1], the previous theorem also holds for a general

henselian non-archimedean base field. For example, (1) is confirmed in [BT84, Appendice,
page 300] , while (2) and (3) are proved in [Cor20].
Definition 2.6. Let (D, «) be a normed isocrystal.
(1) The rank and the degree of (D, «) are defined respectively by
rank(D,a) = dimpD
deg(D,a) = v(o,a)—deg(D),
with o the splittable norm on Dk given by
o(w) =inf{|]A\|: A€ K,v € \(D®; Ok) C Dg},

and deg(D) the degree of the isocrystal D = (D, ), that is, the integer v (det ¢)
with v the normalized additive valuation on F.
(2) When D # 0, the slope p(D, ) of (D,«) is defined by the following ratio
deg(D, a)
D ="
pLD:) rank(D, o)
(3) Assume D # 0 and write p = p(D,«). We say that the normed isocrystal (D, o)

is semi-stable of slope p if for any non-zero subisocrystal D' C D, the normed
isocrystal (D', «|pr) is of slope < p.

e R.
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Remark 2.7. Let (D,«) be a normed isocrystal over F‘|F with underlying F-vector space
V. Then v(o,«) is the degree (defined in [Corl8, § 5.2.4]) of the normed vector space (V, «)
obtained from (D, ) by forgetting the Frobenius.

Remark 2.8. As in [Corl8, 5.2.4], the functions rank and deg are additive on short exact
sequences and respectively constant and non-decreasing on mono-epis, and for

[+ (D1,00) — (D2, a2)
a mono-epis, f is an isomorphism of normed isocrystals if and only if
deg(D1, ) = deg(D2, a2).

Consider the following faithful exact F-linear functor

w: NIsoc?lF — ISOCF|F7 (D,a) — D.

Here Isoc PP is the category of isocrystals over a |F'. Like the case considered by Cornut
in [Corl8], the functions rank and deg above give rise to a Harder-Narasimhan formalism
K

on NIsoc T More precisely, for (D,a) a normed isocrystal over F|F, there exists an

exhaustive separated decreasing R-filtration
Fun(D, @) = (FiI°D)scr

of D by sub-isocrystals such that for each s € R,

Fil'D = Fil*~D = (] Fil* D,

s'<s

and that the isocrystal

grjEHN(D,a)D :=Fil*D/Fil** D
equipped with the norm induced from «, is either trivial or semi-stable of slope s. We
call Fun(D, «) the Harder-Narasimhan filtration of the normed isocrystal (D, «v). Since the

degree function on NIsocg| r is additive on short exact sequences, we have
deg(Fun(D, a)) := Z sdimp griy, (p oD = deg(D, ).
seR

The proof of the following properties of Harder-Narasimhan filtration is standard. We refer
to Example 2.13 below for the definition of the direct sum of two filtrations.

Proposition 2.9. Let (D,«a) and (D', a) be two normed isocrystals. Then
JTHN(D ® D,, ad Oé/) = fHN(D, a) ) fHN(D/, O/).

In other words, the Harder-Narasimhan filtration for normed isocrystals is compatible with
direct sums.

2.3. Compatibility of the Harder-Narasimhan filtration with tensor products.
Let

F(Isoc 7l F)
be the category of pairs (D, F) with D an isocrystal over F'|F and F = (Fil'D);cr a finite
exhaustive separated decreasing R-filtration of D by sub-isocrystals. The formalism of
Harder-Narasimhan filtration for normed isocrystals provides a functor

(2.3.1) FHN NIsocfglF — F(Isocy ), (D,a) — Fun(D,a).

Note that the category F(Isoc 7| ) is naturally a quasi-abelian F-linear rigid ®-category,

so one may wonder if the functor Fyyn is compatible with tensor products. The main result
of this section is the following theorem.
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Theorem 2.10. The functor Fun in (2.3.1) is compatible with tensor products. In other
words, for (D,a) and (D', ') two normed isocrystals, we have

JT"HN(D XD, a® O/) = fHN(D, a) ® .FHN(D/, O/).
We refer to Example 2.13 for the definition of the tensor product of two filtrations.

Remark 2.11. It’s easy to verify that the assertion of the previous theorem is equivalent to
the following: the tensor product of two semi-stable normed isocrystals is still semi-stable.

The analogue of the theorem above for normed vector spaces is due to Cornut (cf. [Corl8,
Theorem 5.8]). Our proof of Theorem 2.10 given below is motivated by his proof of loc. cit.

2.3.1. The vectorial Tits building for GL,. Let L be a field, and V a finite-dimensional
L-vector spaces. Let F(V) be the set of separated exhaustive decreasing R-filtrations f =
(V#)aer of V by sub-spaces so that

Vi=VP = (| Vf, forallaeR.
a'<a
For such a filtration f of V' we denote as usual by
greV = EB gryV
a€R

the associated graded L-vector space, where

gryV = V]?/V;’Jr

with Vi = Uy, Vi C VP

Let e = (e1,...,ey) be an L-basis of V. We say that an R-filtration f € F(V) is splitted
by e if each subspace Vf“ is spanned by a subset of {e1,...,e,}. We have a natural injective
map
(2.3.2) R" — F(V),

sending a = (ay,...,a,) € R™ to the R-filtration f, of V given by setting
Vi = Span{ejla; > a} C V.

The image of (2.3.2) is an apartment of F(V'), denoted by F(e). Hence, F(V) is the union
of all its apartments. It is known that any two R-filtrations of V' can be splitted by a same
L-basis, thus are contained in a common apartment.

Example 2.12. Let f,g € F(V), and A € R>g. We can define two new elements f + g and
A-fof F(V) by
Vi = > VIV and Vi, :=VP e
b+c=a
Note that the formula defining f+—i— g makes sense since the sets
(VI 1beR} and {VS|ceR}

consist of only finitely many subspaces of V.. Moreover, if f, g are contained in the apartment
F(e) for a certain L-basis, and write f = fo and g = fg for some o, f € R", then f+ g =
Jars and A+ f = fra.

Example 2.13. Let V,V’ be two L-vector spaces. Let f, ' be two R-filtrations of V and
V' respectively.
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(1) The direct sum of f and g, denoted by f & g, is the R-filtration of V& V' given by
setting

Vigp=Vif@VicveV, VYaeR.
Clearly,
gr?@f/(V &) V/) = gI?V D gr‘}luV'.

(2) The tensor product of f and g, denoted by f ® g, is the R-filtration on V Q V' given
by setting (one checks easily that the formula below indeed makes sense)

Vigp =Y VieVicVveV, VacR
s+t=a
As for the graded pieces of f @ f', we have the following well-known description
gr?c@)f/ = @ grjcV &® gr}/V/.
s+t=a

Moreover, if e = (e1,...,e,) (resp. € = (€],...,€l,)) is an L-basis of V (resp. of
V') and f = fo € F(e) (resp. f' = fz € F(¢)) with o = (a1, ...,a,) € R™ (resp.
B=(b1,...,bp) € R™), then

e®e = (e; ® e;-)m
is an L-basis of V@V’ and f ® f' = fo ® fz3 = faep € Fle®¢€'), where
a® B = (a; +bj)i; € R"™.
The set F(V) is naturally a metric space ([Corl8, § 2.3]): let f,g € F(V), and write

(f,9) = Z st dim gr} (ngV),
s,teR

Ifl = {f, f), and
d(f,9) = VIfI2+ 191> —2(f.9).

Here gr?(gréV) is the subquotient of the L-vector space grth associated to the filtration
induced from f.

Proposition 2.14. The function d(—.—) defines a metric on F(V'), and the metric space
(F(V),d) is complete.

Proof. This can be viewed as the special case of some general results of Cornut. Indeed, as
V' is a finite-dimensional L-vector space, the set X of all L-subspaces, equipped with the
partial order < given by the inclusion relation of subspaces, is a bounded modular lattice
of finite length dimg V', with

WiV Wy =W +Wy and Wi AWy :=WiNWs.

Moreover, the set F(V') is naturally identified with the set F(X) of all R-filtrations on X
considered in [Corl8, § 2.2], and the map

X —R, W dim, W

gives a rank function (in the sense of [Corl8, § 2.1.3]) on X. So our proposition follows
from the corresponding general statements for bounded modular lattices of finite length
established in [Corl8, Proposition 2.6, 2.7]. O
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Remark 2.15. Let e be an L-basis of V. Restricting to the apartment F(e), identified with
R™ via (2.3.2), the pairing above is just the standard scalar product (—, —) in R™, i.e.,

(far f8) = (@, 8), Va,B R
In particular, for f,g,h € F(e), we have

In general the pairing (—, —) is only concave ([Corl8, Lemma 2.5]): we have

(2.3.3) (frg+h) = (f,9)+{f;h), Vf g heF{V).
Let C' C F(V) be a closed subset. Assume moreover that it is convez, i.e., for any f,g € C
Af+(1=XN-geC, VAe][0,1].

Then, for every f € F(V), there exists a unique po(f) € C, called the convezr projection of
f to C, such that

d(f,po(f)) = min{d(f,g)lg € C}.
Lemma 2.16. Let f € F(V), with convex projection pc(f) € C. We have

lpc () < |f]-
Moreover, if g € F(V) so that po(f)+t-g € C for sufficiently small positive real t, we have

(pc(f),9) > (f.9)-

Proof. The inequality |pc(f)] < |f]| follows from the fact that the convex projection p¢ is
non-expanding ([BH99, I1.2.4]). The second asssertion is also well-known and let us recall
the proof for the sake of completeness. Note that, for t € R~o with po(f) +tg € C,

d(f,pc(f))? < d(f,po(f)+tg)?
= |fI?+ Ipc(f) + tg]> = 2{f,pc(f) + tg)
= P+ Ipc(DI?+ 19I* + 2(pc(f), 9)t — 2(f, pc(f) + tg)
IF12+ lpe ()P + 1918 + 2(pe (f), )t — 2(f,pc(f)) — 2(f. tg)
( () (
(

IN

= P +Ipc(HI? + 9Pt +2(pc(f), 9)t — 2(f.pc(f)) - 2t(f.g)
= 9Pt +2((pc(f), 9) = (£ g t+ [P + e (£ = 2(f,pc(f)
= g’ +2((pc(f), 9) = (f,9)) t +d(f,pc(f))*.

Here the second inequality follows from the fact that the pairing (—,—) is concave (cf.
(2.3.3)). Since these inequalities hold for any sufficiently small positive real number ¢, it
follows that the polynomial

g1t + 2 ((pa(f), 9) — (f, o))t

attains its minimum at some ¢y < 0. As a result, we find (pc(f),g) > (f, g), as required. [

2.3.2. Vectorial Tits building and Harder-Narasimhan filtration. We use the notations fixed
at the beginning of § 2.1. Let (D, ) be a normed isocrystal over K /F, with V the underlying
F-vector space. Let F(D) C F(V) be the subset of R-filtrations of D by subisocrystals.
As in the proof of Proposition 2.14, the set of all subisocrystals of D, equipped with the
partial order < given by the inclusion relation, is naturally a bounded modular lattice of
finite length < dimz D. So by [Corl8, Proposition 2.7], the subset F(D), equipped with
the distance function induced from that on F(V') is complete, thus is closed in F(D). The
norm a on D ®; K defines a map

(a, =) :F(D) — R, fr—{a,f)= Zs -deg(griD, o).
seR
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Using the vectorial Tits building, the Harder-Narasimhan filtration for the normed isocrystal
(D, «) has the following characterization:

Proposition 2.17 ([Corl8, Proposition 2.12]). The Harder-Narasimhan filtration for (D, «)
is the unique filtration F € F(D) such that

FP? =2, F) < If = 2a, )
for any f € F(D).
On can slightly strengthen the above inequality:

Corollary 2.18. Let (D,a) be a normed isocrystal, with F = Funx(D,«) its Harder-
Narasimhan filtration. Then for any f € F(D),
(deg(f) — deg(D, @))?

dimx D ’

\FI? = 2(e, F) < |f> = 2(a, f) —

Here deg(f) denotes the degree of the filtration f, i.e.,

deg(f) := Z a - dim g grD.
a€R

Proof. For r € R, let f, be the R-filtration on D with

D} = D?*T, for all a € R.

Then
|F?=2(e, F) < 1fol? = 2(c, fr)

= Z(a +7)2 dimj gryD — 2 Z(a + r)deg(gry D, o).
a€R a€R
= 2. dim g D + 27 - (deg(f) — deg(D, a)) + 1£1? = 2(a, f).

_ deg(f)—deg(D,a)

Since this holds for any r, taking r = 4m=D , we obtain the desired inequality. [J
F

2.3.3. Compatibility of Harder-Narasimhan filtration for normed isocrystals with tensor
products. Let (D, «) and (D', ') be two normed isocrystals on K/F, with underlying F-
vector spaces V and V' respectively. Consider the isocrystal

E=DeD & (DD
equipped with the norm 8 on Ef induced from « and o/. We have the following map
F(D)xF(D') —F(E), (f,fH=faefe(fef).

Lemma 2.19. The above map is injective, and identifies F(D) x F(D') as a closed convex
subset of F(F).

Proof. The injectivity of the above map is clear. So we can view F(D) x F(D’) as a subset
of F(E). To check that F(D) x F(D’) is convex in F(E), we claim that, for (f, f’) and
(9,¢") in F(D) x F(D'),

(f+oe(f'+d)=fef +ged cF(DeD).
For this, let e = (e1,...,e,) (resp. € = (ef,...,€l,)) be an F-basis that split f and

rm
g (resp. f' and ¢') at the same time, with the corresponding n-tuples (resp. m-tuples)

a=(a1,...,a,) and B = (by,...,by) (resp. & = (a},...,a),) and B’ = (b,...,0),)). Then

’'m
the F-basis (e; ® €); ; splits both the filtrations (f +¢) ® (f'+¢') and f® f'+g® ¢, and
the corresponding mn-tuples are the same, given by

((ai-+ b0) + () + ), = (a5 + ) + (0 +15)

i,J i’
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giving our claim.
It remains to check that F(D) x F(D') C F(F) is closed. Let (f, f') and (g,¢’) be two
elements in F(D) x F(D'). Viewed as two elements in F(E), their distance is

VA(f, 92 +d(f, g2 +d(f e fl.g®d)2

On the other hand, consider the F-bases e and e, the tuples a, o/, 8 and 3’ as above, then
we have

dfef.g0g)? = ZZ a; + ajy — b, — b))?

=1 j=1

2> 2 (@ = bi)* 4 (a — 15)%)
i=1 j—1

= 2md(f7g)2+2nd(flvg/)7

with m = dimz D" and n = dimz D. Consequently,

Va(f.9)2 +d(f,g)? < Vd(f.92+d(f,g)+dfef,g®4)?
< V(@m+1)d(f,9)% + (2n+1)d(f',g)%

In particular, the distance function on F(D) x F(D') induced from the distance function on
F(F) is equivalent to the product of the distance functions on F(D) and on F(D’). Since
(F(D),d) and (F(D'),d) are complete, it follows that as a subset of F(F), F(D) x F(D’) is
also complete, thus is closed, as required. ]

IN

As a result, we can consider the convex projection of F(FE) to the closed convex subset

F(D) x F(D'), denoted by
p: F(E) — F(D) x F(D").
in the sequel. Recall that the normed isocrystals have underlying F-vector spaces V and
V' respectively. Let
W=vVoeVelVeV)

be the underlying F-vector space of the isocrystal E. A similar argument shows that the
natural map

(2.34) F(V)xF(V')— FW), (f.f)—rfefa(fef)

identifies F(V) x F(V’) as a closed convex subset of F(WW). Let us denote the corresponding
convex projection by q.

Lemma 2.20. The square below is commutative:

F(E)—2~F(D) x F(D')

.

F(W)—1=F(V) x F(V')
Proof. By the uniqueness of convex projection, it suffices to check that, for f € F(E) viewed
as an element in F(W), its convex projection ¢(f) € F(V) x F(W) is an R-filtration by
subisocrystals. To show this, by abuse of notation, we denote by ¢ the Frobenius on the
related isocrystals in the proof. So for D € {D, D', E}, with underlying F-vector space V,
we have an isomorphism of F -spaces

$R1: V@, F— V.
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In particular, for g € F(V), we obtain a filtration ¢(g) of V by setting
Vi) = (@@ 1)(Vg) C V.
As the Frobenius map ¢ is bijective, we obtain bijection
¢:F(V) = F(V)

and F(D) C F(V) is precisely the subset of elements fixed by ¢. For ¢’ a second filtration
of F(V), we have

(9,9") = (6(9), (g"))

and thus d(¢(g), #(g')) = d(g,¢’). Moreover, the map (2.3.4) is equivariant with respect to
the bijection ¢ on both sides. It follows that, for f € F(E) C F(W), q(f) and ¢(q(f)) are
two elements in F(V) x F(V’) minimizing the function

F(V)xF(V') 2> g~ d(f,g).

As aresult, ¢(q(f)) = q(f) € F(V) xF(V') and thus ¢(f) € F(D) x F(D'), as required. [
We are now ready to prove the main result of this section.

Proof of Theorem 2.10. Recall that (D, a) and (D', o) are two normed isocrystals on K/F,
and

(E,) = (D,a)® (D',d) ® ((D, )@ (D', 0/)) .
Let
F = (Fun(D, ), Fun (D', a')) € F(D) x F(D')

and view it as the element
Fun(D, o) & Fun(D', o) & (Fun(D, @) ® Fun(D', o))

in F(E). We want to show that this coincides with the Harder-Narasimhan filtration
Fun(E, B) for (E, ). For this, it suffices to check that F satisfies the inequality char-
acterizing the Harder-Narasimhan filtration Fun(E, §):

(2.3.5) |FI* —2(8,F) < |fI> —2(8,f), VfeF(E).

For the moment, let us check the inequality (2.3.5) for f = (¢9,¢') € F(D)xF(D’) C F(E).
Firstly,

f? = Y a’dimg}(DeD' @ D® D)
a€R
= > a* (dimgrl(D) @ gri(D') ® grie, (D ® D')))
a€eR
= gl + 191>+ a® dim (@4 s=agry D @ gr5, D')
a
= g +1g>+ > (r+s)*dim(gr} D) - dim(grs, D')
r,s€R
= (dim D' +1)|g|* + (dim D + 1)|¢'|* + 2deg(g)deg(g’).
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Secondly,
(a®a,g@g) = ) a-deg(grip,a®a)
ac€R
= Z (r + s)deg(gryD ® gry D', a ® o)
r,s€R
= ) (r+s5)(deg(gryD, ) - dim(grs, D) + deg(grs, D', o) - dim(grj D))
r,s€ER
= (a,9)dim D"+ (o/,¢') dim D + deg(D, a)deg(g') + deg(D’, o )deg(g),
yielding
<57f> = <a,g)+<a’,g’>+<a®a',g®g/>
= (o, g)(dim D’ +1) +(a’, g')(dim D + 1) + deg(D, a)deg(g) + deg(D’, o')deg(g).
So
[fP=2(8.f) = (dimD'+1)(lg* - 2{a, 9)) + (dim D + 1)(¢'|* - 2(o’, "))

+2deg(g)deg(g) — 2deg(D, a)deg(g') — 2deg(D’, o')deg(g).
Applying this equality to f = F, and noticing that
deg(Fun(D, a)) = deg(D,«) and deg(Fun(D’,a)) = deg(D’, '),
we find
IFI?=2(8,F) = (dimD' + 1)(|Fun(D,a)|* - 2(a, Fun (D, a)))
+(dim D 4 1)(|Fan (D', o) [* = 2(e/, Fax (D', a)))
—2deg(D, a)deg(D’, ).
Using Corollary 2.18, we deduce
\FI? =28, F) — (If* = 2(8, f))
< — (B3 (deg(g) - deg(D, ))? + U551 (deg(g') — deg(D',a'))?)
—2(deg(g) — deg(D, a))(deg(g) — deg(D’, a"))
< — (D (deg(g) — deg(D,))? + 2P (deg(g') — deg(D',0))?)
2(deg(g) — deg(D, a))(deg(g') — deg(D', o))

< 0
Here for the last inequality, we use the classical inequality
a?+b*>>2ab, Va,beR.

As a result, we see that the inequality (2.3.5) holds once f € F(D) x F(D') C F(E).
For general f € F(F), consider its convex projection p(f) to F(D) x F(D’). According
to Lemma 2.16, we have

p(f)P < IfP.

On the other hand, viewing f as an R-filtration of the underlying F-vector space W of E,
we have by Remark 2.7 the following equality

deg(gr$E, B) = deg(griW, B) — deg(gr$E),

where the first term on the right hand side is the degree of the normed vector space griWw,
equipped with the norm induced from (3, and the second term deg(gr?cE) is the degree of
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the isocrystsal gr;W. Hence

(8,f) = Y a-deg(er}E,B)

a€eR

= ) a-deg(gr}W,B8) = > a-deg(gr}E).
a€R a

Now the first sum

(B, f) =" a-deg(grW, B)

has been already considered by Cornut in [Corl8, § 5.2]. As p(f) is also the convex projection
of f € F(E) c F(W) to F(V) x F(V') ¢ F(W) according to Lemma 2.20, by [Corl8,
Proposition 5.6 and § 5.2.13], we have

(2.3.6) (B, ) < (B,p(f))".

Furthermore, if we write Fy € F(E) the Newton filtration on the isocrystal £ and Fy its
opposite (defined from the slope decomposition), it follows that

Za . deg(gr‘}E) = (FN, f) = —(F ).

Clearly, Fn, F3 € F(D) x F(D') C F(E), and both t - Fy + p(f) and t - % + p(f) are
contained in F(D) x F(D’) for any t € R+ sufficiently close to 0. By Lemma 2.16 we have

(Fno f) < (Fwsp(f)) and (PR, f) < (s p(f)s
and thus an equality
(Fx, ) = (Fnsp(f))-
Combining with the inequality (2.3.6), we find
(B, f) = (B, ) — (Fn. f) < (B, p(f)) = (Fx,p(f)) = (B,p(f)),

and thus

IFI2—2(8,F) < [p(fH) —2(8.p(f))
< P =208, 1)

for any f € F(FE), where the first inequality follows from the previous step. Therefore we
find

Fun(D, a) ® Fun(D', ') & (Fun(D, a) @ Fun(D', o)) = Fun(E, B),
while
Fun(E, B) = Fun(D,a) ® Fun(D', ') @ Fan(D @ D', a ® o)
by Proposition 2.9. In other words,
Fun(D, o) @ Fun(D', ) = Fan(D @ D', a ® o),

and the functor (2.3.1) is compatible with tensor products. O
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2.4. A variant. Let

BunIsocF|F

be the quasi-abelian F-linear ®-category whose objects are pairs (D,Z), where D is an
isocrystal over I'|F' and 2 C D ® K is a lattice. A morphism

f : (Dl,El) — (DQ,EQ)

in BunIsocZ,  consists of a morphism f : Dy — Dy of isocrystals with

FIF
(f®1)(E1) C Ea.
As in [Corl8, 5.2.3], there is a natural F-linear exact ®-functor

(2.4.1) BunIsocF|F — NIsocF|F, (D,E) — (D, az).

Here az denotes the gauge norm of the lattice = C D @ K: forv e D @y K
az(v) :=1inf{|\| : v € AE}.

For example, for the lattice Zg := D ® Ok, the gauge norm az, is the norm o used in the
definition of the degree of a normed isocrystal (Definition 2.6).

Remark 2.21. The functor (2.4.1) above identifies BunIsocF|

NISOCFlF, made of those (D, a) such that a(D ®; K) C |K|, which is stable under strict

subobjects and quotients.

. with a full subcategory of

For (D, E) an object in BunIsocFlF, define

rank(D, =) :=dimz D, and deg(D,E) := deg(D, az).

Remark 2.22. Let (D, E) be an object in BunIsocFlF Let F= be the residue filtration on

D @ C defined by the lattice =, with C' the residue field of K: fori € Z,
, E)NZ =
FiDeC)= TN Z0 T 5

= D®:xC.
7TE.0 ®F
Here 29 = D ®p Ok. In particular, we obtain a filtered isocrystal (D, Fz), and this con-
struction yields a functor

BunIsocF‘F — FllIsocF‘F, (D,Z) — (D, Fz).
By the adapted basis theorem, there exists a basis e = (e1,...,e,) of the free Ox-module
Eo = D®; Ok, and elements Ay, ..., \. € Z such that (mMeq,...,m\e,) forms an O -basis

of 2. Then e is an orthogonal basis for a= and for o = az, at the same time. Moreover,
az(e;) = ||, and a=z(e;)) =1, i€Z.
So
deg(D,E) = = Y _ A\ — dim(D) = deg(Fz) — dim(D) = deg(D, Fz).
%
In other words, deg(D,E) is the same as the degree of the filtered isocrystal (D, F=). How-
ever, we caution the readers that, for D' C D a subisocrystal, set ]-'E\D/C the filtration on
Di, = D' ®p C induced from F=, then we have in general

deg(D, 2N (D' @ K)) # deg(D',]—"E]D&).

See [Sh23, Example 2.1 for an explicit example of Viehmann. As a result, the Harder-
Narasimhan filtration on D defined by the lattice = as we consider here differs from the one
defined by the residue filtration F=. We will come back to this point later in § 4.4.
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Theorem 2.10 combined with Remark 2.21 give the following result.

Theorem 2.23. The functions rank and deg above on Bunlsoc induce a Harder-

K
F/F

Narasimhan formalism on BunIsocg| I whose Harder-Narasimhan filtration
(2.4.2) FHN : BunIsocg‘F — F(ISOCF‘F)

s induced from the Harder-Narasimhan filtration Fun on NISOC§|F in (2.3.1). Moreover,
Fun s compatible with tensor products, or equivalently, the tensor product of two semi-stable
objects in BunIsoch 18 still semai-stable.

Remark 2.24. The similar result of Theorem 2.28 for filtered isocrystals was proved by
Faltings in [Fal94] and by Totaro in [Tot94]. Both proofs work by reducing the problem
of o-linear algebra to a different problem of pure linear algebra. Motivated by the idea
of Ramanan and Ramanathan from geometric invariant theory, Totaro gave in [Tot96] a
different elementary proof which avoids the reduction from filtered isocrystals to filtered
vector spaces. The method of Cornut in [Corl8] can be viewed as an ariomatized version of
Totaro’s overall strategy in [Tot96] in which the GIT tools are replaced by tools from convex

metric geometry.

In the next section, we will apply Theorem 2.23 in the case where K = Bggr to define
Harder-Narasimhan stratification for a general reductive group. Here Bgg is the de Rham
period ring associated with an algebraically closed perfectoid field of characteristic 0.

3. HARDER-NARASIMHAN STRATIFICATION ON B:{R-AFFINE GRASSMANNIAN

The goal of this section is to define the Harder-Narasimhan stratification on the BS{R—aﬂine
Grassmannian of a reductive group G. For G = GL,, it would be enough to use the Harder-
Narasimhan formalism, i.e., the existence of Harder-Narasimhan filtration for isocrystals
with lattices. In order to pass to more general reductive groups, we use Tannakian duality,
and hence the compatibility of Harder-Narasimhan filtration with tensor products (Theorem
2.23) becomes crucial. Note that the special case of the Harder-Narasimhan stratification
for b = 1 with general reductive groups has already been worked out by Nguyen-Viehmann
(INV23]) and by Shen ([Sh23]).

3.1. HN-vectors. Let G be a reductive group over F. Let S = Spa(C,C") — Spd(ﬁ’) be
a geometric point of Spd(F'), given by an untilt S* = Spa(C¥, C**) over F. Write
Bar = Bar(C*) and Bj = Bz (CY)
the corresponding de Rham period rings (cf. Section 1.1.1). Let b € G(F). Consider the
following faithful exact ®-functor
(3.1.1) wayp - Rep(G) — Isocy (V,p) — (V@r F,p(b) o (1® 0)).
Let z € Grg(S) = G(Bar)/G(Bj)- For an F-representation p = (V, p) of G, it induces an
element
p(a:) S GrGLV (S) = GL(V QQF BdR)/GL(V KRF B(—IR),
or equivalently, a BJR—lattice Ezp inV @p Bgr:
Zep = p()(V ®F Big) €V ®r Bag.
The pair (b, x) then gives rise to a ®-functor

wape - Rep(G) — BunIsoc?®
(3.1.2) ’ @ FIF
(V7 p) — (wG,b(V7 p)7 E’a:,p)-
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Composing it with the functor Fyy in (2.4.2), we obtain

]:
Fun(b,z) : Rep(G) — BunIsoc?TI{f it} F(IsocF,|F),

which is exact and compatible with tensor products by Corollary 2.23. Since G is reductive,
there exists some rational cocharacter

(3.1.3) UZ]DF—>GF
that splits Fun(b, x), i.e., the composed functor

) .FHN_(I);J?)

Rep(G F(IsocmF) — F(Vect )

of Fun (b, z) with the forgetful functor F(Isocﬁ,w) — F(Vect ;) admits a factorization
Rep(G) —— F(Vect ) .

l |

Rep(D;) Q—Vect;

Here the left-vertical functor is induced by the rational cocharacter v, while the right-vertical
functor takes a Q-graded F-vector space V = BacqVa to the filtered F-space (V,Fil*V)
with
Fil'V = Vs, VaekR
BZa
Remark 3.1. Let P C G be the parabolic subgroup of elements of G . that preserves the
Harder-Narasimhan filtration. In particular

P(F) = {g € G(F) | p(g) preserves Fan(b,z)(V, p),Y(V, p) € Rep(G)}.
Then P is also the parabolic subgroup attached to the rational cocharacter v.

Consider as in (3.1.3) a rational cocharacter v that splits the Harder-Narasimhan filtration
Fun(b, ). Since the Tannakian category Isoc j|r has a fiber functor over F", the maximal

unramified extension (inside F) of F, the rational cocharacter v is G(F)-conjugate to a
rational cocharacter v' € Hompun (D, G), whose G(F"")-conjugacy class depends only on
the G(F)-conjugacy class of v: for v” € Hompun (DD, G) a second choice, the two rational
F"_cocharacters v' and v” are G(F )-conjugate, so our assertions follows from the fact that
the set of ¢ € G(F"") with Int(c) o v’ = v” is the set of F“"-points of a torsor under
the centralizer of v’ which itself is a connected reductive subgroup of G'pun, and the famous
result of Steinberg saying that every torsor under a smooth connected linear algebraic group
over F'*" has a rational point (cf. [Ste65, Theorem 1.9] and [Ser94, Chap. II, § 3.3 (c)]).
Let us denote the resulting G (F)-conjugacy class of v’ by

v € Xi(G)g/G(F).
Lemma 3.2. We have v, € N(G) = (X*(G)Q/G(F))F.

In the following, we call the element v,, € N(G) the HN-vector of the pair (b,zx).
When G is quasi-split, we also consider v, as an element in X, (A)z)f via the identification

N(G) = X.(A)F.

Proof of Lemma 3.2. Consider the rational cocharacter v in (3.1.3). So it suffices to check
that the class [v] € Hom (D, G)/G(F') is invariant under the action of the Frobenius o,
i.e., [v7] = [v] with v” being the base change of v : D — G induced by the Frobenius o.
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This is a consequence of the fact that the Harder-Narasimhan filtration is a filtration by
subisocrystals. More precisely, recall that v is a splitting of the composed functor

Fun(b,z) forgetful
) g

Fun(b,z) : Rep(Q) F(IsocF‘F F(Vect ).

By functoriality, its twist v” by Frobenius splits

Fun(b,z)
—

@ I
Fun(b, )" : Rep(G) F(Vecty) —5 F(Vecty).

On the other hand, for (V, p) a representation of G and for W C (V}z, p(b)o) a subisocrystal,
we have (p(b)o)(W) = W. In particular, the isomorphism
ORE Vi — Vi

maps W onto o(W). Moreover, under the natural identification Vi ®p F~Verk,

Weg, F' corresponds to o(W) C V. As a result, the bijection p(b)~! above sends the

Harder-Narasimhan filtration of (wgy(V, p), Ez,p) to its twist by Frobenius. In this way, we
obtain a natural transformation of functors

b_l : fHN(b, 1:)/ = ]'—HN(b, x)”.

So Int(b~') o v also splits Fun(b,x)”. Hence, the cocharacter v is G(F)-conjugate to
Int(b~!) o v, and the class vy, of v in X.(G)g/G(F) is Galois invariant. O

3.2. Compatibility with inner-twists. Let H be an inner-twist of G, given by a basic
element by € G(F'). In particular, H = J,, and for any F-algebra R, we have

H(R) = {g € G(F ®F R)|gboo(9) " = by} — G(R).

Here the morphism is induced by the natural map F®r R — R. Therefore, we have an
identification of algebraic groups over F":

L Hp = Gp.
Using the element by we can deduce a well-defined bijection
7:B(H) — B(G), [h]+—— [t(h)bo].
Indeed identify H with G and thus H (F) with G(F) through the isomorphism ¢, the

v v

Frobenius automorphism oy on H(F') is given by the composed map Int(by)oog on H(F') =
G(F). Therefore for any h,h; € H(F') = G(F)

hi(hbo)og(h1) ™! = hihboog(h1) tby tbo = (hihom (ki)™ H)bo

and the map h — hby sends a o-conjugacy class in H(E) to a o-conjugacy class in G(F).
Thus the map ¢ above is well-defined and it is clear that 7 is bijective. On the other hand,
the isomorphism ¢ induces also an isomorphism between the Bg’R-aﬂﬁine Grassmannians, still
denoted by ¢ in the sequel

GrH,F — GrG,F'

Proposition 3.3. Keep the notation above. Let h € H(F) and x € Gry, » be a geometric
point. Then Uy(h)bo,u(z) = Vhz — Vb € N(G)=N(H).

Proof. The proof is inspired by [Kot97, 3.4], where can be found a similar result for the
Newton vectors. Take a faithful representation (V,p) of G. Together with the Frobenius
induced by by, the base change V ®p I’ becomes an isocrystal over F', denoted by V. One
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can also use the Frobenius structure induced by ¢(h)by on V ®p F, and we denote the
resulting isocrystal by V’. Let U = End_ x(V), and more generally, for any F-algebra R,

U®p R=End, pp(V@p R).
Then H(R) C U(R), so U gives a faithful representation of H by left-multiplication. In

this way, U := U @p F becomes an isocrystal whose Frobenius structure is given by h.
If moreover R is an F-algebra, we have naturally an identification induced by the natural

morphism F @z R — R of F-algebras (recall that by € G(F) is basic)
U®rR = EndR(V QQF R)

Under this identification, the action of H; on U := U ®p F is the same as the action of G P

on Endp (V) ®@p F by left multiplication, and hence the isocrystal U can be identified with
the following isocrystal

Endp(V) ®@p F~ Hom x(V ®p F, V QF F),

where the Frobenius is induced by the left multiplication given by p(c(h)) € GL(V @ F).
Consequently, we get a morphism of isocrystals

(3.2.1) TV —V.

Furthermore, once we put the norm structure on U® 7 Bar given by x € Gr,; j, or equiva-
lently, the norm structure on

EndF(V) ®F BdR = HOHleR(V ®F BdR7 V ®F BdR)
by the gauge norm induced by the lattice
HomB(TR(V QR B(—j’—R? EL(CC),p) C EndF(V) ®F Bar,

and the norm on V ® 7 Bar (resp. on V'® 7 Bar = V ®F Bqr) by the trivial B(TR—Iattice
V@BJR (resp. Z,(),p), the map (3.2.1) above is even a surjective map between the normed
isocrystals. Now take v € X, (H)q (resp. vo € X«(G)q) arational cocharacter that splits the
Harder-Narasimhan filtration Fyn(h, x) (resp. corresponding to the slope decomposition of
the isocrystal V). In particular, —vy € X.(G)q gives a splitting of the Harder-Narasimhan
filtration Fun(bo, zo), where zg € GrGj is given by the identity element of G. As the
Harder-Narasimhan filtration is compatible with tensor products (Theorem 2.23), using the
surjective map (3.2.1), we deduce that the rational cocharacter

poLOV—poug

splits the Harder-Narasimhan filtratiton of the normed isocrystal V’. As V is a faithful
representation of G, it follows that the rational cocharacter tov—vy splits Fun(¢(h)bo, t(z)).
Therefore, we obtain the required equality vp 2 — Vby = Vy(n)pou(z) € N (H) = N(G). O

3.3. HN-vectors in the quasi-split case. We keep the notations in the previous sub-
section. In particular, S = Spa(C,C") — Spd(ﬁ’) is a geometric point of Spd(ﬁ’), given
by an untilt S* = Spa(C*, C*) over F, with Bgqgr and B:{R the corresponding de Rham
period rings. Suppose that G is quasi-split. Abusing the notation, we identify v, , € N(G)

with its dominant representative in X, (A)é in the following via the natural identification

X*(A)(E ~ N(G). Let P C G be the parabolic subgroup corresponding to the Harder-
Narasimhan filtration of wgp » (Remark 3.1). Since the Harder-Narasimhan filtration on a
normed isocrystal is a filtration by subisocrystals, the intersection of the parabolic subgroup
P with the centralizer of the Newton vector v, descends to a subgroup of J, defined over F'.
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Lemma 3.4. There exist a standard parabolic Q C G over F with standard Levi M, and a
reduction (bg, g) of b to Q satisfying the following properties.
e Q is the parabolic subgroup of G defined by vy, € Xy (A)Q, and gQpg~' = P. In
particular vy, is dominant Q-regular.

e Write byy € M(F ) the image of bg € Q(F ), and recall the natural projection pry, :
Grg — Gryr. Then the HN-vector of the pair (bar,pra (g7 1z)) is vy, thus the
functor wyrpy,, e (g-12) (defined in 3.1.2) is semi-stable in the sense that the HN-

vector of (bM,prM(g 133)) is central in M.

Proof. Let v € X, (G)g be a rational cocharacter defined over F' that splits the Harder-
Narasimhan filtration of wg pz: so [v] = [vp,] € N(G). Since G is quasi-split, v is G(F)-
conjugate to v, , € X*<A)6' Let g € G(F) with Int(g) o vy, = v. Consequently,

9Qpg ' =P CGp

with @) C G the standard parabolic subgroup defined by v, € X, (A)a In particular, vy,
is dominant @)-regular.

On the other hand, since the Harder-Narasimhan filtration of wgy , is a filtration by
sub-isocrystals, bo(P)b~! = P. Tt follows that

ba(9)Q 0 (9) '™ = bo(9)a(Qp)a(9) b7 = gQpg ",
and thus
g b0 (9)Qpo(9) ™7 g = Qp
As a result, by = g 'bo(g) € G(F) normalizes Qj and hence is contained in Q(F). So

b = gbgo(g)~! has a reduction (bg, g) to Q. Furthermore, g € G (F’ ) gives an isomorphism
from wg 4, 412 t0 WG bz, thus an isomorphism of functors

]:HN(va.g_l'l') L> ]:HN(bax)

In particular, the Harder-Narasimhan filtration of wg, 0.9~z has a splitting given by vy, , =
Int(g~1)owv. By considering a faithful representation of G' (and thus a faithful representation
of @ through the embedding @ — @), we check that vy, € X.(A)g splits the Harder-
Narasimhan filtration of wq p, 4-1,, hence also splits the Harder-Narasimhan filtration of
the functor wysp,, pr,, (g-12)- Since vy y Is central in M, it coincides with the HN-vector of
the pair (b, prys (¢~ 1z)) in X, (A)g M-+ and the functor WALbar,pray(g-1a) 1S semi-stable. [

To go further, it is convenient to use the notion of (modifications of) G-bundles on the
Fargues-Fontaine curve X = X¢ c+). We first infroduce the notion of slope vector of a
G-bundle for any G. Later on, we will use the slope vector of a M-bundle where M is a
Levi subgroup of G. The faithful ®-functor wgy of (3.1.1) corresponds naturally to the
G-bundle &, on X recalled in § 1.1.3. The map

X(G)—7Z
x > deg(x+&p)
is Galois invariant and can thus be viewed as an element v(&) € X, (Z(;)&, where Zg
denotes the center of G and x.(&) is the pushout of the G-bundle &, by the character y,

thus is a line bundle on Xz, the base change to F' of the Fargues-Fontaine curve X/F.! In
other words,

(V(&), x) = deg(x«&), Yx € X*(Q).

1Over X7 every vector bundle is a direct sum of line bundles of rational slopes ([FF18, Théoreme 8.5.1]).
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In fact, v(&) = —Avg(vp), where Ave denote the average over the action of the Weyl group
We of (G, T). The element v(&,) € X*(Zg)é is called the slope vector of &,.

Let (bgr, ¢') be a reduction of b to a standard parabolic subgroup Q" C G, which, together
with the G-bundle &, , on X, gives rise to a reduction (&) o 1O Q' and thus an element,
(by abuse of notations) still called the slope vector for the pair (bg,d'),

Vibgrg') € Xx(Zar)g C Xu(T)g = Xu(A)g

as the slope vector of the M’-bundle (&, ;) x@ M’ , where Z); is the center of the standard

Levi M’ corresponding to @', and

bQ/

~ Ql
(gb’x)bQ’ - ng/ g~z

the reduction to the parabolic subgroup @’ of &, , corresponding to (bgr, ¢').
The following result is an analogue of [Schil5, Theorem 4.1].

Proposition 3.5. Let Q1, Q2 be two standard parabolic subgroups of G, with My and My
their corresponding standard Levi subgroups. Fori =1 or 2, let (by,,g:) be a reduction of b
to Qi, and write by, (resp. xng,) the image of by, € Qi(F) (resp. of g; 'z € Grg(C,CT) =
Grg,(C,CH)) in M;(F) (resp. Grag,(C,C7)) via the natural projection Q; — M;. Assume
that

(i) the Mi-bundle Sé\]/vh is HN-semi-stable, in the sense that the HN-vector of the

11T My

pair (bar,, xar,) is central in My; and that
(ii) the slope vector Ulbg, ,g1) 15 dominant Q1-regular.
Then the following assertions hold:

(1) U(bQ2792) S U(bQ17gl);

(2) we have Q1 = Q, the standard parabolic subgroup in Lemma 3.4, and V(bg,,q1) = Vbas

(3) if the inequality in (1) is an equality, then Q2 C Q1, and (bg,,g2), viewed as a

reduction of b to Q, is equivalent to (bg,,g1).

Proof. To simplify notations, write v; = v, 4,). Write also v] € X.(A)g the HN-vector

of the pair (bas,,xar,). We first check that, as v] is central in M; by the assumption (i)
above, v] is equal to the slope vector vy of the M;-bundle Sle @y > OF equivalently, of the

Q1-bundle (& 2)p,, = EEQQI g-1z+ More precisely, for every A € X*(Q)' = X*(M)T, we
17
want to show

(3.3.1) (v}, \) = deg( A (Ep,z)bg, )-

By the definition of the HN-vector, A o v} splits the Harder-Narasimhan filtration of the

one-dimensional isocrystal (ﬁ' ,A(bg)) equipped with the norm (or equivalently, the B:{R—
lattice) defined by A(¢~'z) € Grg,, (C,C*). Therefore, Aov} = (v}, \) € Q is the degree of
this one-dimensional normed isocrystal, i.e.,

J— m J— /
deg(A* (gb,:c)le) - deg(g)\(le)’)\(gflx)> - <U17 >\>7

as desired by (3.3.1). So v1 = v} € X,(A)qg since v] is already central in M;.
To check the inequality vs < v1, observe firstly that the difference

v1 — vp € QP
where @y is the set of coroots for (G, A). Indeed, for any A € X*(G) C X*(T)g, we have
(v, A) = (v2, A) = degAi&p 5.
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Hence v —vg € X, (T)q lies in the orthogonal complementary of X*(Zg)g C X*(T') under
the natural pairing

X*(T)Q X X*(T)Q — Q.
Consequently v1 — vy € Q®V, the Q-subspace of X, (T")g generated by the set @V of coroots
for (G,T). As v1 — v is Galois-invariant, so v; — ve € Q®J, as wanted.
To complete the proof of (1), we need to check that, for any dominant A € X *<A)<—£S’

(Ul, /\> Z <U2, )\>
Let p: G — GLy be a finite-dimensional representation of highest weight A, and let
V= Vil
neX*(A)
be its weight decomposition. For any ¢ € Q, consider the linear subspaces
Vig= P VicV.
(v1,)>q

Then V} ¢ C V14 once ¢ < ¢/, and we obtain a Q-filtration Vi 4 = (V1 4)geq of V. Since vy
is @1-dominant, for any character p occurring in the weight decomposition above we have
w < X and thus
(i, 1) < (v, A).
Consequently, the maximal rational number ¢; occurring among the jumps of the Q-
filtration Vi . is equal to (vi,A). Moreover, as in [Schil5, Lemma 5.1], the filtration Vj o
is a filtration of V' by ()1-subrepresentations, and the 1-action on each quotient gr,V1 e
descends to an action of the Levi M;.
We claim that the normed isocrystal

(3.3.2) (gquL. ®p F by, o (1® o), ale>
is semi-stable of slope ¢. Indeed, as a representation of A, we have weight decomposition
gr,Vie = @ Vipl.
(v1,1)=q
Since the Mj-bundle Slf\f; 2y, 15 HN-semi-stable, v = v{ is the HN-vector of (bar,,znr,)
1’ 1

and thus splits the Harder-Narasimhan filtration of the normed isocrystal (3.3.2) above. As
(v1, ) = q for all character yu occurring in the weight decomposition of gr V1 ., it follows
that the normed isocrystal (3.3.2) has only one jump ¢ in its Harder-Narasimhan filtration,
hence is semi-stable of slope ¢ as claimed. As a result, the Q-filtration Vi o ® F' is precisely

the Harder-Narasimhan filtration of the normed isocrystal (V ®@p F, bogo(1®0a),ay-1,). In
particular, the maximal destabilized sub-normed isocrystal of

(V®FF',bQ o(1®0),a,-1,) AN (V®Fﬁ',bo (1®o),az)
is of slope q; = (v1,A). On the other hand, for the standard parabolic Q2, we can define a

subspace
Vi= @ Vi
HEAZP pry 0
of V. Asin [Schil5, Lemma 3.5] we know that VJ is a Qa-subrepresentation of V', so it gives
a sub-normed isocrystal (Vy ®Fp F,bg, o (1® ), ay-1,,) of slope (va, ) of

(Ver F,bg, 0 (1®0),a,-1,) — (V&F F,bo (1®0).ay).
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So (v1,A) > (v2, A). As this inequality holds for every dominant weight, we deduce
V2 = V(bg,,02) = V1= Vlbg,,01)

as asserted by (1).

(2) We use the notation of Lemma 3.4. As v, € X, (A)(*QE is the HN-vector of the pair
(bar, prps (9 'x)) and is central in M, it coincides with the slope vector of Eé\;[{ pras(g-12)"
Thus vy, g) = Vb Moreover, vy, € X*(A)z)] is dominant @-regular. Consequently, by (1)

we must have

Y(bg,.g1) = V(bg.9) = Vb

and thus also Q1 = Q.

(3) Finally suppose v; = vy. Since v; is dominant @Q-regular, necessarily Q2 C Q1 = Q.
It remains to check that the pair (bg,,g2), viewed as a reduction of b to @1 = @, is
equivalent to (bg, g1). Replacing Q2 by Q1 = @ and bg, by its image in @ if needed, we
assume moreover that Q1 = Q2 = Q. Write b; = bg, for i = 1,2. So we have two reduction
(bi, i) of b to Q and hence by = (g5 'g1)b10(g5  g1)~". To conclude the result we need to
check that

95 g1 € Q(F).

For each i = 1,2, the element g; € G(F ) induces an isomorphism of functors
(3.3.3) Wb g le —F Wb

We claim that the parabolic subgroup @ C G preserves the Harder-Narasimhan filtration

on we, 1, 1o see this, it is enough to check the corresponding assertion after evaluating
00,9, %

W big e at an algebraic representation (V) p) of G. Clearly, we can assume moreover that
(V,p) is a highest weight representation with highest weight A € X*(A)@ Using the fact
that vy is dominant @-regular, the construction in (1) provides a filtration Vo = (V;)geq of
V', which is stable under the action of (). Moreover, as observed above, V. = (Ve® F’)qu
gives the Harder-Narasimhan filtration of

We by gt (Vip) = (V® Fp(b)(1®0),Z
Hence this verifies our claim when ¢ = 1. On the other hand, we have two R-filtrations
on the normed isocrystal (D, @) 1= wg a5 .(V, p): the first one is the Harder-Narasimhan

filtration D¢ = (Dg)¢er of (D, ), and since v1 = v, the same filtration V, » of V ® F as
above yields a second filtration by subisocrystals of (D, «). Using the isomorphism (3.3.3)
for i = 1 and 2, we deduce that both filtrations have the same numerical data, i.e.,

pyflr)'

q _ q _ - q g q
deg(grp, D, a) = deg(grv.yﬁD, a)=g¢q, and dim(gr}, D)= dlm(grv.yﬁD), Vg € R.

Therefore, according to the lemma below, V, ; coincides with the Harder-Narasimhan fil-
tration D, of (D,a) = vabQ’g;%(V, p), showing our claim when ¢ = 2. In particular, it
follows that @ C g;ngZ- and thus Qp = g;ngi since @ is a G(F)-conjugate of P. As
a result, we get
71Qpg1 " =P = g2Qp05 "

and hence g5 'g1 € Q(F) as desired. O
Lemma 3.6. Let (D,a) be a normed isocrystal. Let Do = (Dg)qer and Dy = (Dy)qer be
two R-filtrations of D by subisocrystals. Assume the following two conditions:

e D, is the Harder-Narasimhan filtration of (D, a);
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e D) has the same numerical data as D, i.c.,
deg(gry,, D, a) = deg(gr], D, ), and dim(gr}, D) = dim(gr}, D).
Then Do = Dj,.

Proof. Write r (resp. 7’) to be the maximal real number occurring among the jumps of
the R-filtration D, (resp. of D,). Then (D,,«) is the maximal destabilized sub-normed
isocrystal of (D, a) and it is of slope r. Since D, has the same numerical data as D,, it
follows that » = 7’ and that (D!., «) is a sub-normed isocrystal of (D, «) of slope r. Therefore,
(D, o) must be semi-stable, and hence coincides with (D,, o) as dim x D, = dimz D;.. Next,
replacing D by D/D, = D/D,, we check by induction that De = DJ,. O

Combining Lemma 3.4 and Proposition 3.5 we obtain
Corollary 3.7 (Canonical reduction for the HN-filtration). Assume G quasi-split. Let
be G and x € Grg(C,CT) a geometric point. Then
Q' is a standard parabolic of G, and
Vp g = MAX 4V /
b, (bgr9) (bgr,g') is a reduction of b to Q'

Moreover, there exist a unique standard parabolic subgroup Q@ with Levi component M and
a unique class of reduction (bg, g) of b to Q satisfying the following properties:

(1) write byy € M(F) the image of bg and recall the projection pry, : Grp — Gryy,
then the M-bundle &, v (415 @5 HN-semi-stable in the sense that the HN-vector
of (bar, xar) is central in M; and

(2) the slope vector of the M-bundle in (1) is dominant Q-regular.

Finally, the slope vector of the M-bundle in (1) is vp 4.

Corollary 3.8. Let G be a reductive group over F, which is not necessarily quasi-split. Let
b € G(F) and = € Grg,, a geometric point, such that &, = Ey with V') € B(G). Then there
exists a unique element [b'] € B(G) such that vy = —wovp and k(b") = k(V') = k(b) — pt.
Moreover vyr < vy .

In the following, we shall denote by HN(b, x) this unique element [b"] € B(G).

Proof. The uniqueness is clear as any element in B(G) is uniquely determined by Newton
invariant and Kottwitz invariant (1.1.1). It suffices to prove the existence of v”.

Assume first that G is quasi-split. Let @ be the standard parabolic subgroup of G as
given in Lemma 3.4, with M its corresponding standard Levi which is the centralizer of

v

Upg. Let bg = (bg, g) be a reduction of b to @ such that V(bg.g) = Ubw- Let bas € M(F) be
the image of by via the natural projection. So

(Eb,x)bQ x@ M ~ Ebyy o
with 2’ € Grjz ) a geometric point for some Ae Sy (p). Tts M-equivariant first Chern class
el (Epyyar) € (M) gives a basic element [b],] € B(M) with

rar(Wir) = ehp(Epprar) = N — kg (bar) in (M)

Then Vi = Uba- Let "] € B(G) be its image via the natural map B(M) — B(G). Recall
that by [CT, Corollary 2.9], the map

X (A)§ = XL (A)F

v 0¥ = —wgu
induces a bijection between generalized Kottwitz sets
B(G,€,0) ~ B(G, —€, —wg)).
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Let [V] € B(G) be the image of [b”] under this bijection. Then it is clear that
K(V") = —R(b") = —p + K(0) = K(V)
and
Vpr = =WV, = —WoUhg-

The inequality vy < vy, or equivalently, v, < vg, (where the HN polygon ve,, of &b
is defined in Section 1.1.4), follows from the previous result, as vg, , can be characterized
similarly as the maximum of the slope vectors of all possible reductlons of &, to a standard
parabolic subgroups of G (Proposition 1.5).

Now consider the general case where G is not necessarily quasi-split. Let H be the
unique quasi-split inner form over F' of G, and write H = J;, for some basic by € G(F'). In
particular, we have a natural identification ¢« : H = bo. I e - Write by = L1 (bby h e
H(F), zg = () € Gry and &, 4, = &y, - Then under the natural identification
N(H) = N(G), we have vy, ;, = U, 2, — Vb, by Proposition 3.3. After applying our corollary
to the quasi-split group H for the trlple (brr, xm, ), there exists an unique [b};] € B(H)
such that

Vyy = —WoUy zpy and k(W) = k() = K(bg) — pF.
Let [b"] € B(G) be the image of [0};] € B(H) via the identification B(H) ~ B(G). In fact
[b"] = [1(bF;)bo] € B(G). So
—WoVb,z = —WOUVbg zg + Vg = W, + Vbg = Vb
and
ke (V") = kg (V) + ka(bo) = ka(by) + ke (bo) = ke (D).
([l

3.4. Harder-Narasimhan stratification on B;ﬂ{-afﬁne Grassmannian. Letbe G (F )
Then we have the following simple observation.

Lemma 3.9. Let Spa(Ca, Cy) — Spa(C1,Cy") be a morphism in Perf/Spd(F) with Cy, Cy
two algebraically closed perfectoid fields with C;F C Cy and Cf C Cy bounded valuation
subrings. For z1 € Grg(C1,Cy") with image z2 € Grg(Ca, C ), we have

HN(b, CCl) = HN(b, .’152).

Proof. By Tannakian duality, we reduce to the case G = GLy with V a finite-dimensional
F-vector space. Write (Cf, CZH) for the corresponding untilt of (C;, C;"), B}t := B$R(C§)
and B; = BdR(Cf ) for i = 1,2. Then the natural map Bf — B; is an unramified extension
of DVRs whose residue field extension is just C’f C Cg. Let =21 CV ®p By be a Bfr -lattice
and Zp = & ®p+ By. Then the HN-filtration for the normed isocrystal (V @ F.,b, az,)

coincides with that for (V ® F,b, az,), from where our lemma follows. O
Consequently, we dispose of a map
(34.1) HNy @ |Grg| — B(G), = +—— HN(b,x).
Let [V"] € B(G). We write
|Grg|"™Ne=l") (resp. |Grg|"Ne=1)
the subset of |Grg| consisting of points x such that
HN(b,z) > [b"] (resp. HN(b,x) = [V"]).
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Write also
HN=[b" HN,. > (b HN>[b" HN,=[b"
Grg,, Y= Grg X|arg| 1GTG] o2"] (resp. Grg,~ Y= = Grg X|Gre| |Gra|™? b7,

that is, the v-subsheaf of Grg, such that a morphism S — Grg from a perfectoid space
S € Perf /Spd(F) factors through Grgﬁz[b ) (resp. GrHN v ]) if and only if HN(b, z) = [b”]
(resp. (resp. HN(b, z) > [b"]) for every geometric pomt x of S. On the other hand, by the
local constancy of the Kottwitz invariant ([F'S, Theorem III1.2.7]), the following composed
map is locally constant

BL K
Ky 1 |Grg| == |Bung| — m1(G)r.

Here the first map is the Beauville-Laszlo morphism defined by using the element b € G (F ).
The preimage of an element o € 71 (G)r is then the underlying topological space of an open
and closed v-subsheaf, denoted by

Grg ™,

of Grg, and we deduce a decomposition in open and closed subsheaves

Grg = H Grgr =",

aem (G)r
For a geometric conjugacy class {u} of cocharacters of G, write also
Grg"zz Gr“b =N Grg <p-

Proposition 3.10. Let [b’] € B(G).

(1) Suppose moreover G quasi-split. Let S — Spd(F) be a geometric point of Spd(F).
We have

Gray " (5) = J U Grh(s) | | (G~

reduction (bp,g) of b to u€X (M) such that
a standard parabolic P —Avys (be )+u>—wovy

where
o Grp is defined in section 1.2.2;
e [bys] is the image of [bp] via the natural map B(P) — B(M);
o in the inequality, u® is the Galois average of u and is considered to be an element
in X.(A)qg via the natural inclusion X, (M“b)& C X«(A)g.
(2) For general reductive group G and for a geometric conjugacy class {u} of cocharac-
ters of G, the subfunctor

GpHNZ]

Tonp 1 Gro.<u (resp. Gro. N=") Gra,<u)

Gb,F

is closed (resp. locally closed) in Grg <y, thus a spatial diamond (resp. a locally
spatial diamond). In particular, the restriction to |Grg <,| of the map HNy, in (3.4.1)
1S upper semi-conltinuous.
Proof. (1) Take x € GrHN>[b ](S). Then vy, > —wovyr and kp(x) = K£(b") by Corollary 3.8.
Let M C G be the centrahzer of vp 4, with P C G the corresponding standard parabolic
subgroup. In particular, b has a reduction (bp,g) to P such that

<5‘b,a: = gbp,g—lma
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with g~1o € Gr% for some u € X, (M%). Moreover, the HN-vector v is the slope vector
of the M-bundle &, .. (514, Which is nothing but —Avas(vp,,) + u® To see the last

assertion, write s := pry, (¢ 'z) € GrY,. Note that for any x € X*(M)", we have

<v (ng,ﬂﬁM) ’X> = deg(X*(ng,wM)) = deg(gx(bM),x(wM)) = <_VbM’X>+<Ua X> = <_VbM+U<>7X>'

Here the last equality holds because x is I-invariant, and therefore (u,x) = (u®, x). As a
result

v (ngJM) = AVM(_Z/bM + u<>) = _AVM(VbM) + uo’
as asserted. It follows that

—AVM(V(,M) +u® > — Wyl .

Consequently, x € GrHN 4 ](S’ ) is contained in the right-hand side of the equality in (1).
Conversely, suppose that b has a reduction (bp,g) and z € gGr(S) for some u € X, (M)
with —Avps (v ) +u® > —woryr. The slope vector of the M-bundle &, ,r(g-14) is Precisely
—Avy (v, ) + ul.
Therefore
Ub, > _AVM<VbP) +u® > —woly.
If moreover ry(x) = k(b”), we then obtain HN(b, z) > [b”], as desired.

(2) Clearly we may assume G quasi-split and it is enough to show that GrGN>[b ]ﬁGrGé "

is closed in Grg, <y, i.e., for every totally disconnected perfectoid space S mapping to Grg <,
the pullback
HN
(Grey™ "1 N Gre <) X g <, S
is representable by a closed immersion to S (cf. [Schol8, Definition 10.7 (ii)]). Since

HN>[b" HN> [/
Grgy "I Gra,<p = Gra,<p X(Grg.<,| [Ggy L8y Gra,<ul,
according to [Schol8, Lemma 7.6 and Definition 5.6], we only need to show that the subset
HN 04
Griy " 0 Gro,<,l € [Gras,l

is closed and generalizing.

For a standard parabolic P and A := —wgvy», consider the following v-subsheaves
— b//
Spp A 1= U Grp | N Grgbéz( )
wEX 4 (M) such that
—Avr (Vb ) Hu®>A
and
S:= U g- pr)\.

reduction (bp,g) of b to
a standard parabolic P

Clearly we have inclusion
HN> (b
8§ C GrG’b*[ I'n Gra,<u
of subsheaves of Grg <, and they have the same geometric points by (1). So

HEe HN>[ 1A Gra <l € [Gra.<ul.

Moreover, for g € P(F ) gGrp = Grp, so the subfunctor 8, » is preserved by the left-
multiplication by an element of P(F).
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We first claim that [y, 5| is closed in |Grg <,|. Indeed, for u,u’ € X, (M) with v’ > u,
we have also u'® > u®. Tt follows that

— b// ’ — b//

Sho = U ep|negs = U @ [nag™
uEX . (M4P) such that uEX, (M) such that u' €X . (MP)
—Avyr (z/bM)—HLOZ)\ —Avy (VbM)'i‘“OZ)\ with v/ >u

On the other hand, the union

’
()
U e
’U/EX* (Mab)
with u/>u

is closed in Grg by Proposition 1.8, and there exist only finitely many u € X, (M) with
Gr'y N Grg <y # 0 by Remark 1.12. So 8, » is a union of finitely many closed subfunctors
of Grg <. Consequently

SopAl C |Gra,<ul
is closed.

Next we show that [8| C |Grg,<,| is also closed. By Lemma 3.11 below, [b] € B(G) has
finite preimage via the natural map B(M) — B(G). We denote by [b;] € B(M) (1 <i<n)
all these preimages. Suppose g;b;o(g;)™1 = b with g; € G(F), and write J; := Jj,, where b,
is viewed as an element of G(F). Let (bp, g) be a reduction of b to P. By Lemma 1.2, there
exist some p € P(F) and 1 < < n such that bp = pb;o(p)~!, and thus

b= gbpo(g)~" = (gp)bio(gp) " = gibio(g:) "
Therefore g;” Yyp € J;(F). Hence all the reductions of b to P are of the form
(pbio(p)~',9), with pe P(F)and g € giJy(F)p~"

for some 1 < i <n. Moreover, as [by] = [b;] € B(M), it follows that 8;, » = 8, x, and

§ = U U g-Sppa | = U Usgi-| U 9-8un

std parabolic P \ reduction (bp,g) std parabolic P \i=1 g€Ji(F)
of bto P

Since for a fixed standard parabolic P, the closed subfunctor 8,  is preserved by the action

U g I8 A

gEJi(F)

of an element of P(F), the union

is closed in |Grg, <,/ if we can show that the quotient J;(F')/J;(F) N P(F) is compact. But

v

Ji(F) N P(F) is the F-points of a parabolic subgroup P; C J;, so the compactness of

v

Ji(F)/Ji(F) N P(F) = Ji(F)/Bi(F) ~ (Ji/ B)(F)

follows from the fact that J;/P; is projective over locally compact field F' (see [Sprl0, 15.1.4
Corollary] for the last identification above). As a result, being a finite union of closed
subsets

8| = U Ugi-| U 9 18ual

std parabolic P \i=1 geJi(F)

is closed in |Grg <y
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Finally we show that the closed subset |8] C |Grg,<,| is generalizing. To check this, let
f T — GrG,SM
be a surjective map from a perfectoid space (such a map exists since Grg <, is diamond).
Because the induced map |f| : |T'| — |Grg,<,| is generalizing ([Schol8, Proposition 11.18])
and surjective. So it is enough to check that the locus of points = € T' whose image by | f] is
contained in |8| is generalizing. Since T is an analytic adic space (hence every specialization
in T is vertical), so we are reduced to showing that for any perfectoid field C' with an open
and bounded valuation subring C* C C, and every morphism Spa(C,C") — Grg <y, the
induced map
Spa(C, CF)| — |Grg <yl

factors through 8] if and only if |§| contains the image of the closed point of Spa(C,CT).
But this is clear since Grg(C,C™), Gri(C,CT) and also the decomposition

Grg(C,ch)= [ Grp(c,ch)
uEX, (Mab)
do not depend on the choice of CT. O

Lemma 3.11. Let G be a quasi-split group, and M C G a standard Levi. Then, every
element in B(G) has at most finite preimages through the map B(M) — B(G).

Proof. Recall that by [RR96, 4.13], the combination of the Newton map and the Kottwitz
map give an injective map
(v,k) : B(G) — N(G) x m(G)r.

Moreover, up to torsion, the Kottwitz map « is determined by the Newton map v. As the
subgroup of torsion elements in 71 (G)r is finite, to prove our lemma, it suffices to check
that the natural map

N(M) — N(G)
is finite-to-one. But this is clear since the later can be embedded into
X, (AT 5 X (A, A — Adom.

Q Q
which is finite-to-one. O
Definition 3.12. Fiz a triple (G, p,b) and [V'] € B(G).
(1) Let
G = Grgy "IN Grey,
g = Gr HN>["] N Gra,.

The subfunctor Grgi;)[b] (resp. Grgi}@[ ]) is locally closed (resp. closed) in Grg,,.
This defines the Harder-Narasimhan stratification on Grg,,. We will also call it
HN-stratification for simplicity.

(2) If V' is basic, then the HN-stratum Grg is called semi-stable or weakly admis-
sible. There is at most one non- empty semz stable locus and is denoted by GrGH b-

HN[]

Remark 3.13. (1)Harder-Narasimhan stratification on the B(J{R—aﬁfine Grassmannian has
been studied by many people. When p is minuscule, this is studied by Dat-Orlik-Rapoport
[DORI10, IX.6]. Indeed, they study the Harder-Narasimhan stratification on the flag variety
F(G, ) for arbitrary p. When p is minuscule, the flag variety F(G, ) is isomorphic to
Grg,, via the Bialynicki-Birula map. When G = GL,, or b = 1 (or more generally b is
basic), the Harder-Narasimhan stratification is studied by Nguyen-Viehmann ([NV23]) and
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Shen ([Sh23]) based on a result about the compatibility of Harder-Narasimhan filtration with
tensor product by Cornut and Peche Irissarry ([CPI19]) which is Theorem 2.10 for the case
b=1.

(2)Here the definition of the weakly admissible locus Grgl,  is the same as the definition
in [Vie24, NV23] and is more general than the notion in some literatures such as [RZ96,

CFS21, Sh23| where the weakly admissible locus is referred to Grgiﬁ[bl] with [b'] = [1].

Therefore in these literatures, they usually impose the condition [b] € B(G, u). Under this
condition, our definition of weakly admissible locus coincides with theirs.

4. COMPATIBILITY OF HN-STRATIFICATION

In the rest of the article, we change the notations. Let C be a complete algebraically
closed non-archimedean field over F' (unlike in the previous sections, C' usually stands for a
complete algebraically closed non-archimedean field of characteristic p). Let CT C C be an
open valuation subring. To simplify notation, we write Grg(C,C*) (resp. Grg . (C,C™),
resp. Grg <, (C,C%)) for Grg(C?, C*F) (vesp. Grg,(C°,C%%), resp. Grg <, (C°,C")).
As Grg(C,C™T) only depends on C' but not on C*, we also write Grg(C) for Grg(C,CT).
The notations Grg,,(C) and Grg <, (C) are similar.

In this section, we want to compare the HN-stratification for different groups (inner
twists and adjoint) and also compare it with the Newton stratification on Grg, and the
HN-stratification on flag varieties.

4.1. Compatibility with inner twists. We take notations as in §3.2. Let H = J, be
an inner twist of G with by € G(F) basic. Then the inner twisting ¢ : H # — G induces
an isomorphism Gr P = GrG’ j» on which the Harder-Narasimhan stratifications on both
sides are compatible by Proposition 3.3, i.e.

HN=[V/] ~ HN=[¢(b')bo]
GrH,u,b GrG,L(,u),L(b)bo :

Therefore, when we study the properties of HN-strata, we may always assume that G is

quasi-split.

4.2. Compatibility with adjoint groups. Consider the natural homomorphism
(=) : G — G

This induces a morphism
m: Grg — Grgad

which is compatible with Harder-Narasimhan stratification on both sides in the following
sense:

Proposition 4.1. Suppose Grgljd:[bq is non-empty, then

’uad’bad
1 HN=[/] _ ~ HN=[t]
™ (GrGad’uad,bad - GrG,,u,b )

where [b] € B(Q) is the unique element which is mapped to [V'] via B(G) — B(G*) and to
ka(t) = ka(b) — pt in 7 (G)r.

Proof. Here the existence and uniqueness of [V/] is due to Kottwitz [Kot97, Corollary 4.11].
By subsection 4.1, we may assume that G is quasi-split. Note that for any = € Grg(C),

gb“daﬂ(ﬂ = gb,:r: ><G Gad.
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And there is a canonical bijection

{standard parabolic subgroups of G} — {standard parabolic subgroups of Gad}
Q — Qad

Moreover, the natural map

{reduction of b to @} — {reduction of b*¢ to Q!}

d d
(bq,9) — (b, 9*)
is surjective with slope vectors
v =y
(bQ.9) — " (bg99)
where the slope vectors are defined in subsection 3.3. Then the result follows from Propo-

sition 3.5. O

4.3. Compatibility with Newton stratification. On the B:{R—aﬂine Grassmannian Grg ,,
we have another stratification called the Newton stratification. Let us first briefly recall
its definition. For each geometric point z € Grg ,(C,CT), the isomorphism class of the
modification &, , of the G-bundle &, corresponds to a unique element New (b, z) € B(G) by
a theorem Fargues ([Far20], see also § 1.1.3). So we obtain a map

Grg,u(C,CT) — B(G).
Letting (C,C™T) vary, we deduce a map
(4.3.1) Newty : |Grg,u| — B(G), x+—— New(b,x).
For [V'] € B(G), the corresponding Newton strata GrG b ~¥l i defined to be the preimage

of ['] € B(G) via the map Newy: so for any complete algebraically closed field extension C
of F and for any valuation subring C* C C,

New=[b'
Grgny "NC,CF) = {z € Grgu(C,01)|&p =~ v}
In particular, we have a decomposition
(4.3.2) Grau= [[ Gy
b']€B(G)
of the B(TR—afﬁne Grassmannian Grg . Write also
New>[b] _ New=[b"]
GrG?u b U GrG?u,b )
B(G)3[b"]>[v']

The non-empty Newton stratum Grgelvb:[bq with [V/] € B(G) basic is called the admissible
locus and is denoted by Gr¢; , -

Remark 4.2. The definition of the admissible locus is more general to the one in some

literature which is parallel to the situation of the weakly admissible locus (cf. 3.13 (2)). It

1$ also known that each Newton stratum Grgew B s locally closed and Grgewb bl

in Grg,, ([KL15, Theorem 7.4.5], [CS17, Corollary 3.5.9], [Vie24, § 3.1]).

1s closed

Proposition 4.3. For any x € Grg ,(C), we have
HN(b, z) < New(b, x),

which implies

HN=[b New>[b
Grg, b[]CG “b[}

In particular, when [b] € B(G, u), we have Grg; , , € Grgd, -
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Proof. The inequality HN(b,z) < New(b, z) following from Corollary 3.8, from which the
second assertion follows. O

Remark 4.4. When b =1, this result is known by Nguyen-Viehmann [NV23, Lemma 6.1]
and Shen [Sh23, Proposition 3.4].

4.4. Compatibility with HN-stratification on flag varieties. Dat-Orlik-Rapoport de-
fined in [DOR10, IX.6] the Harder-Narasimhan formalism for the flag variety associated to
the triple (G, u,b). We recall briefly its construction which is parallel to ours.

Let K|F be a field extension. Denote by

. K
FllIsocF‘F

the category of filtered isocrystals consisting of triples (N, ¢, Fil®* N ), where
e (N,¢) is an isocrystal over F|F,
e Fil* Nk is a separated exhaustive decreasing Z-filtration of K-subspaces on Ng :=
N®i K.
For an object (N, ¢, Fil* Nk) in FilIsocK‘I;ﬂ7 define the slope

e deg(N, ¢, Fil* Nk)
slope(N, ¢, Fil* Nk ) := rank(V, o, Fil* Ny

where
rank(N, ¢, Fil* N ) := rank z N,
deg(N, ¢, Fil* Nk ) := deg(Fil* Ng) — deg(N, ¢),

with deg(Fil*Ng) := Y,cp i dimg (Fil' Ng /Fil' T Ng) and deg(N,¢) = vr(det(p)) is the
p-adic valuation of the determinant of ¢ where vp denotes the normalized valuation on F'.
This slope function leads to a Harder-Narasimhan formalism on the category Fillsoc K|
In particular, we have the Harder-Narasimhan filtration for each objects which defines the
functor

Fi : Fillsocf, . — F(Isoc ).

It is known that Fyy is compatible with tensor products ([Fal94], [Tot94]).

Now we apply similar argument as in Section 3.3 to construct HN-vector associated to a
pair (b, z) with € F(G, p)(K). We have the functor

HN

Fun(b,z): Repp(G) — FilIsocg‘F - F(IsocﬁF).
Vip)  — (Vi p(b)o, Filj s Vi)

There exists some rational cocharacter of G which splits fHN(b, x). Its conjugacy class
does not depend on the choice of the splitting and is denoted by ¥ ,. Similar arguments
as Corollary 3.8 shows that there exists a unique element HN(b,z) € B(G) called the
Harder-Narasimhan vector for the pair (b, x), such that
VHN(b,z) = _ﬁb,z and /{(HN(b,{L‘)) = ’L{(b,) = K’(b) - lu’ﬁ‘
The parametrization by the HN-vector gives the Harder-Narasimhan stratification on the
flag variety F(G, p):
Few= I FG py™,
[b']eB(G)
where for each geometric point z € F(G, u)(C,C™),

z € F(G, u, b)"IN=ll(C )« HN(b, z) = [V].
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Define also
FG o)== T F(Gop, by
[b]>[b']

Remark 4.5. In [DORI10], the index for the each HN-stratum is given by vy . Here we
take the index to be HN(b, x) in order to be compatible with the index of the HN-strata and
Newton strata on the BQ'R—Gmssmannian.

Proposition 4.6. Via the Bialynicki-Birula map BB : Grg,, — F(G, 1), we have
HN(b, z) < HN(b, BB(x)).
In particular,

[p"]<[p']eB(G),

BB (F(Gu )™ [ G

and G, , 2 BB™H(F(G, 1, b)™).

Proof. By Tannakian formalism, we reduce to the GL,, case. In this case, the BB map gives
a functor still denoted by BB:

. Bar . C
BB : BunIsocFlF — FlllsocﬁF

(D,E.) — (D7f5)7

where Fz is defined in Remark 2.22.

We want to compare the HN vectors on both sides. First note that the BB map preserves
the rank and degree functions, i.e., deg(D, Z) = deg(D, F=) and rank(D, =) = rank(D, F=).
Let D; be a sub-isocrystal of D. Let (D1, Z1) (resp. (D1, F=1)) be the corresponding strict

, — NG B el -
sub-object of (D, E) (resp. (D,Fg)) in BunIsocFTI‘;‘ (resp. FlllsocF‘F). SO

=1 = (Dl g BdR) Nz

and Fz,1 is the intersection of Fz with D1 ®;C'. In general, the BB map does NOT preserve
strict sub-objects, i.e., F=1 # F=,. More precisely note that for i € Z,

; “(Dy ® B NE) NEy o+ 7E
%:W(1 arR NE)NE1 WI’OCD1®130

1 =
TZ=1,0

. TENE + 72
FLy= 0 YN (D) @, 0),

T=0

where Zp = D®BJR and Z10 = Dy ®B;R. We can check that the identity map on D1 ®C
induces a morphism of filtered C-vector spaces

(D1 ® C, ]'—51) — (D1 ® C, .7'—5,1)
which implies that
degF=, < degFz 1,
and hence
deg(D1,Z1) = deg(D1, Fz=,) < deg(D1, F=,1),
where the first equality holds since the BB map preserves degree. On the other hand,
rank(Dy,Z1) = rank D1 = rank(Dy, F= 1),
it follows that HN(b, ) < HN(b, BB(z)). O
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Remark 4.7. (1) Shen mentioned in [Sh23, § 2.4] that the BB map

. Bar . C
BB : BunIsocﬁlF — FllIsocF|F

does not preserve strict sub-objects. Viehmann gave an example in [Vie24, Example 4.10]
to illustrate that the semi-stable locus of the two sides does not correspond to each other via
the BB map.

(2) We keep the notations as in the proof of the previous proposition, the lattice = could
be considered as an element in Grg,,(C) for some pu, where G = GL(D). Let My = GL(D»)
and P = stab(D1) C G a parabolic subgroup with Levi component GL(D1) x GL(D/Dy).
Then is a natural projection pryy, = P — M.

The fact that the BB map is not compatible with subobjects could be reformulated by the
fact that the following diagram is not commutative:

Crg,(C) e F(G,p)(C)

— JFz=

Prgy w PTr

=1 —— F=, FEa

Grag, (C) T Hm F(My, 1) (C)

where
° prGr(gG(BérR)) = Prag (p) My (BJR); if gG(BCTR) = pG(BgJ{R) for some p € P(Bar)
by Iwasawa decomposition.
o pryr(gP,(C)) := pry, (p) € F(My,p1)(C), where py is the projection of wy to the
My -component, if g € pwP,(C) for some p € P(C) by Bruhuat decomposition.
® pre,(E) = E1 and pry(Fz) = Fz1.
The non-commutativity of the diagram follows from the fact that the Iwasawa decomposition

and Bruhat decomposition on G(Bgr) are in general NOT compatible.
On the other hand, for E € Grg,,, if

(4.4.1) E € P(Bip)wp™ ()G(Big)/G(Br)(C)

for some w € Weg, then we can read off simultaneously the Iwasawa decomposition and
the Bruhat decomposition for =, and it follows by direct verification that the previous
diagram is commutative for such that =. For example, when p is minuscule or 2 €
G(C)u H(&)G(BLR)/G(BLR) for some section C — Biy, then E satisfies (4.4.1) (compare
also [NV23, Theorem 5.1]).

4.5. Classical points. Recall that {u} is a geometric conjugacy class of cocharacters of
the F-reductive group G, with E its reflex field inside a fixed algebraic closure F' of F.
Write £ = E - I , the p-adic completion of the maximal unramified extension of E. Then
the B:{R—afﬁne Grassmannian Grg,, is defined over E, giving in particular a functor on
Perf/Spd(E). By abusing the notation, for a finite field extension K/E, we write

Grg,u(K) := Hom(Spd(K), Grg,,)

and call it the set of K-valued classical points of Grg,,. Same notation applies if we replace
Grg,, by F(G, 1)® or more generally by any v-sheaf on Perf /Spd(E).
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Lemma 4.8. Let K/E be a finite field extension and denote by C' the p-adic completion of
an algebraic closure of K.

(1) The natural maps
F(G ) (K) — F(G,1)*(C) = F(G,p)(C)  and  Grgu(K) — Grgu(C)
are injective, and induce bijections
F(G,pw)°(K) = F(G, p)(C) ) and  Gre,u(K) — Grg,,(C) 9T,

(2) ([FF18, Proposition 10.4.4], [Vie24, Proposition 5.1]) The Bialynicki-Birula map
induces a bijection Grg ,(K) = F(G, p)°(K).

Proof. The first part of this lemma is well-known and the second part of the lemma is
proved by [FF18] and [Vie24]. But we still give the proof for the convenience of the readers.

The morphism Spd(C') — Spd(K) of pro-étale sheaves on Perf/Spd(E) is surjective. It
follows that the natural map

F(G, p)°(K) — F(G,1)°(0)

is injective, whose image is obviously contained in F(G, u)(C)5*(C/K) On the other hand,
as COalC/K) — K every element z € F(G, u)(C)C/K) is a K-point of F(G,u). The
latter defines a morphism Spd(K) — F(G, 1)° by mapping any affinoid perfectoid space
S = Spa(R, RT) over K to the R-point of (G, 1) induced by x. Therefore F(G, u)°(K) =
F(G, M)O(C)Gal(C/K).

The remaining part of the proof is adapted from the proof of [Vie24, Proposition 5.1].
Recall that in the GL,-case, Grar, (C)%2(C¢/K) classifies the B (C)-lattices in Bag(C)"
that are invariant under the action of Gal(C/K). Therefore, by [FF18, Proposition 10.4.4],
the Bialynicki-Birula map induces a bijection

Grar, 4 (C) N/ E) =5 F(GLy, p)(K).

Now for a general reductive group G, we take a closed embedding G — GL,, over F. The
latter induces a commutative diagram as below

Gra,(K) Grg,,(C)GNC/K) BB 7(q, p)o(€)CalC/K) F(G, p)(K)

Grar, 4 (K) — Grar, ,(C)GC/F) LB F(GL,,, 1)°(C)GC/K) —— F(GL,, u)(K)

Here the vertical maps are all induced from the closed immersion G — GL,, thus are
injective: for example the injectivity of the first two maps follows from [SW20, Lemma
19.1.5]. As the Bialynicki-Birula map for GL,, in the diagram above is bijective, together
with the fact that the second vertical map (from left) is injective, we deduce that the
Bialynicki-Birula map for general G induces an injective map

(4.5.1) Grau(K) — F(G, 1) (K) = F(G, p)(K).
To complete the proof of our lemma, it remains to show that the map (4.5.1) is also
surjective (which implies also Grg ,(K) =5 Grg,(C)SMC/K)) Take x € F(G,u)(K).

Since the field K is strictly henselian with algebraically closed residue field, z lifts to an
element in G(K) still denoted by . On the other hand, the £-adic complete ring B, (C)

is naturally an F-algebra whose residue field Bir(C)/€Biz(C) ~ C contains the finite
separable extension K/ F , it follows by Hensel’s Lemma that B;R(C) is also naturally an
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algebra over K. Hence the element 2 € G(K) can be viewed as an element of G(Bj(C)),
yielding an element
zp(§) T G(BIR(C)) € Grau(C)
whose image via the Bialynicki-Birula map is z € F(G, 1)(C). Furthermore, x also defines
a morphism
a: Spd(K) — Grg,

by sending every affinoid perfecoid Spa(R, R") over K to zu(£) " 'Bjz(R) € Grg (R, R™).
Here as R is an K-algebra, the period ring B(J{R(R) contains naturally K as a subring by
the similar argument using Hensel’s Lemma mentioned above. Finally we check that the
image by (4.5.1) of « is exactly z, showing the desired surjectivity. O

Remark 4.9 (cf. [NV23, Remark 5.4]). We keep the notation of Lemma 4.8. By the proof
of the lemma above, a K -valued classical point, viewed as an element in Grg,,(C), always

has the form xp(§) " G(BIR) for some x € G(K), where K is identified with ngl(C\K).

The main result for classical points is the following theorem.

Theorem 4.10. Let x be a classical point of Grg,,, with value in some finite field extension

of E, and let [b'] € B(G), then the following statements are equivalent:

New=|[b
(1) z € Grgony ™,

2) z € Grgfjj’”,
(3) BB(x) € F(G, i, b)IN=1.

Remark 4.11. When b is basic, this theorem is proved in [Vie24, Theorem 5.2] for [b/] =1
and in [NV23, Proposition 5.5] for general b'.

The rest of this section is devoted to the proof of Theorem 4.10. We first prove some
weaker results.

Proposition 4.12. Let K be a finite extension of E and [V'] € B(G), then
HN=[v —Iy
BB (Grey, (1)) = F (G, ) ™NVI(K).

Proof. It suffices to show HN(b,2) = HN(b, BB(x)) for any € Grg ,(K). When b is basic,
this is done in [NV23, Theorem 5.1]. And their proof could be adapted to this setup. For
the convenience of the readers, we still give the proof here.

Using Tannakian formalism, we may first reduce to the G = GL,, case. Recall that in
general, the Bialynicki-Birula map

. Bar : C
BB : BunIsocmF — FllIsocF‘F

(D,E) — (D7~T"E)>
is NOT compatible with subobjects. Here, we want to show that BB is compatible with
subojects for the particular object (Dy,Z;) € BunIsoc?T;, where Dy is the isocrystal cor-
responding to [b] and E; is the lattice corresponding to x. For simplicity, we will write
D = Dy and Z = =Z,. Let D; be a sub-isocrystal of D. Let (Di,Z1) (resp. (D1,Fz,1)) be

. . = NN Bar . c
the corresponding sub-object of (D, Z) (resp. (D,Fz)) in BunIsocF‘F (resp. Flllsocp‘F).

We want to show deg(D1,Z) = deg(D1, Fz,1). It suffices to show Fz, = Fz,1. By Remark
4.9 and Remark 4.7 (2), z € Grg,,(K) satisfies (4.4.1). It follows that the diagram in Re-
mark 4.7 (2) is commutative for the particular element = and hence BB map is compatible
with subobjects for the particular object (D, Z). In particular

BB(D1,Z1) = (D1, F=1),



46 MIAOFEN CHEN, JILONG TONG

and hence F=, = F=1. ]

The following result shows that weakly admissible locus can always be considered as an
algebraic approximation of the admissible locus.

Proposition 4.13. Let x be a classical point of Grg,,, then

a

z € Grg,, =z €Grgl,,

Remark 4.14. When p is minuscule and G = GL,, this theorem is proved by Colmez-
Fontaine [CF00, Theorem A|. When b is basic, this theorem is proved by Viehmann [Vie24,
Theorem 5.2].

Proof. The proof is the same as [Vie24, Theorem 5.2]. So we only outline a sketch.
By Proposition 4.12,

x € G, , <= BB(z) € F(G, u, b)*.

Therefore it suffices to show
z € Grgy ,, < BB(z) € F(G, u, b)*.

When G = GL,,, this is proved in [FF18, Proposition 10.5.6]. The general case is reduced
to the GL,, by choosing some suitable faithful representation of G as done in the proof of
[Vie24, Theorem 5.2]. O

Now we are ready to prove the main result about classical points.

Proof of Theorem 4.10. The strategy is the same as [NV23, Proposition 5.5]. By Propo-
sition 4.12, we have (2) is equivalent to (3). It remains to show that (1) is equivalent to
(2). Suppose [b'] = HN(b, z), it remains to show &, ~ & . Let M be the centralizer of
wovy and P the corresponding parabolic subgroup of G. Let ), be the reduction of b’ to
M such that Vy,, = Wy - By Proposition 3.7, there exists a canonical reduction (&, ;)p
of &, such that pry,(x) is semi-stable and HN(bys, prys(z)) = [b),]. As pry(z) € Grpy is
again a classical point, by Proposition 4.13 it follows that (& ) xP M ~ Eb/M . As the slope
vector of szk , is G-dominant, by [Che23, Theorem 2.7, Corollary 2.9], & , ~ &y . O

5. BASIC PROPERTIES OF HN-STRATA

In this section, we will discuss some basic properties of a HN-stratum, such as non-
emptiness, dimension formula and classical points. By Section 4.1, a HN-stratum associated
to (G, u,b) is always isomorphic to a HN-stratum associated to some (H, pHt pH ) with H
an inner twist of G. Therefore, without loss of generality, in this section we will always
assume that G is quasi-split.

. . HN=[v
For a given Harder-Narasimhan stratum Gr, M b[ )

, let M be the centralizer of wgry and
P be the associated standard parabolic subgroup of G. Let ¥, be the reduction of b’ to M
such that Vy, = Woly- By passing to the graded quotient of the canonical filtration, for
any algebraically closed perfectoid field C containing F' with a bounded valuation subring

O, we have the following inclusion

HN=[t/
GrG,,u,b[ o) c U U 9+ (Grg,uNGrpy) (C),
reduction (bps,9) AES s (p) with
of b to M

A=rpp(dpr)—rpp(¥),) in w1y (M)p

where Grpy and Sy/(p) are defined in § 1.2.2 and the conditions on X follows from Lemma
1.10 and the fact that

GI'J\H/IITI;M[I?%\A 7é 0= HM(bM) — A= "iM(b/]w) in 7T1(M)F.
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On the other hand, we have a projection map
Grpy — Gra
and we denote by Gry, , = the preimage of the HN-semi-stable locus Griy'y, ~C Grax
through the above projection.
Proposition 5.1. Keep the above notations.

(1) Let C be an algebraically closed perfectoid field containing F with a bounded valua-
tion subring C*. We have

o= U U 9- (Grau N Griaa) (©)

reduction (bpr,g9) AES (1) with
of bto M X=rpr(bpp)—rpr (V) in my (M)p

(2) Assume p minuscule. Then the map
Ganu N GI‘SPS’/\Z)IW — GT%AJ)A/I

is (the diamond attached to) an affine fibration with fiber N/N N Py, where N is the
unipotent radical of P.

Proof. (1) follows from Proposition 3.5. For (2), we need to study the map
Grg,, N Grpy — Gragy
for any A € Sp(u), provided that p is minuscule. Recall that, since g is minuscule the
Bialynicki-Birula map yields an isomorphism of v-sheaves
(5.0.1) BB : Grg, — F(G,p)°.
In the level of geometric points, the above BB map is given by
Gre,u(C,CT) 2 glu™ ']+ [g] € F(G, p)*(C7,C"F) = G(C) /Pu(O),

with [ == p(§)'G(BIR)/G(Bir) € Gra(C,CT). We will relate Grg,, N Grpy to some
subspace of the flag variety F(G, ). Assume A = wp for some w € G(F') normalizing T'
and write F(G, u)* the P-orbit of the element

[w] € F(G.p1) = G/P,.
In particular, we have
F(G,p)" = P/PN Py, — F(G,u) =G/P,.

We claim that under the BB map (5.0.1) above, Grg, , N Grpy — Grg,, corresponds to the
sub-diamond

F(G, )" — F(G, p)°.
Indeed, in the level of geometric points

Grgu(C,CT) N Grpy(C,CT)

= G(B{R) : [Nfl}lﬂ (N(Bar)M (Bgg) - [A71])

= PBgplw-[n]
where the last equality holds by [HKM12, Proposition 13.1]. Therefore under the identifica-
tion (5.0.1), Grg,, N Grpy, and F(G, u)**° have the same geometric points. On the other
hand, for a general affinoid perfectoid space S over Spd(F'), a morphism S — Grg,, factors
through Grg, ,,NGrp if and only if this is the case after restricting to every geometric points
of S. Therefore, to conclude the proof of our claim, it suffices to check that a morphism

a: St — F(G,p)
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factors through the subspace

F(G p)* C F(G, )
if a(z) € F(G, p)" for every geometric points z of S. Let U C F(G, ut) be an open subspace,
which contains F(G, u)" as a Zariski closed subspace. Because for every geometric point Z
of S, a(z) € F(G, p)", it follows that Im(a) C U. By [Schol5, Lemma II.2.2], the pullback
of F(G,u)* «— U through the morphism « : S* — U defines a Zariski closed immersion
T — S* of affinoid perfectoid spaces, together with a commutative diagram

T — F(G,p)"

l

St F(G, ).

Moreover, for a morphism f : T/ — S* of perfectoid spaces, the composed map ao f factors
through F(G, u)* if and only if f factors through 7' (cf. [Schol5, Remark I11.2.3]). Our
assumption on « implies that the induced map T(C,C*t) — S#(C,C™) is bijective for all
algebraically closed perfectoid field C' together with an open bounded valuation subring
CT C C. Hence by [Schol8, Lemma 5.4], T =+ S* and the morphism « factors through
F(G, pn)", as wanted. This finishes the proof of our claim.

On the other hand, the map Grg,, N Grp,,,, — Grifys,, is the pullback of the open
subdiamond Gr%)\7bM C Grpy,\ through the morphism Grg, N Grpy — Gras y, which by
the claim above can be identified with the natural map

F(G,u)"° = (P/PNPy)° — F(M,\°.

So our proposition follows from the fact that the map P/P N Py — M /M N P, is an affine
fibration with fiber isomorphic to N/N N Py. u

5.1. Non-emptiness.

Theorem 5.2. Suppose G is quasi-split. A HN-stratum Grgiﬁ[bl]

if there exists a M-dominant cocharacter A € Syr(u) such that the generalized Kottwitz set
(cf. 1.1.2 for the definition)

is non-empty if and only

B(M, X+ kar(by), vy )
contains a reduction [byr] of b to M.

Remark 5.3. (1) In the previous proposition, we may replace Syr(p) by S(1) v —maz- In-
deed, for any A € Sp(p) we can always find Amaz € L(1) M—maz Such that X <pr Apmaz- The
result follows from the fact that

B(M, A+ k(W) Xovy ) © BOM, A + £t (Vag)s X, ).

»7tmax

(2) When G = GL,,, an analogous result for the non-emptiness of Harder-Narasimhan
strata of the flag varieties is obtained by Orlik [Orl06, Theorem 1]|. See Proposition 5.5 for
the precise version.

(8) When b is basic, the previous conditions are equivalent to the following: there exists
a reduction by of b to M, and there exists a M -dominant cocharacter A\ € Sypr(p) such that

IQM(bM) — A= /ﬁJM(b/]w) m 7T1(M)F.

In particular, [V'] € B(G,ka(b) — p,vop™1). This is compatible with the description of the
non-emptiness of HN-strata for b =1 in [NV23, Prop. 3.13].

Lemma 5.4. Gr¢!, , is non-empty if and only if pede > ng in G, In particular, when
[b] € B(G, 1), Grgl, p is non-empty if and only if u° > vp.
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Proof. By §4.2, via the morphism 7 : Grg — Grgaa induced from the quotient G — G,
we have

W_l(Gr’Iégd7uad7bad) = Grlé);?u,b-
It follows that Grg®, , is non-empty if and only if so is Grggd’ﬂa%ad. So we may assume

2hsb
that G is adjoint.

Necessity. Suppose Grg?,, # (). Choose x € Gr¢?, 5(C) for some algebraically closed

perfectoid field C' containing F'. Let by, be a reduction of b to a standard Levi subgroup
M such that by, is basic in M and Vb, is G-anti-dominant. Let P; be the standard

parabolic subgroup associated to M;. By weak admissibility, for any y € X*(P,/Zq)™,
(511) degX*((gb,x)P) = degX*(ngl Prag (ac)) = <X7 A— 1/le> <0,

where pry;, (z) € Gryg A (C) for some A € Sy, (1) by Lemma 1.10.

Claim: AGfdom 2 Vp.

The Claim implies that ¢ > Ag_dom = V. Now it remains to prove the Claim. The
inequality (5.1.1) implies that

Ava () — Voar, = Aviarn (A = Vle) <0,

where Avyy, + Xo(T)g — X«(T')g denotes the Wy, -average, i.e.,

1 Z WA.

Avy, (N =
M1( ) ‘WM1| weWar,

It follows that

Vp = ?.U(]I/le < wOAVM1 ()\) = AVw0M1((w0)\)w0M1—dom) < (wO)\)woMl—dom < )\G—doma
as claimed.
Sufficiency. [FR05, Theorem 3] shows that F(G, u,b)"* = F(G, u, b)** is non-empty if
and only if v, < p®. Then the result follows from Proposition 4.6.
O

Proof of Theorem 5.2. Necessity. Suppose = € Grgi];[bq(C’). By Proposition 3.7, there

exists a reduction (ba,h) of b to M such that pry(h~'z) € Gryf, ,(C) = Gr;N;IEbM](C)

for some A € Syr(1). Then rpr (b)) = rar(bar) — A and Vg]ff[ <ur A\%%° by Lemma 5.4. It
follows that vy,, < )\OI/b/M and the result follows.

Sufficiency. Suppose (bps,h) and A are as in the conditions. Then again by Lemma
5.4, Grjf'y  is non-empty. Note that h - prA_/Il(Gr}\”/}fA,b) - Grgiﬁ[b ], it follows that the HN
stratum is non-empty. O

We have analogous result for the non-emptiness of Harder-Narasimhan strata in the flag
varieties. Let

Sm(p)e :={N€ Wp | Xis M-dominant}.
ObVioqu’7 SM(:U)CI C E(N)M—maz-
Proposition 5.5. Suppose G is quasi-split. A HN-stratum F(G,,u,b)HN:[b/} 1§ non-empty

if and only if there exists a M-dominant cocharacter A € Syr(p)eq such that the generalized
Kottwitz set

B(M7)‘ + ﬁM(bM)a)‘Vb;w)

contains a reduction [byr] of b to M. Moreover, each non-empty HN-stratum has classical
points.
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Proof. When G = GL,, this is proved by Orlik [Orl06]. For general G, the strategy is the
same which is parallel to the proof of Theorem 5.2. In order to avoid the repetition, we
only outline the strategy here. Fontaine and Rapoport determine in [FR05, Theorem 3| the
condition when a semi-stable locus is non-empty (and contains classical points). The result
then follows from the fact that the HN-stratum is a union of some affine fibrations over the
semi-stable locus of the HN-stratification of flag variety for some Levi subgroup of G (cf.
Proposition 5.1 and [Orl06, Proposition 7]). O

As an application of this result, we can determine which HN-strata contain classical
points.

Proposition 5.6. Suppose G is quasi-split. A HN-stratum Grggz[b/] contains classical
points if and only if there exists a M-dominant cocharacter X € Syr(1)q such that the set

B(]\f7 A+ KJM(b/]V[), >‘<>Vb’M)
contains a reduction [byr] of b to M.
Proof. This follows from Proposition 5.5 combined with Theorem 4.10. O

Remark 5.7. (1) When b is basic, this proposition is proved by Viehmann [Vie24,
Theorem 5.5]. Indeed, Viehmann determines which Newton-strata contain classi-
cal points. It’s the same as which HN-strata contain classical points by Theorem
4.10.

(2) When p is minuscule, compared with Theorem 5.2, we see that every non-empty
HN-stratum contains classical points.

Example 5.8. Let G = GL3, v, = (%(2),0) and p = (3,1,1). There are 4 non-empty
HN-strata with HN-vector vy of the following form

11 3 3
= 2,-1), (1,1,-2), (2,2,— .
<2727 >) (7 ) )7 <2727 3>7 (07070)

Except the HN-stratum corresponding to (1,1,—2), the other 3 non-empty HN-strata all
contain classical points.

5.2. Dimension formula. Now we consider the dimension of a non-empty HN-stratum
Grfll\f:[b I Let S,.pp be the set of A € Spr(p) which satisfies

[bas] € B(M, X + kg (Byp), Aoy ),

for some reduction bps of b to M. The set S, pp is non-empty by Theorem 5.2. We give
the dimension formula of this HN-stratum. Here for X a locally spatial diamond or an adic
space, its dimension, written

dim X,
is defined to be the dimension dim(|X|) of the associated locally spectral space | X|, that is,
the supremum of all integers n for which there exist a chain xg, z1,...,z, € |X| of distinct
points in | X| such that x; is a a specialization of x;;1 for i = 0,...,n—1 (cf. the paragraph

after Remark 21.8 of [Schol8] for the case of locally spatial diamonds and [Hub96, § 1.8]
for the case of adic spaces). We remark that, for T" a locally spectral space, if T' = U;T; is
a union by closed subsets of T, we have

dim T = max; dim T;.

Furthermore, if X = Z° is the diamond associated with an analytic adic space Z over Z,
we have | X| =|Z| ([Schol8, Lemma 15.6]) and thus dim X = dim Z.
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Theorem 5.9. Notations as above. Assume that p is minuscule, then

. HN=[¥
dlmGrg,u,b[ V= () + maxyes, , (A, 20m — p).

Remark 5.10. (1) We expect that the dimension formula still holds for a non-minuscule

(2)

(3)

cocharacter i although we can’t prove it for the moment.
Let SZpb y = {—waroX | A € Sypp}t. Replacing S,y by SZpb ys We can write the
dimension formula in Theorem 5.9 in a simpler form:

. HN=[t'
dlmGrG,u,b[ J = maXAGSZPb ” {(w+ A p).
When b is basic, the set S,y consists of the elements X € Sy(u) such that
Aﬁ = HM(bM) — /iM(b/]w) m 7T1(M)F.

In particular, Avyr(\) = vy — wovy . Hence, the dimension formula could also be
written in the following form:
dz’mGrgiﬁ[b] = {(u—uvy,p)+ maxyes, , (X, par)-

Recall that Nguyen-Viehmann defined in [NV23, 3.17(iii)] the set O(u,b") of Harder-
Narasimhan types consisting of G(F')-conjugacy classes of Harder-Narasimhan pairs
of the form (Q,{\}) where Q is a parabolic subgroup which is conjugate to the
centralizer of vy and {\} is a Q(F)-conjugacy class of cocharacters of Q7 such that
[b'] has a reduction [b’MQ] to some Levi factor Mg of Q that is basic in Mg, and
such that

_)\tiMQ = KM, (b/) € 7T1(MQ)F and (_)‘)G—dom < UG—dom-

We may omit @ in the pairing (Q,{\}) for ©(u,b"). When u is minuscule, it’s easy
to check that there is an identification SZ{)l,b’ = O(p,b™), where [b"™*] denotes the
element in B(G) such that vy~ = —wovy and k(b"™*) = —k(Y') (c¢f. [CT, Corollary
2.9]). Therefore when b = 1, the dimension formula could also be written in the way
that —_—

dimGrGwE[b] = maXyeo(up) (K + A, )
from which we could see that the upper bound of the dimension of a HN-stratum
given by Nguyen-Viehmann ([NV23, Proposition 7.1]) is actually reached. This also
answers the question in [NV23, Remark 7.2(2)].
When G is split and b is basic, the set S,y consists of a unique element. It follows
that in this situation, we don’t need to take maximum in the dimension formula.
When b is basic, the dimension of a HN-stratum is already studied by many people.
For G = GL,, the dimension formula is proved by Fargues in [Far, Proposition
23]. In [Sh23, Theorem 3.9]|, Shen shows that any non-basic HN-strata are para-
bolic induction by introducing a finer decomposition on a given HN-stratum. As
a byproduct, he also gives a description of the dimension as the mazximum of the
dimension of each stratum [Sh23, Remark 3.10]. However, we want to clarify that
our dimension formula is not the same as Shen’s. We have mentioned that when G
1s split, the maximum disappears in our dimension formula while it always exists in
Shen’s even for G = GL,,. In [NV23, Proposition 7.1, 7.3], Nguyen-Viehmann gives
some upper bound for the dimension formula.

Proof of Theorem 5.9. By Proposition 5.1 combined with Lemma 5.4, we have that

HN=[t/]
G

- U U 9- |(GrGrﬂ N GrgA,bM) ‘ :

reduction (bps,9) AESH b.b!
of b to M ”
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Note that each |Grg,,NGrp)y , | in the union above is a dense open subset of |Grg ,NGrp |,
and the latter is itself a locally closed subset of |Grg,,| ~ |F(G,p)|, it follows that the
dimension of |Grg ,NGrp) , | is the same as the dimension of its closure |Grg , N Gr)y ;|
in |Grg,,|. Consequently,

HN=[']| _ (b']
GB= U U o (Gremnamalnfelbs]).
reduction (bps,9) AESH« b,
of b to M

and hence we have

dim Gr, M_b[bl] = IMaX (b9 dim (’ (Grcu N Grp/\ by ‘ N ‘G gl\ll_[b] )

)\GS b,/

=max ). dimGrg,NGry,,,
/\esubb/

=max (o), dimN/N N Py+dim(Gryy, )

AESH b,b/

= maxjes, , dim N/N N Py + (\, 2pr),
where the third equality follows from Proposition 5.1 (2) and the last equality follows from
the fact that Gryf', ,, , is the semi-stable HN-stratum and hence open in Gras . So

dim Griyf'y - = dim Gragx = (A, 2pu).
is independent of the choice of (b, g). Therefore it remains to show that
dim N/NN Py = (u—A\p).
Now we compute this dimension:
dmN/NNPy= Y  —(\a)

+ _ot
aE@G—CDIM
s.t.(\,a)<0

1 1
~ Y e L) = (g
G-
A,a)>0

acolt-o}, acd

s.t.(X,a)<0

(
=(; p) — (N, par) — (A, pN)
:</i - >‘7 p>
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